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Author’s note 


Tus srupy was originally written and published in Ger- 
many during rather turbulent times. Were I writing it today, 
the vocabulary would be less “scholarly,” and the change 
from the ancient to the modern mode of thinking would be 
viewed in a larger perspective. 

Some of the references could have been brought up to 
date and made more accessible to English-speaking readers, 
but this would have entailed a labor out of proportion to its 
usefulness. However, a few additions to the references as well 
as some minor changes in the text have been made by the 
translator and by myself. 

JACOB KLEIN 
St. John’s College 
Annapolis, Maryland 
November 1966 


Translator’s note 


‘Tue GREEK word arithmos (ép.Ouds) is rendered in the Ger- 
man text as Anzahl: “a number of [things], to distinguish 
it from our modern Zahl: “number.” Since English approxi- 
mations to Anzahl are either obsolescent (e.g., “tale’’) or 
awkward (e.g., “counting-number,” “numbered assem- 
blage’’), Anzahl, like Zahl, has been rendered simply as 
“number,” although it is a chief object of this study to show that 
Greek “arithmos’’ and modern “ number’’ do not mean the same 
thing, that they differ in their intentionality, for the former 
intends things, 1.e., a number of them, while the latter intends 
a concept, 1.e., that of quantity (cf. Pp. 206-208). Intentionality 
and conceptualization are both used to translate the German 
word Begrifflichkeit. 

The following Greek terms occur so frequently that they 
have been incorporated into the text in transliterated form: 


aisthesis (aicOnows ) — sense perception 

aistheton (aicOnrév) — object of sense 

analogia (évadoyia) — proportion 

abristos |dyas| (ddpioros Sdvés) — indeterminate, infinite 
[dyad] 


apeiron (é&repov) — sb.: the limitless, infinite 


Vill 


Vii TRANSLATOR S NOTE 


apodeixis (dmd8eréts) — demonstration, [strict] proof 

aporia (d&mopia) — quandary 

arché, pl. archat (épyy, dpyai) — [governing] source, 
beginning 

chorismos (xwpiopds) — separation 

dianoia (8uévorx) — [the faculty and activity of} thinking 

dynamis (Sdvopis ) — power 

eidetikds (i8nrixds) — adjective from eidos 

eidos, pl. eide (ef8os, et5n) — literally: “looks’’; kind, form, 
species, ““idea’’; sometimes: “figure ”’ 

epistéme (émoriun) — Lat. scientia, knowledge, science 

génos, pl. gene (yévos, yévn) — genus, family, class; often: 
the higher eide 

hen (év) — one 

hyle (dn) — material 

idéa (iSéa) = eidos 

koinén (xowdv) — sb.: common thing 

koinonia ton eidén (xowwvia rév eiS6v) — community of 
the eide 

kata to pléthos (xard& ro mARO0s) — according to multitude 

kath’ auto (xa? avrdo) — by itself 

katholou pragmateia (xaOdrov mpaypyareia) — general treat- 
ment or study 

kat’ cidos (xar’ etSos) — according to kind 

kinesis (xivnows) — change 

logistiké (Aoytorixyn ) — logistical art 

logos, pl. légoi (Adyos, Adyo.) — reasonable speech; also: 
ratio 

mathema (udOnue) — learning matter 

mathematika (poOnuarine) — sb.: mathematical objects 

mathesis (u&Onos) — study, discipline 

méthexis (pébeévs ) — participation 

ionds (poves ) — monad, unit 

morphé (nopd% ) — shape 

noetén (vonrdv) — that which is for thought, object of 
thought 
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noesis (véno.s) — activity of thought, intellection 

nous (vods) — [direct and perfect activity of] thought, 
intellect 

on; me on (dv, ux dv) — being; non-being 

pathos, pl. pathe (maBos, 7a6n) — characteristic, property 

posin (moodv) — Lat. quantum, sb.: the object of the 
question “how many?’ that which has quantity; to 
avoid awkwardness, rendered as “ quantity.” 

pros allo (mpés &AAo) — in relation to another 

pros ti (mpos r.) — sb.: [that which is] in relation to 
something 

stasis (ardovs ) — rest 

tauton (radrév) — the same 

taxis (ré&évs) — order 

téchne (réyvn ) — art, skill 

thateron (Ocrepov) — the other 


Eva BRANN 
St. John’s College 
Annapolis, Maryland 
Summer 1963 
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PART I 


Introduction: 
Purpose and plan of the inquiry 


‘Tue creation of a formal mathematical language was of 
decisive significance for the constitution of modern mathe- 
matical physics. If the mathematical presentation is regarded 
as a mere device, preferred only because the insights of 
natural science can be expressed by “symbols” in the 
simplest and most exact manner possible, the meaning of the 
symbolism as well as of the special methods of the physical 
disciplines in general will be misunderstood. True, in the 
seventeenth and eighteenth century it was still possible to 
express and communicate discoveries concerning the 
“natural” relations of objects in nonmathematical terms, 
yet even then —or, rather, particularly then — it was 
precisely the mathematical form, the mos geometricus, which 
secured their dependability and trustworthiness. After three 
centuries of intensive development, it has finally become 
impossible to separate the content of mathematical physics 
from its form. The fact that elementary presentations of 
physical science which are to a certain degree nonmathe- 
matical and appear quite free of presuppositions in their 
derivations of fundamental concepts (having recourse, 
throughout, to immediate “intuition ’’) are still in vogue 
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should not deceive us about the fact that it is impossible, and 
has always been impossible, to grasp the meaning ‘of what 
we nowadays call physics independently of its mathematical 
form. Thence arise the insurmountable difficulties in which 
discussions of modern physical theories become entangled as 
soon as physicist or nonphysicists attempt to disregard the 
mathematical apparatus and to present the results of scientific 
research in popular form. The intimate connection of the 
formal mathematical language with the content of mathe- 
matical physics stems from the special kind of conceptualiza- 
tion which is a concomitant of modern science and which 
was of fundamental importance in its formation. 

Before entering upon a discussion of the problems which 
mathematical physics faces today, we must therefore set 
ourselves the task of inquiring into the origin and the con- 
ceptual structure of this formal language. For this reason 
the fundamental question concerning the inner relations 
between mathematics and physics, of “theory” and 
“experiment, of ““systematic’’ and “empirical” procedure 
within mathematical physics, will be wholly bypassed in 
this study, which will confine itself to the limited task of 
recovering to some degree the sources, today almost 
completely hidden from view, of our modern symbolic 
mathematics. Nevertheless, the inquiry will never lose sight of 
the fundamental question, directly related as it is to the 
conceptual difficulties arising within mathematical physics 
today. However far afield it may run, its formulation will 
throughout be determined by this as its ultimate theme. 

The creation of the formal language of mathematics is 
identical with the foundation of modern algebra, From the 
thirteenth until the middle of the sixteenth century, the 
West absorbed the Arabic science of “algebra” (al-g’abr 
wa |-mugabala) in the form of a theory of equations, probably 
itself derived from Indian as well as from Greek sources.! 
As far as the Greek sources are concerned, the special in- 
fluence of the Arithmetic of Diophantus on the content, but 
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even more so on the form, of this Arabic science is un- 
mistakable? — if not in the Liber Algorismi of al-Khowarizmi 
himself, at any rate from the tenth century on.3 Now con- 
currently with the elaboration, particularly in Italy, of the 
theory of equations which the Arabs had passed on to the 
West, the original text of Diophantus began, as early as 
the fifteenth century, to become well known and influential. 
But it was not until the last quarter of the sixteenth century 
that Vieta undertook to broaden and to modify Diophantus’ 
technique in a really crucial way. He thereby became the 
true founder of modern mathematics. 

The conventional presentations of the history of this 
development do not, indeed, fail to see the significance of the 
revival and assimilation of Greek mathematics in the sixteenth 
century. But they always take for granted, and far too much 
as a matter of course, the fact of symbolic mathematics. They 
are not sufficiently aware of the character of the conceptual 
transformation which occurred in the course of this assimila- 
tion and which constitutes the indispensable condition of 
modern mathematical symbolism. Moreover, most of the 
standard histories attempt to grasp Greek mathematics itself 
with the aid of modern symbolism, as if the latter were an 
altogether external “form” which may be tailored to any 
desirable “content. And even in the case of investigations 
intent upon a genuine understanding of Greek science, one 
finds that the inquiry starts out from a conceptual level 
which is, from the very beginning, and precisely with 
respect to the fundamental concepts, determined by modern 
modes of thought. To disengage ourselves as far as possible 
from these modes must be the first concern of our enterprise. 

Hence our object is not to evaluate the revival of Greek 
mathematics in the sixteenth century in terms of its results 
retrospectively, but to rehearse the actual course of its genesis 
prospectively. Now in Vieta’s assimilation and transforma- 
tion of the Diophantine technique, we have, as it were, a 
piece of the seam whereby the “new ”’ science is attached to 
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the old. But in order to be able to throw light on the essential 
features of this assimilation and transformation, we must first 
of all see the work of Diophantus from the point of view of its 
own presuppositions. Only then can we begin to distinguish 
Vieta’s “Ars analytice’’ from its Greek foundations so as 
to reveal the conceptual transformation which is expressed 
in it. 

The Arithmetic of Diophantus must, then, be given its 
proper place within the general framework of Greco- 
Hellenistic science, whatever one may imagine its prehistory 
to have been. This, however, immediately leads to a com- 
parison of the foundations of the Arithmetic with those of 
the Neoplatonic “arithmetical” literature which forms its 
background, although the Neoplatonic categories were such 
as to prevent the integration of the Arithmetic into this 
literature. Sections 2-4 of Part I are devoted to the investiga- 
tion of the classification of mathematical sciences in the 
Neoplatonic writers; these classifications go back to corre- 
sponding formulations in Plato, without, however, being 
identical with them. It will be shown that the Neoplatonic 
division of the science of numbers into “theoretical arith- 
metic’ and “practical logistic” (the art of calculation) 
cannot assign an unambiguous position to the “theory of 
ratios and proportions.” The latter does, on the other hand, 
seem identical with the “theoretical logistic’ postulated by 
Plato. For Plato, this “theoretical logistic’ bears a relation 
to “practical logistic’’ similar to that which “theoretical 
arithmetic’’ has to “practical arithmetic.” ‘Theoretical 
logistic’ and “theoretical arithmetic’ both have as objects 
— in contrast to the corresponding practical arts — not 
things experienced through the senses but indivisible “pure” 
units which are completely uniform among themselves and 
which can be grasped as such only in thought. Both theo- 
retical disciplines arise directly, on the one hand from actual 
counting, and on the other from calculating, i.e., from the act 
of relating numbers to one another; and the task of the 
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theoretical disciplines is to reduce these “practical” activities 
to their true presuppositions. The Neoplatonic commentaries 
on the Platonic definitions of arithmetic and logistic in the 
Charmides and in the Gorgias show that in this “reduction” 
arithmetic is concerned with the “kinds” (ety) of numbers 
while logistic is concerned with their “material” (éA7). 
The Platonic postulation of a theoretical logistic as a noetic 
analogue for, and as the presupposition of, any art of 
calculation was ignored, as Section 5 will show, by the 
Neoplatonists, essentially because of the property of in- 
divisibility of the noetic monads; the use of fractional parts 
of the unit of calculation, which is unavoidable in calcula- 
tions, cannot be justified on the basis of such monads. An 
additional reason was the elaboration of the theory of ratios 
into a general theory of proportion, which depended on the 
discovery of incommensurable magnitudes and which led 
altogether beyond the realm of counted collections. 
However, the difficulties which arise from the Platonic 
postulation of a theoretical logistic can be fully understood 
only if the ontological foundations which determine this 
conception are called to mind. And this requires, in turn, a 
thoroughgoing clarification of the arithmos concept which 
forms the basis of all Greek arithmetic and logistic. It can be 
shown (Section 6) that arithmos never means anything other 
than “‘a definite number of definite objects.” Theoretical 
arithmetic grows initially out of the understanding that in 
the process of “ counting off”’ any objects whatever we make 
use of a prior knowledge of “counting-numbers’’ which are 
already in our possession and which, as such, can only be 
collections of “undifferentiated’’ objects, namely assem- 
blages of “pure” units. The problem of the possibility of 
such assemblages, i.e., the question how it is possible that 
many “‘ones’’ should ever form one collection of “ones,’’ 
leads to the search for eide with definite “ specific properties ”’ 
such as will give unity to, and permit a classification of, all 
counted collections. Greek arithmetic is therefore originally 
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nothing but the theory of the eide of numbers, while in the 
art of “calculating,” and therefore in theoretical logistic as 
well, these counted collections are considered only with 
reference to their “material,” their hyle, that is, with 
reference to the units as such. The possibility of theoretical 
logistic is therefore totally dependent on the mode of being 
which the pure units are conceived to have. 

For this reason Pythagorean and Platonic philosophy in 
their relation to the fundamental problems of Greek 
mathematics are considered next (Section 7). In the first part 
(7A), the general point of view of Pythagorean cosmological 
“ mathematics’’ and its connection with the arithmos concept 
as such is presented. In the second part (7B), the significance 
which is attached to “the ability to count and calculate” in 
Platonic philosophy is discussed: In “ pure” arithmetic and 
“pure” logistic, human thinking (8:dévoww) succeeds in 
becoming conscious of the true object and the true pre- 
suppositions of its activity, an activity which always remains 
tied to sense perception (aic@nas). A third part (7C) follows 
through the consequences which arise for Plato from the 
privileged position he assigns to the theory of number: In 
the structure of the arithmos concept he discovers the 
possibility of a fundamental solution of the problem of 
participation (uébeéis) to which his “dialectic” necessarily 
leads, without, however, being of itself able to provide a 
solution. Thus the Pythagorean attempt at an “arithmo- 
logical”’ ordering of all being is repeated by Plato within the 
realm of the ideas themselves; this amounts to a decisive 
correction of the Eleatic thesis of the “One.” 

This conception of numbers, eidetic as well as mathemati- 
cal, as assemblages whose being is self-subsistent and 
originally ‘separate’ from sense perception, a conception 
which is basic in Platonic teaching, is then criticized by 
Aristotle (Section 8). He shows that the “pure” units are 
merely the product of a “reduction” performed in thought, 
which turns everything countable into “neutral” material. 
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The “pure” units have, therefore, no being of their own. 
Their indivisibility is only an expression of the fact that 
counting and calculating always presuppose a last, irreducible 
“unit,” which is to be understood as the given “measure.” 
It follows that there is nothing to prevent the introduction 
of a new and “‘smaller” measure; in other words, we may 
operate with fractional parts of the former unit. Only on the 
basis of this Aristotelian conception can the Platonic demand 
for a ‘scientific’ logistic be realized. 

In Part II of this study we turn to the relation of symbolic 
algebra to the Arithmetic of Diophantus. After a general 
consideration of the difference between ancient and modern 
concept formation, the work of Diophantus is, on the basis 
of the results of Part I, interpreted as a “theoretical logistic’’ 
(Section 9). In the formulation and solution of problems, 
this theoretical logistic always retains a dependence on the 
Greek arithmos concept, although it apparently incorporates 
a more general, pre-Greek “algebraic” tradition as well 
(Section 10). 

Finally, in Sections 11 and 12 the transformation of the 
Diophantine technique at the hands of Vieta and Stevin is 
described. In these concluding sections we show that the 
revival and assimilation of Greek logistic in the sixteenth 
century are themselves prompted by an already current 
symbolic understanding of number, and we attempt to 
clarify the conceptual structure of the algebraic symbolism 
which is its preduct. At the same time we trace out the 
general transformation, closely connected with the symbolic 
understanding of number, of the “scientific” consciousness 
of later centuries. This transformation will be shown to 
appear characteristically in Stevin, Descartes, and Wallis. 


a 


The opposition of logistic and arithmetic 
in the Neoplatonists 


Neopratonic mathematics is governed by a fundamental 
distinction which is, indeed, inherent in Greek science in 
general, but is here most strongly formulated. According to 
this distinction, one branch of mathematics participates in 
the contemplation of that which is in no way subject to 
change, or to becoming and passing away. This branch 
contemplates that which is always such as it is and which 
alone is capable of being known: for that which is known in 
the act of knowing, being a communicable and teachable 
possession, must be something which is once and for all 
fixed. Within the realm of being, which has this character, 
a certain territory belongs to mathematics — namely what- 
ever pertains to the questions: How large? How many? 
Insofar as the objects of mathematics fulfill the conditions 
set by the Greeks for objects of knowledge, they are not 
objects of the senses (aic6yré), but only objects of thought 
(vonra). Such mathematical noeta fall into two classes. These 
are: (1) the “continuous” magnitudes — lines, areas, solids; 
(2) the “discrete’’ numbers — two, three, four, etc. Corre- 
sponding to these classes, two parts of the noetic branch of 
mathematics may be distinguished: geometry and arithmetic. 
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The other branch of mathematics, on the other hand, has for 
its object the treatment and manipulation of aistheta insofar 
as they are subject to determinations of size or to counting. 
To this branch belongs mensuration (geodetics), i.e., the art 
of measuring land, and the art of measuring in general; also 
logistic as the art of calculation; and furthermore, music 
(harmonics), optics, and mechanics. Astronomy occupies a 
special position insofar as it is assigned now to geometry, 
now to arithmetic. Like all of these distinctions, the 
opposition of a “ pure’ science of numbers and a “’ practical” 
art of calculation goes back to Plato. Yet in Plato this 
Opposition is by no means fixed as unambiguously, either in 
terminology or, more important, in content, as it is for the 
Neoplatonists — a fact which has frequently been over- 
looked. 

The chief Neoplatonic sources bearing on this point are: 
(1) a reference in the Euclid commentary of Proclus (Fried- 
lein, 38-40), where Proclus cites Geminus’ opinion concern- 
ing the classification of the mathematical sciences; (2) a 
frequently cited scholium to Charmides 165 E (Hermann, VI, 
290), which is largely identical with Sections 1 and 5 of the 
so-called Geminus fragments in the Definitions of Heron 
(Schmidt-Heiberg, IV, 98 ff., Def. 135, 5-6);4 (3) some 
lesser-known passages in Olympiodorus  scholia to Plato's 
Gorgias, 450 D and 451 A-C (Neue Jahrbiicher fiir Philologie 
und Padagogik, Jahns Jahrbiicher, Suppl. 14 |Leipzig, 1848], Pp. 
131 f.); (4) another anonymous scholium, rarely mentioned, 
to the same passage in the Gorgias (Hermann, VI, 301). 


1. The Proclus passage, which follows immediately upon 
a discussion of the relations of mensuration to geometry, 
reads as follows: “Nor, again, does the man skilled in 
calculation study the properties of numbers as they are by 
themselves [which the arithmetician studies], but [he studies 
them] in the objects of sense, whence he gives them appella- 
tions taken from the measured [counted] objects, calling 
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some ‘apples’ and others “bowls.” (088 ad 6 Aoyiotixds abr 
Ka0” éxvta Oewpet Ta TAOn TOV apLOudv, GAN’ emt TOV aiabnTav, ober 
Kal THY eTwYUpLLaV adTols ATO THY LETpOUpEVwWHY TIBETAL, UNAiTas 
KaAdv twas Kal duaditras. ) — The last is a direct reference to 
Plato, Laws VII, 819 B-C, where instructions are given for 
teaching children how to calculate. 

2. The Charmides scholium is much more detailed: “ Logis- 
tic is a science which concerns itself with counted things, but 
not with numbers, not handling that number which is truly a 
number, but positing that which is one [namely one definite 
thing| as the unit itself, and that which is being counted 
[namely the particular assemblage] as the number itself, so 
that this science takes, for example, three things as ‘three’ 
and ten things as ‘ten ;5 to these things it applies the 
theorems of [pure] arithmetic. Thus it investigates both that 
problem which is called the ‘cattle problem’ by Archimedes® 
and also the ‘sheep-numbers’ and “bowl-numbers,’ the 
latter with reference to bowls, the former with reference to a 
flock of sheep;? and also with respect to other classes of 
bodies perceptible by the senses, it investigates their multi- 
tudes and comments on these as if they were perfect. All 
countable things are its material. Its parts are the methods of 
multiplication and division known as Hellenic and Egyptian® 
as well as the addition and division of fractions, by means of 
which it tracks down what is concealed with respect to its 
material in problems belonging to the study of triangular 
and polygonal numbers.? Its end is what is public in life and 
useful in contracts, even though it seems to make pronounce- 
ments about sensible things as if they were perfect.” 
(AoytatiKn €oTe Dewpia tov apiOunrav, ovyt d€ TavV apiOudr 
JLETAYXELPLOTLKT), OV TOV OVTWS apLO Lov AapBavovaa, aAN’ broTBELEVH 
TO pev EV ws povada, TO d€ apiOunTov ws apiOudv, olov Ta Tplo 
Tpraoda eivar Kou Ta S€Ka dexada ef WY ETAyEL TA KATA ApLOUNTLKNY 
Gewpypata. Gewpet odv todtro pev to KAnOev tim *Apyiunédovs 
Boetxov mpoPpAnua, TovTO dé unditas Kal puaditas aptOuovs, Tous 
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3. Olympiodorus describes the contrast somewhat differ- 
ently: “It must be understood that the following difference 
exists: arithmetic concerns itself with the kinds of numbers, 
logistic, on the other hand, with their material. There are 
two kinds of number: the even and the odd; of the even, in 
turn there are three kinds, etc.” (Se? eiSévou dru Siaddpovar, 
TO THV pev apiountiKny Tept Ta €t0n TOV aploudv KaTrayivedBar, 
tv S€ AoprariKhy mept thv bAnv. €tdn S€é apiOuod So: Td TE 
GpTLoVv KaL TO TrEpLTTOV. Kal TAL TOO peEV apTiov Eidn Tpia, KTA.) 
(There follows the classification of the even and the odd 
according to Nicomachus, Hoche, 14 ff., 25 ff., to whom 
Olympiodorus explicitly refers.) He continues: “The 
material of numbers, on the other hand, is the multitude of 
the units [which are in each case to be counted or calculated]. 
For instance, multiplication, such as four times four, five 
times five, etc. [affects this material]. But this is not all. For 
in that case logistic would be accessible to all, since even 
little children know how to multiply. But it teaches also 
certain subtleties.’ (vAy d6€ €oTL TO TAHG0s TOV povadwy, olov o 
moAAatrAaomopes, 6 €aTl TETPaKLS 8 Kal TEVTEKLS E KaL TH TOLAOTE. 
Kal oD povov TOUTO. OUTW yap av [7 ederriBo.|a}ros ( Jahn) ny 
mow, elye KO Ol LKpol Trades ioa.| ov | C.K.» rods mo\AamAa- 
TLAOMOUS. aAAG Kal vAadupa TWA OLOGCKEL. ) There follow two 
verbal problems, one of them with the numerical values 
given, which correspond to the so-called arithmetic 
epigrams s1!° (cf. also 13) and 7 from Book XIV of the 
Anthologia Palatina (printed in the second volume of 
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Tannery’s Diophantus edition; pp. 53 and 46 f.) In accord- 
ance with this, Olympiodorus, closely following the 
Platonic text (Gorgias 451 A—C), says further on: “It must be 
understood that that with which arithmetic deals is also the 
subject of logistic, namely the even and the odd. But 
arithmetic concerns itself with their kind, while logistic 
concerns itself with their material, investigating not only 
the even and the odd as they are by themselves but also 
their relation to one another in respect to their multitude. 
For multiplication is either among the same kind or is 
of different kinds with one another, the former, when I 
multiply even with even or odd with odd, the latter, when 
I multiply odd with even or even with odd.” (ioréov 
yap OTe Trepl &  apiOunTriKn KaTayiveTaL, TEpL TATA KOL 7 
AoyLoTLKH, EPL TO APTLOV Kat TrEpt TO TrEpLTTOV. GAA’ 7) prev apLounTLKT) 
Tept TO €ldos avTa@v, 7 dé AoytoriKy TEept THY VANY’ TH LN [MOVOV 
Kal’ abra aAdArAc Kat mpos aAAnrAu wads Eyer T7ANPOUS EmtoKoTely. 
6 yap ToAAamAacwaopos 7 mpos ExvToV yiveTa, 7) Tmpos GAAnAa.1! 
mpos eauTov, OTav ToAAaTAaoLaOW TOV GpPTLOV ETL APTLOV 7) TEPLTTOV 
émit mepitTov’ Tpos aAAnAa!! S€, STAY TEpLTTOV ET APTLOV 7) APTLOV 
Em. TEpPLTTOV. ) 

4. Olympiodorus uses multiplication to exemplify this 
state of affairs. The anonymous scholium to the same passage 
in the Gorgias speaks of this more clearly: “ Logistic studies 
the multiplications and divisions of numbers, from which it 
is clear that it works with their quantity [determinate for 
each case] and the material in them. For a number is multi- 
plied by a number not with reference to its kind but with 
reference to the units which are its material; and a number 
is divided according to its quantity, not according to the 
definition [of its kind] whereby numbers differ from one 
another. The words ‘how they are related to one another in 
respect to multitude’ [a paraphrase of the Platonic text] mean 
this: in what manner they multiply and divide each other 
according to the quantity which is in them.” (rods yep 
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This much, at least, can be ascertained from these sources: 
The reference of Proclus and of the Charmides scholium to 
Plato's instructions for teaching children to calculate, as well 
as the examples given in the Olympiodorus and the Gorgias 
scholium -(i.e., multiplication, division, fractions, verbal 
problems which lead to what we would today call equations 
in several unknowns), shows that logistic teaches how to 
proceed in order to solve problems relating to one or more 
multitudes of countable objects. It shows how to make the 
respective number of such objects definite, i.e., how to 
“calculate.” In calculation the result alone, which varies as 
the given multitudes vary, matters. But the possibility of 
calculation is grounded in certain immutable characteristics 
of the numbers “themselves.” With these arithmetic deals, 
which does not ‘calculate’? with numbers but studies their 
properties and kinds as they are in themselves,!? not as they 
may be read off the countable things. Calculation with 
numbers is nothing but the “application” of the facts of 
“pure arithmetic; logistic is nothing but “applied” 
arithmetic, which serves, above all, practical ends. What, on 
the other hand, the Neoplatonic commentators and scholiasts 
have in mind when they speak of “ pure’ arithmetic are the 
classifications of numbers and the description of their mutual 
relations, as we know them from certain first indications in 
Plato’s Theaetetus (147 D-148 B) and Parmenides (143 E- 
144 A); from several references of Aristotle (e.g., Posterior 
Analytics A 4, 7667 £.; Metaphysics A 14, 1020 b 3 ff.); from 
Euclid VII, VHI, [X; and, finally, from the textbooks of 
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Theon of Smyrna, of Nicomachus of Gerasa (and his 
commentators), and of Domninus of Larissa. . 

But one matter remains unclear: while the two first 
testimonia, namely those which go back to Geminus, identify 
the area of logistic with that realm of the objects of sense in 
which the calculations take place, and presuppose over and 
above this a realm of pure numbers which are the objects of 
arithmetic, Olympiodorus (as also the last Gorgias scholium) 
seems to transfer the distinction between an immutable, i.e., 
noetic, and a changeable constituent to the numbers them- 
selves. What Olympiodorus calls the “‘material”’ (Ay) of the 
numbers is clearly not attached to objects of sense but is 
identical with the quantity which each number designates. 
Only this quantity is affected by calculation, quite independ- 
ently of the fact that the objects of the calculation might be 
objects of sense. In the number “six,” for instance, the 
multitude “six,” with its quantity, its hyle, must be distin- 
guished from its eidos, namely the “even-times-odd”’ 
(apriorépirrov — since six is composed of the even factor 
two and the odd factor three).!3 Arithmetic treats of the 
eidos, logistic of the multitude of “hylic’’ monads. What, 
now, is the relation of this conception of the objects of 
logistic to their inclusion within the realm of the aistheta? 
Is the multitude which is designated by any number after all 
always to be referred to objects of sense? These questions 
take us back directly to the Platonic passages themselves, 
since the precise interpretation of these was, in fact, the 
original concern prompting the Neoplatonic commentators. 
It may be that Olympicdorus was too little expert in 
mathematical matters to have done justice to this task; for 
instance, his opinion that one case refers to the multiplica- 
tions of even (or odd) numbers with each other, while the 
second case involves the multiplication of odd with even or 
even with odd numbers, is clearly untenable.!4+ But the 
deeper reason for this lack of clarity must, ultimately, lie in 
certain difficulties inherent in Plato’s own conceptions. 


; 


Logistic and arithmetic in Plato 


In THE Gorgias (451 A-C), Socrates says that if he were 
asked “with what”’ (epi 7i) arithmetic deals, he would 
answer: It belongs to that knowledge which deals with the 
even and the odd, with reference to how much either happens 
to be.” (ére r&v mept 76 dpridv Te Kal TEpUTTOV lyvaous|, doa ev 
EKATEPA TUyYaVN OVTE. ) And of logistic it is said further on: 
“Tt deals with the same thing, namely the even and the 
uneven; but logistic differs [from arithmetic] in so far as it 
studies the even and the odd with respect to the multitude 
which they [the single even and odd] make both with them- 
selves and with each other.” (epi 76 adré yep éort, 76 Te &pTLoV 
Kal TO TEpiTTOV: Stadéper SE TOGODTOV, OTL Kal TpPOS AUTA KOL TpOS 
aAnra mas exer 7AHPous emicKomel TO TEpLTTOV KL TO APTLOV 7 
hoyorixy.) This strangely involved definition — the word 
arithmos is carefully avoided!5 — coincides word for word 
with that in the Charmides (165 E-166 A-B): “Logistic, it 
seems, concerns even and odd, namely what multitude they 
make with themselves and with one another.” (1) Aoycorus7 
coTi Tov TOU apTiou Kal TOU TrEpLTTOD, TANFOUS OWS ExEL TIPOS HAUTE 
Kat mpos &AAnAa.) This shows that we are here not dealing with 
an “‘accidental” assertion.!© Of arithmetic it is said once 
again in the Gorgias (453 E) that it teaches ““of the odd and 
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even, how much it is [in each case]”’ (epi ro &pridv re Kai 70 
mepurrov doov eariv, cf. Theaetetus 198 A). 

Usually these sentences, on which the Charmides scholium 
as well as the commentary of Olympiodorus are based, are 
said to affirm a direct opposition of arithmetic as a theoretical 
discipline to logistic as the practical art of calculation,!7 and 
this understanding is supported by an appeal precisely to the 
explications of Proclus and of the Charmides scholium. But it 
is hard to see how Plato’s words can signify just this opposi- 
tion. Is it really possible to understand the arithmetike 
mentioned there as “number theory”’ simply ? Is the concept 
of arithmos really identical with our concept of number — 
vague as it generally is? 

To do justice to the original Platonic definitions we must, 
above all, never lose sight of the context, which determines 
the manner of posing questions and the mode of conversa- 
tion in Platonic dialogues, and which Neoplatonic systemat- 
izing tends to obscure only too easily. We must bear in mind 
that the Platonic opposition of arithmetic and logistic is, to 
begin with, not one between two scientific subjects which 
belong to different levels. Rather it concerns a “science”’ 
which we first acquire in our intercourse with objects of 
daily life and in which we may thereafter advance to special 
expert knowledge. The analysis of this science may, to be 
sure, take two directions: (1) In the face of definite multitudes 
of things we habitually determine their exact number — we 
“number,” i.e., count, the things, and this presupposes a 
certain familiarity with numbers in general, especially in the 
case of larger multitudes. In order to be able to count we 
must know and distinguish the single numbers, we must 
“ distinguish the one and the two and the three” (760 & ve 
KOL TH OVO KAL TH T plo OuaMyLyVWOKELV — Republic VII, $22 ee 
Plato calls the totality of this science of all possible numbers 
the “art of number” — “arithmetic.” (2) But we are also in 
the habit of multiplying or dividing these multitudes. This means 
that we are no longer satisfied with the number by which we 
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have enumerated the things in question, but that we bring to 
bear on this number new “numbers,” whether we wish to 
separate off a “third” part of the respective quantity or wish 
to produce a multitude which amounts to “four” times the 
given one. In such multiplications and divisions, or, more 
generally, in all calculations which we impose on multitudes, 
we must know beforehand how the different numbers are 
related to one another and how they are constituted in them- 
selves. This whole science, which thus concerns the be- 
havior of numbers toward one another, i.e., their mutual 
relations, and which first enables us to relate numbers, i.e., to 
calculate with them, is called the “art of calculation” — 
“ logistic:” 

‘ Arithmetic’ is, accordingly, not “number theory,” but 
first and foremost the art of correct counting. As Plato says 
explicitly in the Theaetetus (198 A-B): “Through this art, I 
think, one is oneself master of the sciences of number and is 
able as a teacher to pass them on to another.” (radry 87%, ofuae, 
Th TExVN adTos TE UToYELpious TAS EmLOTHUAS THY apioudv exer Kal 
éMw rapadidwouw 6 mapaddovs.) If “one becomes perfect in the 
arithmetical art’ (dpiOunrixds av reAéws), then “he knows 
also all the numbers ”’ ( TAVTAS aptB.ous ETLOTAT OL June Only on 
the basis of this art of counting may further knowledge in 
the realm of numbers be gained. Logistic too is possible 
only on this basis. “Logistic’”’ is not merely the art of 
calculation in the sense of “ operating’’ with numbers, i.e., 
an art teaching the procedures to be applied in multipli- 
cation, division, taking of roots, and in the solution of verbal 
problems. All meaningful operations on number presuppose 
knowledge of the relations which connect the single num- 
bers. This knowledge, which we acquire in childhood and 
which we use in every calculation, although it is not always 
present to us as a whole, is logistike. The fact that from it the 
possibility of numerical operations may be derived and that 
from these operations certain “mechanical” rules of reckon- 
ing may in turn arise has a significance which, though of 
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importance for our practice, is yet subordinate. We can, it 
is true, acquire this knowledge best by making ourselves 
familiar with the elementary operations as applied to 
countable things. This is why Plato, in that passage in the 
Laws (819 B-C; see also Republic 536 D ff.) cited by the 
Neoplatonists, demands that calculation be taught through 
play (according to the Egyptian model), thus making it 
possible for children to acquire correctness in counting and 
in combining numbers painlessly. The main things to be 
learned in this way are exactly the multifarious relations 
which exist between different numbers: that the quintupling 
of a multitude of twenty wreaths yields a hundred wreaths, 
that a multitude of 221 apples can be divided into thirteen 
or seventeen equal parts and no more, etc. 

From what has been said it follows that “arithmetical” 
and “‘logistical” science are hard to distinguish on this 
primary level, and, as we shall see, not only on this level. 
Thus the simplest relation between the parts of a multitude 
and the multitude itself (as their sum) is given as soon as they 
are counted or added up, i.e., by a counting process which 
extends over all members of all partial multitudes (cf. Theae- 
tetus 195 E-196 A and 198 A-C, where the task of adding five 
and seven is discussed and assigned to arithmetike; also 204 
B-C). Addition and also subtraction are only an extension of 
counting. Furthermore, all the remaining relations between 
numbers, on which the complicated operations of reckoning 
are based, may also, in the last analysis, be reduced to that 
ordering of numbers which is ascertained by counting. On 
the other hand, counting itself already presupposes a 
continual relating and distinguishing of the numbered 
things as well as of the numbers. Thus it happens that in 
Plato’s language “‘counting” and “calculating” frequently 
occur together: Republic VII, 522 E: AoyilecOai re Kod &pOpuetv ; 
§25 A: Aoytortexn re Kat apiOunrixn; $22 C: apibudv re Kat 
Aoy.oudv, Which is here intended as a summary of the realm 
to which the ability “to distinguish ‘one’ and ‘two’ and 
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‘three’ (76 & re kal Te SU0 Kal Th Tela SiayryvdoKer) pertains, 
cf. P. 18; Phaedrus 274 C: dpiBudv re kat Aoywopdv; Hippias 
Minor: wepi Aoyiopov Kat apiOudv. In the Laws (817 ye “cal- 
culations’ (Aoy.opot) and “ what concerns numbers” (ré zepi 
apiQuovs) are then expressly designated as “one learning 
matter (év paéOnpo.).2° And yet the fundamental significance 
of counting necessitates the emphasis on and the relative 
isolation of arithmetike as such. For to Plato that ability 
proper to man, fo be able to count — an ability to which 
corresponds the countableness of things in the world — is a 
fact fundamental beyond all special problems, a fact which 
determines the systematic aspect of his teaching.?! 

The preceding remarks contribute only this much toward 
an understanding of the definitions given in the Gorgias (and 
Charmides): from the kind of knowledge which is conveyed 
in “arithmetic” and “logistic’’ we may infer the fact of 
their difference as well as of their unity. This unity ultimately 
has its roots in the object of which both treat. Both are 
concerned with “numbers” and with “number ”’ in general, 
with the arithmos (cf. Republic 525 A). But what is the 
significance of the fact that the “even” and the “odd” 
occur in the definition, but not number ? If it were to be the 
case that an attempt is here being made to bring to bear an 
alien technique of definition on perfectly familiar facts in 
order to formulate them precisely, and if it were in response 
to this that the “odd” and the “even”’ are regarded as 
characteristic of arithmetic and logistic,2? then, clearly, we 
could elucidate the matter only through an analysis of the 
meaning of arithmos. But before we do this we must pursue 
further those of Plato’s remarks which bear on the develop- 
ment of “arithmetical” and “logistical’’ knowledge. 

In the form in which we have looked at arithmetic and 
logistic up till now, these represent a purely “practical” 
knowledge, which we must acquire and use with a view to 
the necessities of life (cf. especially Laws 819 C). Once 
practical aims are abandoned, these studies acquire an 
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altogether different standing. At the same time our attention 
is freed to turn to certain peculiarities of that knowledge 
which is now raised to “knowledge” proper, to episteme. 
Thus in the Republic and in the Philebus Plato contrasts 
“practical” arithmetic and “practical” logistic with their 
respective “theoretical’’ counterparts. In the Philebus (56 D) 
Socrates asks “‘Must it not first be said that the arithmetic of 
the crowd is one thing, and that of lovers of wisdom 
another?” (ApiOunrichy mpadrov dp obk &AAnY pév Tiva THY 
TOV TOAAaY daréov, GAAnV 8’ ad THv Trav durocodovvrwv;) And to 
the question of his interlocutor Protarchus “what difference 
there might be?” he replies (56 D-E): “The distinction 
is not small, Protarchus: Of those who deal with number 
some count off units which are in some way unequal, such 
as two armed camps, two head of cattle and two of the 
smallest or two of the largest of all things, while the others 
would not follow their practice unless someone posited a 
unit such thatnot one single unit of those in a myriad differed 
from any other.’ (od cuxpds dpos, & TIparapye: of pev yep mov 
povadas avicous KaTrapiOuobtvrat THv mept apiOudv, olov orparomeda 
dvo Kal Bods 8v0 Kat dvo0 Ta GpiKpoTaTa 7 Kal Ta TKVTWY pLéeyLOTO. 
ot 8° ovK av ToTE avrots ovvaKodrovbyceay, ef un woveda povados 
éxaoTns TOV pupiwy undepiav aAAnv KAAns Siadépovacy tis OyoEL. ) 
And Protarchus makes the point once more with emphasis: 
“You are quite right in saying that there is no mean differ- 
ence among those who are concerned with number, so that 
it is reasonable to say that there are two [kinds of arith- 
metic]. (kat pada y'ed Aéyers od opixpav Siadopav Trav TeEpi 
ap.Oucv revralovrwy, wore Adyov éxew dvo adras elvou.) This 
distinction is immediately expanded to include, among 
other things, logistic, so that Plato here explicitly postulates 
a “theoretical” logistic. What differentiates this theoretical 
logistic from practical logistic is the kind of multitude with 
which each deals; in the one case we are concerned with 
multitudes of “unequal” objects — and obviously all objects 
of sense are such — in the other with multitudes of wholly 
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similar units, namely precisely those which cannot occur in 
the realm of objects of sense. We shall have to investigate 
later how far the consequences which arise from this distinc- 
tion are compatible with the distinction itself. But this much 
is already clear — theoretical logistic raises to an explicit 
science that knowledge of relations among numbers which, 
albeit implicitly, precedes, and indeed must precede, all 
calculation. Only in doing this does logistic make the right 
use of this knowledge (Republic 523 A). As soon as that 
aspect which binds this science to objects of sense is relin- 
quished, we see that it cannot pertain to a special realm of 
objects in the world of sense, but can only refer to a 
‘neutral’ material, namely the homogeneous monads. 
Thus theoretical logistic arises from practical logistic when 
its practical applications are neglected and its presuppositions 
are pursued for their own sake. 

Logistic is spoken of in the Republic (525 C-D) in just this 
sense as not to be pursued “ privately, for the sake of buying 
and selling as merchants or shopkeepers pursue it” (py 
IdwwTtK@s, . . . OUK WSs OvdE TPaGEWS YaPLY WS EUTTOPOUS 77 
KatnAous pedAeT@rras ), but for the public interest,23 and 
especially “for the sake of knowing” (rod yuwpitew everc). 
Through it the soul is said to be brought to the point where 
it grasps the nature of the numbers as they are in themselves, 
i.e., not as they are grasped when turned toward objects of 
sense, but by “thought alone” (79 voyjoe: adr). It does not 
treat of numbers “which have visible or tangible bodies” 
(Spare 7) dmr& obpare éyovras, cf. Epinomis 990 C), but only 
“of numbers themselves’ (epi adrav rdv cpiOuav). The same 
Opposition arises in the Theaetetus (195 D-196 B) in a 
different context: It is easier for someone to make a mistake 
in the addition of a number of things which are seen or 
tasted or otherwise perceived by the senses, e.g., a multitude 
of five or a multitude of seven people, than when he con- 
siders the respective number “itself,” in this case “five itself 
and seven itself” (adrad mévre kai éxra), which he has only “in 
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his thinking” (év 79 Svavolg éyer), although error, especially 
when larger numbers are involved, is by no means excluded 
even then. These numbers, as also “the eleven which one 
cannot grasp except by thinking” (rd évdexa, & undev dAdo 7 
Svavoeirai rus) and every other number of similar kind, are 
cases of numbers of “pure” units — “for I think you are 
speaking of all number” (ofuct ydp ce mepi ravrds [ uaAAov | 
c&piO0d Aéyew), says Theaetetus to Socrates, who assents to 
this supposition. That is, they are units accessible only to 
thinking, which one can, therefore, apprehend and count 
only “by himself” (airés zpos atrév) in distinction from 
‘“whatever outside has number’ (rav eéw dca ever d&piOudv 
— 198 C). The fact that these numbers “admit only of being 
thought” (dv dvavonbFve pdvov éyywpet — Republic 526 A) 
has its basis in the “purity’’ of the units, of which “each and 
every one is equal and not in the least different and has no 
parts within itself. ” (iaov re Exaorov Trav mavri Kal ob8é opiKpov 
duad€pov, wdpiov TE Eyov ev EauT@ ovdev — ibid.) More will have 
to be said of this last property of pure units, their indivisi- 
bility. First, however, we shall try to imagine what may have 
been Plato’s notion of theoretical logistic. 

For this purpose, the definitions of arithmetic and logistic 
given in the Gorgias and the Charmides must always be kept 
in mind. For their meaning, although independent of the 
practical or theoretical character of the two disciplines, can 
be understood only from the theoretical side. It is precisely 
because a “‘scientific’’ definition properly so called is here 
applied to a subject which ordinarily serves only practical 
purposes that we find such a strangely elaborate formulation. 
According to this definition, theoretical logistic would have 
to include primarily knowledge concerning all those 
relations, i.e., ratios (Aéyo.) among pure’ units, on which the 
success of any calculation depends, while knowledge of 
these “pure” numbers themselves would be reserved for 
theoretical arithmetic. Perhaps it will be possible to find 
some indications of this in the later mathematical textbooks 
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of the Neoplatonists and the Neopythagoreans, for in these 
textbooks scientific material going back to Platonic and 
pre-Platonic times was undoubtedly absorbed, although its 
arrangement, its nomenclature, and the general manner of 
presentation may well have undergone great changes. 


4 


The role of the theory of proportions in 


Nicomachus, Theon, and Domninus 


In THE Introductio Arithmetica of Nicomachus the field of 
quantity (76 moosv) which is to be investigated is divided 
into two parts (I, 3 — Hoche, 5, 13 ff.): “Of quantity one 
part is studied by itself, namely that which has no sort of 
relation to another’ (rot trocot To pev opaérar Kal? éeavro, 
pndepiav mpos &AAo cyéow éyov), and the other as having 
some sort of relation to another and capable of being thought of 
only in its relations to another’ (76 8€ apds do ws 787 
EYov Kal GUY TH TMpos ETEpov ayEeceEL EmWoovpevor ). Taking his 
departure from the traditional “Pythagorean”’ division of 
the mathematical sciences into arithmetic, geometry, music, 
and astronomy,?4 Nicomachus now assigns arithmetic to the 
realm of that which is “by itself” (xa6’ airé), music to the 
realm of that which is related “‘to another” (pos dAdo — 6, 
1-3). Nevertheless a large part of both of his “arithmetical”’ 
books is devoted precisely to this second realm of the poson. 
In Chapters 7-13 of the first book he first of all investigates 
the two “primary kinds” (mpwriore eid) of “number as it 
1s scientifically studied” (émornpovixds &piOuds Ih namely the 
odd and the even, of which he says that “they have the being 


of quantity itself (ovotav E€yovTa THY THs TooOTyHTOS — Gt. 
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12, 20-13, 2). Next he presents their subspecies, such as the 
even-times-even, the odd-times-even, etc. In contrast to 
Euclid, Theon, and Domninus, Nicomachus proceeds in a 
completely schematic manner and patently exaggerates the 
differentiation. It must be emphasized that in this procedure 
even those numbers which are “ prime to one another and not 
composed [of others]”’ (76 mpds &AAo mpdrov Kal covvberov 
— 28, 20 ff.) are subsumed under a separate species (namely 
the third subspecies of the odd), although according to 
Nicomachus himself only the realm of the kath’ auto is here to 
be considered.25 Next (Chapters 14-16) are presented the 
“ perfect,’ the “‘superabundant,” and the “‘deficient”’ 
numbers, which are determined by the sum and product of 
their aliquot parts, or more generally, those numbers for 
which interest is centered on the manner in which they are 
themselves composed of others. Then he says (44, 8 f.); 
“Having given a preliminary treatment of quantity by itself 
we now pursue it also in its relations.’ (mporereyvoAoynuevou 8é 
npiv mept Tod Kal’ adro Trocod viv perepyopeda Kal emi TO TpEs TL.) 
Accordingly, in Chapters 17-23 the “ten arithmetical 
relations’ or ratios (ai Séxa dpibunrixal ayécers — 64, 21) 
are presented. They appear as “kinds” (<i5y) of “inequality” 
(avoérns) and are further pursued with respect to their 
mutual dependence and their relationship to “equality” (up 
to Chapter 5 of the second book). They are comprehended 
under two groups of five kinds each, to which correspond 
the following examples: four to three, five to three, six to 
three, seven to three, eight to three, and their inverses. 
These kinds of ratios do, indeed, have their most immediate 
application in the field of music; yet we should not for- 
get that they belong to the theoretical foundation of all 
calculations, especially those dealing with fractions, as their 
very names and the names of the numbers they involve 
show: for example, “‘superparticular number” (dpiOucs 
émdpios),  sUperpartient relation” (cyéous émmepis), etc., 
and especially the fractional terms “‘sesquitertian” (4:3), 
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“superquintipartient’ (11:6), “double sesquiquartan’’ (9:4) 
(enizpuros, emumevropepys, SurAacvemiréraptos), etc. With the 
fifth chapter of the second book the discussion of “‘relational 
quantity (rod mpos ErEepov Trws ExovTos moaod — 82, IO f.) 1s 
broken off for the time being and in Chapters 6-20 the theory 
of figurate numbers, plane as well as solid, is presented,?® 
leading at last to the interrelation of the sequences of 
triangular, quadratic, and oblong (heteromecic) numbers. 
Aside from its significance in other respects, this theory too 
is concerned with the composition of numbers either by 
summation or by multiplication. From the twenty-first 
chapter to the end, finally, the theory of proportions and 
means is discussed, and with these we return to the realm of 
the pros ti.27 But this return is accompanied by an express 
emphasis on the usefulness of this theory for natural science 
(by which the cosmology of the Platonic Timaeus is meant) ; 
for music, astronomy, geometry; and, last but not least, for 
understanding the work of the ancients. Nicomachus here 
seems to be justifying the fact that the study of proportions 
and means, which belongs to the realm of the pros ti, forms 
the conclusion of an “Introduction to Arithmetic’ (cf. 199, 
19-120, 2 and also 64, 21 ff.). 

Theon of Smyrna, for all his arbitrariness in particulars, is 
more consistent insofar as he is careful to keep the realms of 
the poson strictly separate. He does not, it is true, mention 
the distinction between the kath’ auto and the pros allo. 
But the structure of his book is determined by the 
distinction between “the theory of mere numbers” (+4 zepi 
idous apiOuovs Oewpia — cf. Plato, Statesman 299 IE ppiees 
arithmetic, and “arithmetical music’’ (+ év ép.Ouots povorxy), — 
Hiller, 17, 12 f.), a distinction which is, as we saw, identified 
by Nicomachus with the distinction between kath’ auto and 
pros allo — with which it is indeed in theory identical. For 
the first, the “arithmetical” part in the narrower sense, 
treats only of the different kinds of numbers taken by them- 
selves, that is, of the even and the odd together with their 
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subspecies, of primes and ““composite’’ numbers, of figurate 
numbers (plane and solid), and finally of “perfect,” ““super- 
abundant,” and “‘deficient’’ numbers. To be sure, even in this 
part some incidental reference to the relations between the 
single numbers and between their kinds cannot be avoided, 
e.g., in the descriptions of the series of number (22, 19 ff.) 
and in the relations between the squares (rerpdéywvor) and 
the oblongs (érepoyrjners — 28 ff.). But the detailed discus- 
sion of these relations, i.e., the ten ratios (Adyor) as well as the 
proportions (dvadoytat) and means (peodrytes), is reserved 
entirely for the second, “musical” part, where it is closely 
connected with the presentation of the theory of musical 
intervals, but at the same time also clearly contrasted with it. 
The theory of musical intervals is divided into two parts 
(46 f.): the first is concerned with the “harmony perceptible 
by sense and made by instruments” (1 év dpydvous aiobyri 
cépyovia), the second, which really first provides the theoreti- 
cal foundation of the first, with “the harmony apprehended 
by thought and made by numbers” (1% & dpiWpots vor 
éppovia.). The proportions treated by arithmetic as such are, in 
turn, distinguished from the proportions of “arithmetical” 
harmonics, because the latter are only special cases of the 
former (cf. 75, 17 ff.). Thus Theon (76-81), citing Adrastus, 
discusses the ten kinds of ratios “according to the arithmetical 
tradition, ( KATO THY apiOunriKkny TApadsooL — 76, I ff.) which 
means precisely: not only as the subject of arithmetical 
harmonics. This discussion, which is prefaced by some 
general considerations (72-74), occurs after he has only just 
touched on arithmetical harmonics (74 f.) while, on the 
other hand, he treats “‘aisthetic’’ harmonics in detail. In the 
same way the proportions and means which may be studied 
‘“in numbers as well as otherwise’ (év dpiOpois Kai &éAAwWs — 
85, 16) are first (85-93) discussed in connection with the 
“cutting of the canon” (following Thrasyllus). This discus- 
sion of proportions and means is connected quite naturally 
with the presentation of the “Pythagorean” doctrine of the 
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tetraktys or decad (i.e., the sum 1+ 2+ 3+ 4, 95-106, cf. 87, 
4 ff.),28 and recurs finally in a very generalized ‘presenta- 
tion,?9 again following Adrastus (and Eratosthenes3°), as a 
purely mathematical subject (106-119). There is thus in 
Theon, as well as in Nicomachus, a certain tension between 
the area of application of arithmetical knowledge and the 
conception of arithmetic as a science which should be confined 
to the study of numbers taken by themselves and not in 
relation to one another. In Theon’s work this tension be- 
comes especially clear in the introductory part, where he 
speaks about the arrangement and the sequence of the 
mathematical sciences (16 f.). “Within the natural order” 
(mpos tiv duo raéw), he says, “music would come only 
in the fifth place, namely after arithmetic, geometry, 
stereometry, and astronomy. (This is the order of sciences 
sketched out by Plato in the seventh book of the Republic 
with reference to the education of the future rulers of the 
state.) ““ Within our study, let arithmetical music follow on 
arithmetic’ (pds ri jperépav Oewpiay per’ &pibunriKny reT&yOw 
4 ev apOpots povorxy ), since without music made of number 
and grasped by thought” (avev rhs e€apiuovpéervns Kal 
vooupérns povoxs) cosmic harmony and cosmic music’”’ (+ 
év Kéopw appovia Kal év tovrw povoixn), which alone is of 
importance, cannot be grasped, while “we do not absolutely 
need instrumental music” (rijs . . . ev dpycvors [Sc. povorryjs] 
od travrémact mpoodedueba). Thus Theon, basing himself on 
Plato, Republic VII, 530D-531 C, but also “for the sake of 
the convenience of our study” (mpos THv THS HyEeTEepas Dewpias 
evpaperavs! ), ~ yokes together © (owe€evxrar) “ arithmetical 
music’ and arithmetic, while “cosmic” music is relegated to 
the fifth place. In fact, Theon returns to cosmic music only at 
the end of the third, the astronomical part of his work. But, 
as we have seen, he is far from neglecting the theory of 
“aisthetic’’ harmony, for, as he himself observes, “noetic 
harmony is more easily understood [starting] from sensible 
harmony’ (. . . 4 S¢ vont? pdov amd ris alcOnrhs Karavoeirat 


ROLE OF THE THEORY OF PROPORTIONS 31 


— 47, § f.). On the other hand, arithmetical harmonics is, as 
we have seen, entirely eclipsed by the purely arithmetical 
theory of relations. In view of the rigour of Greek scientific 
methodology, we cannot ascribe all these incongruities 
simply to the inadequacies of Theon or Nicomachus. In this 
context it is certainly of crucial importance that the theory 
of proportions owes its first formulation to this very in- 
vestigation of musical intervals. When Nicomachus and 
Theon assign the theory of proportions to musical theory 
they are following, as Tannery notes at one point,3? a major 
tradition, which probably goes back mainly to Archytas. 
The fact that neither succeeds in maintaining this arrange- 
ment of subject matters shows, again, that both have yielded, 
more or less inconsistently, to the influence of another, 
classical, tradition which goes back to Euclid and Aris- 
toxenus and which is, as far as Theon is concerned, essentially 
represented by the Peripatetic Adrastus. Within this tradi- 
tion the theory of proportions, insofar as it is concerned only 
with the relations between numbers, has, as the “‘arith- 
metical” books of Euclid immediately show, no separate 
existence, but is passed on “according to the arithmetical 
tradition” (xar& rv é&pibunrixhy mapddSoow; cl. Theon 76, 
1-3) ;33 thus it cannot be naturally isolated from the arith- 
metical theory of proportions whose very foundation it 
provides. Therefore the incoherence of Theon’s and 
Nicomachus’ presentations has its origin in the fact that in 
their programmatic scheme they do not want to follow the 
classical tradition, while in its execution they cannot follow 
the “Pythagorean”’ tradition, though they nevertheless 
consider it necessary to retain the division of the poson into 
the realms of the kath’ auto and the pros allo. This results in a 
certain displacement of the theory of proportions. The 
obvious solution is to assign to it that place which would 
correspond to theoretical logistic in Plato. This much, at least, 
is clear: precisely that realm of knowledge is proper to it which the 
Platonic definition of logistic seems to mark out.We shall have to 
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discuss the reasons which make it impossible for Theon and 
Nicomachus to identify the theory of relations with Plato's 
theoretical logistic. But these reasons notwithstanding, the 
fact remains that the strange displacement of the theory of 
relations points to the very quarter whence the Platonic 
distinction between arithmetic and logistic first derives its 
meaning. 

Finally, we must consider the arithmetical handbook of 
Domninus?¢ (fifth century A.D.) who, in conscious contrast 
to Nicomachus and Theon, prefers the Euclidean tradition,35 
although he follows, as they do, the Platonic definitions 
(cf. 427, 17 f., and 4209, 2 f.). Its whole internal structure is 
determined exclusively by two sets of distinctions. One of 
these is again that of kath’ auto and pros allo, while the other, 
already known to us from Olympiodorus and the Gorgias 
scholium (see P. 13) distinguishes “‘according to kind” (xar’ 
<fSos) and “according to multitude” (xaré 76 wAAO0s). Any 
number can first of all be studied with a view to the kind 
to which it belongs when taken by itself, either the even, 
or the odd,” the even-times-odd or the odd-times-even, 
etc. — 416, 10 ff. (Tar yap dpiOudv doricobv, adtos Kab” éxvtov 
Gewpovpevos, KaTa pev TO Eld0s 7 ApTLOS EaTW 7 TEpiTTOS, KTA. — 
413-415.) But it can also be judged “with a view to the 
underlying multitude of units in it,” (xara 5€ TO bTOKELpLEVOV 
TAROOs TOV ev adtH wovedwy .. . — 416, 15 f.) and in this way 
also it can be “‘studied by itself” (adrds Kad” éxurdv Gewpov- 
wevos). In another passage (415, 7) this multitude of units is 
said to be “that which underlies and is, as it were, the 
material of numbers” (doxeipevov Kat ofov dAy .. . év adrois). 
Here the subject of discussion (415-416) is the decadic system 
of counting by ones, tens, hundreds, etc., which Domninus, 
in accordance with Apollonius’ procedure, understands in 
terms of tetrads (the four orders — récoupes régéeus, 1.e., the 
tenths, hundreds, thousands, ten-thousands of units, myriads, 
etc.) which are raised to infinity by raising the powers of the 
myriads. “ But it is the part of logistical theory to speak more 
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fully of these.’ (> AAAd EPL [Lev TOUTWY EmiTA€ov ElmrEtv THS AoyLKHS 
éyerau Oewpias — 416, 6 f.)3© After the numbers have been 
studied by themselves both according to their eidos and in 
terms of their hyle,’it is necessary to investigate their associ- 
ation with one another” (Set Sé Kau THhv pos aAAnAovs adrav 
émuoKeacba Kowwviay — 416, 21 ff.). Thus numbers which are 
prime to one another and numbers which have a common 
measure, i.e., one or more common divisors (416-417) may 
be distinguished “according to kind” (xar’ fos). According 
to material, namely “according to what underlies, that is, 
according to the multitude of units in them” (xara 76 
UiroKeipevov, TouTéoTe KaTa TO TANOGos TOY ev adbrois povadwy 
— 417, 10-12), they are either equal, that is to say, they 
contain the same multitude of units, or they are related 
by the “ten relations” (Ska cyéces). Here, too, belongs 
that other approach discovered by the ancients, which di- 
vides the numbers into “perfect,” “superabundant,”’ and 
“deficient” (417-422). Furthermore, it is possible to study 
numbers “by themselves and in relations to one another 
at the same time” (ko éxvrovs Te GH Kai pos aAAHAOUS — 422, 
6). Two numbers are either prime in themselves and to one 
another, or composite in themselves but prime to one 
another, etc. (422). The theory of proportions and means 
represents then a more comprehensive study of their mutual 
relations according to their material, a study “concerned 
with the multitude underlying them” (zepi 76 re drroxetpevov 
abrots mAbs — 423, 11), more comprehensive insofar as 
in proportions always more than two numbers are related 
to one another (423-425). There is, finally, yet another 
theory which was introduced by the ancients, namely that 
which assimilates numbers to geometric figures; here 
Domninus, citing Euclid and Plato, demands that the (plane 
and solid) figurate numbers be understood only in terms of 
multiplication (and not addition as well). This theory, too, 
admits both the point of view of the kath’ auto and that of the 
pros allo, the first as long as the different kinds of figurate 
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numbers are treated alone, the second, when their “similar- 
ity’ is considered (425-428). In summarizing, Domninus 
once again emphasizes the set of distinctions which guides 
the arrangement of this compressed survey: “ What then the 
kinds of numbers are when they are studied separately, first 
by themselves and again in relation to one another, and also 
when they are studied at the same time by themselves and in 
their relation to one another, as well as when they are studied 
in the image of their geometric figures, we have sufficiently 
said.” (Tiva pev ody eorl r& Tov apiOuay €iSy &v Te TH Kad’ adrods 
Kal TH pos aAAnAovs Gewpia, Kav TH KAP avdToUs TE KH KEL TPOS 
aAAnAous, Kat dn Kal EV TH TpPOs TA yewmETpLKE | Tannery , instead 
of péyrora| oxjpara adrdv amerxacig, elpnrar apKovvTws nuiv — 
428,9 ff.). One cannot fail to see that Domninus is successful 
in avoiding all the inconsistencies arising from systematiz- 
ation by assigning the study both of the kinds of numbers and 
of their relations to arithmetic from the very beginning. 
Thus we do indeed have here, as in Euclid (cf. P. 31 and Pp. 
43-44), one single subject matter (cf. the expression “one 
learning matter’ — év peébyuax — in Plato, Laws 817 E), 
which can be ordered from two main points of view, 
namely according to the distinction between kath’ auto and 
pros allo. At the same time Domninus’ second and related set 
of distinctions affords a better understanding of the com- 
mentaries of Olympiodorus and the scholiast of the Gorgias 
quoted in Section 2. As we have seen, both connect Platonic 
“logistic”? with the “material’’ of numbers. Although the 
very same reasons (see Section 5) which prevent Nico- 
machus and Theon from identifying the “pure”’ theory of 
proportions with theoretical logistic lead both Olympio- 
dorus and the Gorgias scholiast to take it for granted that 
logistic is to be understood only as a practical art of calculation 
(i.e., as a set of instructions for the computation of the 
multitudes in question), yet both understand these quantities, 
independently of whether they are objects of sense or “‘ pure” 
units, as the “material’’ of numbers. For only this material 
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can in Domninus’ sense be subject to those relations which 
make calculation possible to begin with. Now closer 
inspection shows that in Domninus the distinction of kat’ 
eidos and kata to plethos coincides, on the whole, with that of 
kath’ auto and pros allo as far as their area of application is 
concerned. For as opposed to the traditional theory of the 
kinds of number, which corresponds to the study “ kath’ auto 
and kat’ eidos,” the introduction of the theory of decadic 
counting as a study “ kath’ auto and kata to plethos”’ clearly 
represents Domninus own innovation, an innovation which 
can be understood only as arising from his concern with 
“ systematizing,’ as the reference to the logike, or logistike, 
theoria shows (cf. Note 36). On the other hand, the subject 
matter of the study “pros allo and kat’ eidos,”’ namely the 
numbers which are or are not prime to one another, is very 
negligible in comparison with the subject matter of the 
study “pros allo and kata to plethos,’ which contains all of the 
traditional theory of relations as well as to that of proportions 
and means. Furthermore, the third section, where the 
distinction kat’ eidos — kata to plethos is not even used (as it is 
neither, incidentally, in the two last sections), contains the 
same subject matter, strictly speaking, as the study “pros allo 
and kat’ eidos.”’ The systematization undertaken by Domninus 
should therefore not obscure the fact that (disregarding the 
“perfect,” “suberabundant,” and “deficient” numbers) 
actually only the theory of proportions is subject to the 
approach pros allo and at the same time to that kata to plethos. 
If we compare this with the interpretation of Olympiodorus 
and of the Gorgias scholiast, according to which arithmetic 
treats of the kinds, while logistic considers the material of 
numbers (although on the whole Olympiodorus makes very 
meager use of this insight), a striking connection between the 
traditional theory of relations and the logistic of which Plato 
speaks appears. With respect to Olympiodorus and the 
scholiast, the question concerning the connection between 
the “material’’ of numbers and the realm of the aistheta 
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(cf. P. 16) still remains unanswered. Another question which 
arises, namely what might be the real point of the distinction 
kat’ eidos — kata to plethos, is directly connected with the 
former. Does not this distinction ultimately refer back to the 
old Platonic opposition of “theoretical’’ to “practical” 
studies ? We shall have to return to this question in Section 6. 

Although we may, therefore, in accordance with our 
conjecture, assign to theoretical logistic as understood by 
Plato primarily the study of the relations of numbers,37 
we must nevertheless remember that for Plato, too, logistic 
is originally related to the possibility of calculating. Thus, in 
analogy to geometrical usage, it may have contained, besides 
its own “theorems,” “problems” and “porisms”’ (cf. 
Proclus, in Euclid., Friedlein, Pp. 77; 178 f£.; 201; 212), 
intended to determine special relations between numbers 
and serving as the counterparts in the realm of “ pure” units 
of the computational problems proper to practical logistic. 
(The famous “bloom” — ézév6nue — of Thymaridas men- 
tioned by Iamblichus, Pistelli, Pp. 62 ff., might be cited as an 
example; according to Tannery and Cantor, Thymaridas 
lived at least not after Plato.38) These considerations, how- 
ever, lead us into a discussion of the difficulties inherent in 
the whole conception of theoretical logistic. 


5 


Theoretical logistic and the problem 


of fractions 


‘Tue Question before us is: What prevents later writers 
from interpreting the arithmetical theory of relations, i.e., 
proportions, as theoretical logistic? Or, in other words: 
How did it happen that the Platonic double distinction of 
theoretical and practical arithmetic, on the one hand, and 
theoretical and practical logistic, on the other, was reduced 
to the single distinction between theoretical arithmetic and 
practical logistic ? 

First of all, even supposing that some memory of a 
possible separate treatment of the arithmetical theory of 
proportions had remained alive within the Platonic tradition, 
Plato's demand for a logistic to be co-ordinated with, but 
distinct from, theoretical arithmetic need certainly not have 
corresponded to classifications current among the mathe- 
maticians of his own or of immediately subsequent times. 
For instance, Plato, as is well known, also demands a “‘ pure’ 
astronomy which ascends from the observed processes of 
the visible heavens to an understanding of the invisible 
spheres (Republic 529 A-s30 C; cf. Philebus 62 A); this 
causes so late an author as precisely Olympiodorus to 
contrast the “pure’’ spheric astronomy of Theodosius of 
Tripolis (or Bithynia)39 with Ptolemaic astronomy as a 
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science of the visible world (in the scholia to the Philebus, ed. 
Stallbaum [1820], P. 280). The same holds also for music, and 
so in general: Plato postulates, in contrast to the tetrad of 
“Pythagorean” disciplines, a science similarly organized but 
completely freed of sense perception, a science whose ulti- 
mate object is the one invisible and inaudible “cosmic” 
order on which our world of sense is founded.*° To this one 
order corresponds the close inner relationship of all sciences 
based on measuring ard counting (cf. Philebus 55 D ff; 
Republic 530 D, 531 D, 537 C; and Archytas, Diels I3, 331, 
7-9). Thus in the Theaetetus (145 A) Theodorus is called geo- 
metrikos as well as astronomikos, logistikos and mousikos. Thus, 
criticizing the theory of harmony of the “Pythagoreans, ”’ 
Plato says (Republic 531 C) in reproof that though they search 
for the numbers which are responsible for audible conso- 
nances, they fail to attempt to determine without reference to 
anything audible “ which numbers are consonant, which are 
not, and why” (rives Edudwvor apiBpol Kat tives ob, Kot Sud ri 
éxérepot). Evidently Plato holds that “consonance” and 
‘dissonance’ exist also in the realm of the purely noetic 
number relations, in other words, in the realm of theoretical 
logistic — a point of view which later turns out to be the 
basis of Nicomachus’ and Theon’s understanding.*! (Cf. also 
the terminology of the difficult passage in the Republic, 546 
C-D, where the number which controls good births is 
described.) Plato’s special demand for a theoretical logistic 
corresponds to the understanding that within the unified 
framework of the purely noetic sciences there should also be 
a science addressed to the pure relations of numbers as such, 
which would correspond to the common art of calculation 
and provide its foundation. This science, which is “in the 
service of the search for the noble and the good” (mpés rip 
Tod KaAod Te Kal ayabod Cyzrnow), inquires into the presupposi- 
tions of common calculation and also of harmony, and 
ignores the manner in which these sciences might be pursued 
in other contexts. 
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But even if this demand is taken seriously within the 
sciences and if one sets about the construction of a theory of 
relations of numbers which is intended to stand beside the 
theory of numbers as such, 1.e., of their different kinds, it soon 
becomes clear that such a division in the presentation of these 
subject matters is hard to maintain. We were already able to 
see this on the original “practical” level (P. 20), and we 
then had an ample view of the difficulties with which the 
Neoplatonic presentations have to struggle in this connec- 
tion. A further indication of these difficulties may be seen in 
the fact that Plato (Statesman 259 E) refers the knowledge of 
the “‘difference among numbers” (ri év rots apiBpois 
Siadopav) to logistic, although this might as well be said to 
be the business of arithmetic (cf. 258 D, also Republic 587 D). 

But the crucial obstacle to theoretical logistic — keeping 
in mind its connection with calculation — arises from 
fractions, or more exactly, from the fractionalization of the 
unit of calculation. Logistic is, as we have seen (P. 22), 
concerned with units which can be grasped only in thought, 
which are all equal to one another and which, above all, defy 
all partition. Should someone attempt to partition such a 
unit, so Plato himself says (Republic 525 E), all the expert 
mathematicians “would laugh at him and would not allow 
it, but whenever you were turning it into small change, they 
would multiply it, taking care lest the one should ever 
appear not as one, but as many parts. ( KarayeA@at TE Kat OVK 
atrodexovTat, aAN’ e€av ov Kepparitns adro, exetvor troAdaTrAact- 
acotaw, evAaBovpevot uy TroTe havy TO Ev wy Ev adAa TrOAAG pLopta 
— cf. also Parmenides 143 A and Sophist 245 A.) The funda- 
mental significance of this fact is sufficiently emphasized by 
later writers as well. Theon renders the paradox inherent in 
the partition of the unit as follows: Every number can be 
diminished by partition and decomposed into smaller 
numbers, “but the one, when it is divided within the realm 
of sense, is on the one hand diminished as a body and is, once 
the cutting-up has taken place, divided into parts which are 
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smaller than it, while, on the other hand, as a number, it is 
augmented. (76 8 ev & pev ev aicOnrois Stouphrow, ds ev c@pea 
eAarrobrar Kal Suaipetrar ets eAaTTOva avTod popLta THS TOLAS 
VLVOMEVNS , ws OE ap.Oos aveEETaL — Hiller, itor 18-21.) That 
is, when an object of sense is partitioned into several pieces, 
the object is diminished in respect to its bodily extent but 
is multiplied in the process with respect to its former unity; 
‘For instead of one thing there arise many things.” (dv7i 
yap évdos yiverar todd.) In other words, the bodily thing is 
partitioned, but not that which we call “one” in it, namely 
the unit itself, whose being consists in nothing but being one, 
in being the “unit in respect to which each of the things 
that are is called one” (... povds, Kal” Hv Exacrov rév dvTwr 
Ev Aéyerou — Euclid VII, Def. 1; cf. Theon 20, 17 fey After 
partitioning, every part assumes the property of being one, 
i.e., there now exist several “‘units’’— the one has multiplied 
itself! In every calculation or counting process we work 
from the outset with many units, and if in the course of the 
calculation we are forced to partition one of these units, then 
what we do is precisely to substitute something else for the 
indivisible unit which is subject to partitioning, while the 
unit itself is not partitioned but only further multiplied. This 
process can be repeated over and over (Theon 18, 9-14) with- 
out touching the impartible and indivisible nature of the 
unit or units: ““The one as one is impartible and indi- 
visible” (audporov Kat &dvaiperov 76 év ds €v— 18, I 5), “and 
even if we multiply the unit to infinity it [and therefore every 
single unit] yet remains — a unit’ 4? (kai péypis azeipou ecw 
TodamAucvalwpev Ty povdda, péver povas — 19, 10 f.). Hence 
arises the necessity of making a strict distinction between the 
one object of sense which is subject to counting and calculation 
and the one as such, 1.e., of keeping each “‘one”’ thing strictly 
separate from all “ones.” Each single thing can be infinitely 
partitioned because of its bodily nature as an object of sense. 
The unit which can only be grasped in thought is, on the 
other hand, indivisible simply, precisely in virtue of its purely 
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noetic character: “So that the unit, since it is noetic, is 
indivisible while the one, inasmuch as it is sensible, can be 
Cut infinitely.’ (wore 7) pev ovas vonTtyn ovaa adiaipetos, TO dé 
év ws aiaOnrov «is &meipov TunTOv — 20, 2-4.) This property of 
the noetic unit clearly precludes calculation with it. Thus 
Proclus says about the man who calculates (immediately 
following quotation no. I in Section 2, P. 11; Friedlein, 40, 
5 ff.): “The logistician does not admit that there is a least 
|simply] as the arithmetician does; however, he takes the 
least in relation to some class [of objects of sense]. For the one 
man becomes for him the measure of the multitude as the 
unit is for numbers [in arithmetic].43 (xai Adyiorov pév oddév 
elvou cuyywpe? [SC. 6 Aoprorixds| KaBcEp 6 apiOunTixds, Ws pévTor 
mpos TL yévos AauBaver To eAaytorov. 6 yap els avOpwros péTpov 
adit@ yiverat Tod TANOovs ds povas.) And the sixth paragraph 
of the fragment ascribed to Geminus or Anatolius (Heron IV, 
98, 24-100, 3 — this fragment is a direct continuation of 
the discussion of logistic in the Charmides scholium, cf. Pp. 12 
f.) contains an even more precise statement: “Since in the 
material realm the one [single thing] is the least [element for 
each particular case — not in general], just as the unit is in 
arithmetic, [logistic] uses the one [single definite thing] as the 
least [element] of things of the same genus comprehended 
under one and the same multitude. Thus it posits the [single] 
man as indivisible in a multitude of men, though not once 
and for all |for only the unit itself is thus indivisible]; and in 
[a multitude of |] drachmae it posits the [single] drachma as 
not to be cut up [on the level of drachmae], although as a 
coin it 15 divisible.” ( Emel O€ TO EV [instead of pév Heiberg] EOTLW 
ev TH vAn eAcyLoTOV, OTrotov Ev TH apLOunTLKT 7) Lovas, TpoaXpHTaL 
T@ €vl ws eAayiotw TaV bd TO avTO TANBOS OpoyevOv. Eva yoov 
TiWerar avOpwrov ev mANVEL avOpwrwv adiaiperov, aA’ ovy amra€, 
Kal plav Spayuny ev Spaxuats &Topov, el Kal Ws VopuLopa Sraupetrat. ) 
The unit of calculation is indivisible only in its function as 
“substrate. If some calculation is performed on a multitude 
of apples, one apple is that “least’’ element which is not 
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further reducible since all computational operations are 
referred to it as to their ultimate basis. The series of whole 
apples one by one here furnishes that “homogeneous’”’ 
medium in which counting and calculating takes place. Now 
if it proves to be necessary to operate with fractional parts of 
apples, the basis of the calculation, namely the one whole 
apple, still remains untouched. For once an apple has been 
divided into fractional parts, it loses its significance as that 
which underlies the counting and is the fundamental element 
of all calculation, and is instead understood as a mere thing 
such as has the property of unlimited divisibility. As the 
fundamental element of calculation the function of one 
apple is precisely to represent the unit “ within the material’”’ 
(€v 7 bAn). “Fractions” are never anything but fractional 
parts of the thing as such which underlies the counting and 
which can, by reason of its bodily nature, be infinitely divided. 
In the realm of “ pure” numbers, on the other hand, the unit 
itself provides the last limit of all possible partitions: all 
partitioning ~ will stop at one” (caradn£e: ets €&v — Theon 18, 
rz and 33 f.).44 Thus Proclus (in Timaeum, Diehl, Il, p. 138, 
23) says: © Since each number is with respect to its own kind 
one and without parts but with respect to its own material, as 
it were, [cf. Domninus 415, 7; see also P. 32] divisible into 
parts, though not with respect to all of the material either; 
but rather what is ultimate [in it, i.e., the unit] is without 
parts even in the material, and in this ultimate thing [count- 
ing or calculation and, above all, partitioning] comes to a 
stop. (...€mel Kat Exaotos apiOuos Kata TO olKeiov etdos els 
€oTL KaL apepyns, KaTa de THY olov VANV pEpioTos, Kat OVdE TAaUTHV 
Tmracav, aAAa TO EaXATOV Ka EV TAUTYN apEpes, Els O KAL  KaTAANELS 
— cf. also Aristotle, Physics T 7, 207 b 1 f. and I’ 6, 206 b 
30-32.) 

Now if one considers that in the majority of cases the 
necessity for introducing fractional parts of the unit of 
calculation does arise in the course of calculation, there 
emerges a remarkable maladjustment between the material 
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within which such calculations are performed and that other 
“material” of “pure” numbers whose noetic character is 
expressed precisely in the indivisibility of the units.45 Thus a 
calculation which is intended to be as exact as possible simply 
cannot be effected within the realm of these pure numbers. 
The immediate consequence of this insight, at least within the 
Platonic tradition, is the exclusion of all computational 
problems from the realm of the “pure” sciences.4® But 
beyond this difficulty arises the question — and this is the 
crucial question to be asked about theoretical logistic — 
whether that which distinguishes exact calculation, namely 
operation with fractional parts of the unit of calculation, can 
really be sufficiently grounded in the science of the possible 
relations of numbers, 1.e., in the “ pure’’ theory of relations, 
alone. 

We must first of all examine whether this is accomplished 
in the “arithmetical’’ books of Euclid. Keeping in mind that 
the tenth book, whose subject is “incommensurable”’ 
magnitudes, goes back to Theaetetus (and Theodorus) and 
that this book, in turn, presupposes Books IX, VIII and VII, 
we may conjecture with Zeuthen47 that these latter books 
also essentially depend on the works of Theaetetus. Theae- 
tetus, however, belongs to the Platonic circle. The thirteenth 
book of Euclid, which presents the construction of the so- 
called “Platonic solids”’ (i.e., of the five regular polyhedra) 
and thus furnishes a ““ Platonic”’ conclusion to the Elements,48 
is in all essentials his work.49 From this point of view it is 
understandable that Books VII, VIII, and IX consistently 
avoid the introduction of fractional parts of the unit of 
calculation, while they certainly use the notion of the part or 
parts of a number, as previously defined (VII, Defs. 3 and 4; 
cf. especially VII, 37 and 38). It is true that in these books 
“arithmetic” and “logistic’’ matter can hardly be separated, 
but the “logistic’’ constituent undoubtedly predominates 
and is here understood precisely as “arithmetic”; it is 
obviously this fact which permits the later “arithmetical 
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tradition” (dpiOunrich mapdSocrs) to include the theory of 
relations as well. From the point of view of the “systematic ” 
context of the Elements, Books VIU-IX attain their real 
significance only with reference to the theory of incom- 
mensurables of the tenth book ;5° their content itself, how- 
ever, amounts to a first presentation of the foundations for 
any calculation which goes beyond simple addition and 
subtraction, insofar as in such operations it becomes necessary 
to decompose single numbers into their components 
(factors), to find the greatest common measure (1.e., divisor) 
of several numbers, to express their ratios in the ~ least” 
terms, etc. Yet it is not possible in this way to find a founda- 
tion (consonant with Platonic presuppositions) for the 
partitioning of the units themselves, although this is in most 
cases quite unavoidable in the course of an exact calculation. 
Hence the theory of relations of the “arithmetical” books of 
Euclid cannot be understood as the noetic analogue of 
practical logistic. ““ Calculation,’ with all its presuppositions, 
must therefore be referred entirely to the realm of the practi- 
cal arts and sciences, while the “pure” theory of relations 
loses its fixed place and comes to be assigned now to arith- 
metic as the theory of the kinds of numbers, now to 
harmonics as the theory of musical intervals based on ratios 
of numbers.5! Furthermore its distinctness is called in 
question from the point of view of a totally different context 
of problems: the discovery of incommensurable “irrational” 
magnitudes causes the “pure theory of number relations to 
appear as nothing but a special case of the general theory of 
relations and proportions of the fifth book of Euclid.52 Thus 
it loses all connection with the art of calculation, which is, in 
turn, forced to give up any claim to the title of a strict 
apodeictic discipline. Logistic is reduced to giving instruc- 
tions for speedy and convenient addition, subtraction, 
multiplication, and division not only as performed “‘in 
writing’ but particularly as accomplished “mechanically” 
with the aid of the fingers and the abacus; furthermore it 
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teaches calculation with fractions and probably also extrac- 
tion of (square) roots with the aid of geometry, develops the 
system of counting for large numbers, especially with a view 
to astronomical computations, and, finally, solves problems 
presented in words such as have come down to us in the 
so-called arithmetical epigrams of the Anthologia Palatina.53 
Thus logistic comprises approximately the subject matter of 
present-day elementary arithmetic. But we should not forget 
that this position of logistic is founded on that special 
conception of the ““pure’’ numbers and their material which 
governed the Platonic tradition throughout. In order to 
understand this conception in its full significance and from 
its foundations we must at last begin to clarify the concept of 
the arithmos itself. Only then can we hope to make the 
meaning of those Platonic definitions of arithmetic and 
logistic which have formed the basis of the preceding 
discussion more clearly comprehensible. 


6 


The concept of arithmos 


‘Tue FUNDAMENTAL phenomenon which we should never 
lose sight of in determining the meaning of arithmos 
(épOuéds) is counting, or more exactly, the counting-off, of 
some number of things. These things, however different 
they may be, are taken as uniform when counted; they 
are, for example, either apples, or apples and pears which 
are counted as fruit, or apples, pears, and plates which are 
counted as “objects.” Insofar as these things underlie the 
counting process they are understood as of the same kind. 
That word which is pronounced last in counting off or 
numbering, gives the “counting-number,” the arithmos of the 
things involved. Thus Plato says (Theaetetus 198 C): 
“Socr.: We will then posit counting as nothing else than 
looking things over to see how great a number happens to be 
[in a given case]. Theaetet.: Just so.” (22. To Sé apiOpetv ye 
otk aAAo te Onoopev Tod oKoTretabat moG0s Tis aptOmos TUyyavEL WV. 
@EAI. Odrws.) Thus the arithmos indicates in each case a 
definite number of definite things. It proclaims that there are 
precisely so and so many of these things. It intends the 
things insofar as they are present in this number, and cannot, 
at least at first, be separated from the things at all. When 
Plato speaks of numbers (Republic 525 D) which have 
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“visible and tangible bodies” (cf. P. 23), this expression 
must be taken quite literally. For instance, in counting dogs, 
horses, and sheep, these processes of counting yield as results 
a definite horse-, dog,- or sheep-number (cf. the expression 
~apple’’- and “bowl”’-number in Proclus and the Charmides 
scholium Pp. 11 f.).54 Aristotle, who here, as always, refers 
to that which is really meant in speech, makes himself as 
plain as could be desired. Speaking of “equality of number,” 
he says: “It is also quite rightly said that the number of sheep 
and dogs is the same if each is equal to the other, but the 
‘decad’ is not the same {in these cases], nor are the ten [sheep 
and dogs] the same [ten things], just as the equilateral and the 
scalene triangle are not the same triangles, although their 
figure is indeed the same, since both are ‘triangles.’ For that is 
called the same [as some particular thing] which does not 
differ [from this thing] by a difference [of kind] but not as 
that from which it does differ [in this way], as for instance 
one of the aforementioned triangles differs from the other 
by a difference [of kind]; for they are indeed different 
triangles, though they do not differ in figure, but [in this 
respect] they belong to one and the same division [namely to 
one and the same subspecies of the genus ‘figure |. For 
such and such a figure is a circle and such and such a one a 
triangle, while of the latter such a one is equilateral and such a 
one scalene. The latter of these [the scalene one] is then indeed 
the same figure [as the equilateral triangle] — for it is a triangle 
— but not the same triangle. And in just this way number is the 
same: for the [horse-]number and the [dog-]number do not 
differ by a difference [in number, for that is in both cases 
‘ten’]; but the “decad’ is not the same, for it differs in that of 
which it is said to be |a decad], for this is in the former case 
horses and in the latter dogs.” (Aéyerou 8 opOGs Kal dre &piOp.ds 
ev 0 AUTOS 6 THY TpOBaTwY Kal TOV KUVaY, El Laos ExaTEpos, dEeKas 
dé ody 7 avTH ode Sbéka TavTA, WoTrep OVSE Tplywva Ta abTA TO 
lodmrAevpov Kat TO OKaANVES. KaiTOL OYA ye TAVTO, OTL TpLywra 


audw tadtTo yap rA€éyerar ob py dSiadeper dSuadopa, aAN’ odyi ob 
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diadéper, olov Tplywvov Tpuywvov Siahopa Siapeper' Tovyapodv Eerepa 
Tplywva aynpatos de ov, aAN’ ev TH adTH Statpecer Kal fuk. CYAPH 
yap TO Lev TOLOVOE KUKAOS, TO SE TOLOVOE Tpiywrov, TOUTOU OE TO [LEV 
To.ovoe tadmAevpov, TO S€ ToLdvde OKAANVES. OYTAULA LEV OVV TO AUTO 
Kal TOTO (Tpiywvov yap), Tpiywvov 6’ot To abTo, Kat 0 aptOuos b7 6 
avdTos: ov yap diadéper aptOuod Siahopa o apOuos abrav: dexas 8’ ody 
n avTy edb wv yap A€éyerar, Siadéper: Ta pev yap KUves, TH O im7roL. 
— Physics A 14, 224 a 2 ff.) Here, then, ““decad” is taken as a 
parallel to “triangle”: just as there exists no triangle which 
is neither equilateral nor scalene, so there can be no decad which is 
not this or that ten definite things. A “‘triangle’’ is always a 
definite triangle, namely an isosceles or an equilateral or a 
scalene triangle. A “decad” is always a definite number of 
definite things, of apples, of dogs, of cattle and — in the 
limiting case — of pure units, accessible only to thought; 
great as the difference between this limiting case and all the 
others is, the character of the arithmos as a ‘definite number 
of ... is preserved even there. “For every number is [a 
counting-number]| of something, 55 (was yap dpiOuds twds éorr), 
says Alexander (in his commentary on the Metaphysics, 
Hayduck, 86, 5); and this is why the arithmos can be included 
in the category of the pros ti. But this means that a number 
is always and indissolubly related to that of which it is the 
number. 

This fact cannot be adequately described by speaking of 
“concrete” or “specified” as opposed to “abstract” or “un- 
specified” numbers. For even a “pure number, ice., a 
number of “ pure” units, is no less “concrete” or “ specified ” 
than a number of apples.What distinguishes such a number is 
in both cases its twofold determinateness: it is, first of all, a 
number of objects determined in such and such a way, and it 1s, 
secondly, an indication that there are just so and so many of 
these objects. Nor can it be said of such a number that it is 
“the comprehensive unity of a multiplicity.” This descrip- 
tion may hold for the concept of such numbers in general, but 
it is not what is meant by the numbers falling under that 
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concept. In the process of counting, in the actus exercitus (to 
use scholastic terminology), it is only the multiplicity of the 
counted things which is the object of attention. Only that can 
be “counted”’ which is not one, which is before us in a certain 
number: neither an object of sense nor one ‘pure’ unit is a 
number of things or units. The “unit” as such is no arithmos, a 
fact which seems strange only if we presuppose the notion of 
the “natural number series.” The smallest number of things 
or units is: two things or units (cf. Aristotle, Physics A 12, 220 
a 27; Metaphysics 16, 1056 b 25 ff; M9, 1085 b 10). The unit 
itself is, of course, still smaller than the smallest number. It is 
just because this is the case that it has the character of a 
“beginning” or “source” (dpy7) such as makes something 
of the nature of “counting’”’ originally possible. (Cf Pp. 40 
f. and 53 f.). But this very fact — that a multitude, a 
number of objects can be grasped as one number, that the 
many can be “one’’ — was first treated explicitly as a 
fundamental problem within Pythagorean and Platonic 
philosophy. This problem carries us far beyond the theory of 
numbers, although it always remains tied in with it. 
Before we go on, we must first attempt to understand 
how the conception of “pure’’ numbers, as opposed to the 
“visible or tangible’’ numbers, arises out of the natural 
phenomenon of counting. Plato’s own indications can here 
serve as our guideposts. The continual practice of counting 
and calculation gradually fosters within us that familiarity 
with numbers and their relations which Plato terms “arith- 
metic and logistic art (d&piOunrixy and AoyroreKy [réxv7 ]) 
and which enables us to execute any operation of counting 
or calculating we wish. But those numbers which we have 
at our disposal before we begin counting or calculating and 
which must clearly be independent of the particular things 
which happen to undergo counting — of what are these the 
numbers? To pose this question means to begin to raise the 
problem of “‘scientific” arithmetic or logistic. In this 
context we are no longer interested in the requirements of 


50 PART ONE 


daily life, namely those operations of counting and calcula- 
tion whose objects are various and impermanent ‘and yield 
ever-changing results; now our concern is rather with 
understanding the very possibility of this activity, with 
understanding the meaning of the fact that knowing is 
involved and that there must therefore be a corresponding 
being which possesses that permanence of condition which first 
makes it capable of being “known”’. But the soul's turning 
away from the things of daily life, the change in the direction 
of its sight, the “conversion” (zepraywy}) and “turning- 
about’ (ueraorpodr) — Republic 518 D) which is implicit in 
this new way of posing questions leads to a further question 
concerning the special nature of the object of arithmetic and 
logistic as that which alone of all things is in the strict sense 
knowable, being in fact always to some degree already 
known. What is required is an object which has a purely 
noetic character and which exhibits at the same time all the 
essential characteristics of the countable as such. This require- 
ment is exactly fulfilled by the “pure” units, which are 
“nonsensual,’’ accessible only to the understanding, in- 
distinguishable from one another, and resistant to all parti- 
tion (cf. Pp. 23 ff. and 39 ff., also P. 53). The “‘scientific”’ 
arithmetician and logistician deals with numbers of pure 
monads. And, as we have seen, Plato stresses emphatically 
that there is ““no mean difference’ between these and the 
ordinary numbers. It would indeed seem strange if there 
should be numbers of — nothing. How will he who is 
involved in “natural’’ counting and calculating become 
aware of these monads which are in no way to be touched or 
seen? Only a careful consideration of the fact that it is really 
necessary to suppose that there are numbers different from 
the ordinary kind, if the possibility and the successful execu- 
tion of counts and calculations are to be understood, forces us 
into the further supposition that there must indeed by a 
special ““nonsensual” material to which these numbers refer. 
The immense propaedeutic importance which this under- 
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standing must have within Platonic doctrine is immediately 
clear, for is not a continual effort made in this doctrine to 
exhibit as the true object of knowing that which is not 
accessible to the senses? Here we have indeed a “learning 
matter’ (udé8ypo) which can be described as “capable of 
hauling [us] toward being” (OAKov emi ryv obaiav — Republic 
524 E; 523 A). It forces the soul to study, by thought alone, 
the truth as it shows itself by itself (526 A-B). Everyone is 
able to see — if only it has been emphatically enough pointed 
out to him — that his ability to count and to calculate pre- 
supposes the existence of “nonsensual”’ units. 

Thus an unlimited field of “pure” units presents itself to 
the view of the “scientific” arithmetician and logistician (cf. 
Aristotle, Posterior Analytics A 10, 76 b 4 f.). The particular 
multitudes which may be chosen from this field are precisely 
those “ pure” numbers (of units) with which he deals. This is 
how the traditional “classical’’ definitions of arithmos are to 
be understood; Eudoxus (Iamblichus, in Nicom. 10, 17 f.): 
“A number is a finite multitude [of units]”’ (épebuds éorw 
mAR00s dpiopévov) — cf. Aristotle, Metaphysics A 13, 1020 a 

“limited multitude” ( TAnO0s TTETTE PO. [LEVOV iE Euclid (VII, 
Def. 2): “the multitude composed of units” (70 ex povddwy 
ovyKeipevov TAnG0s) — cf. Aristotle, Metaphysics eo Sua 
30: wAR00s povedwv; furthermore: “a set [composed] of 
units” (povedwy ovornuc — Theon 18, 3; Nicomachus 13, 
7 f.: Iamblichus 10, 9; Domninus 413, $5; odvdeors povedwy 
= Atala Metaphysics Z 13, 1039 a 12); an aggregate in 
the realm of quantity composed of monads”’ (zoodrnros 
YUM EK pLovadwy ovy KEipwEevov — Nicomachus 13, 8). Numbers 
are, in short, many units: “for each number is many because 
it{ consists of many] ones’’5° (oAAG yep Exaoros 6 apiBpos dru 
va ...), i.e., because it represents nothing but several or 
many units (Aristotle, Metaphysics I 6, 1056 b 23 — cf. 
Physics T 7, 207 b 7).57 “ Multiplicity [manyness] 1s, as it 
were, the genus of number’ (76 8€ 7A9O0s ofov yévos ort rob 
ép.0.00 — ibid., 1057 a 2 £.; cf. Iamblichus 10, 18 f.). Because 
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of this, “number” and “one” are opposites (Aristotle, 
Metaphysics I 6, 1056 b 19 f.), although it is possible to speak 
of the one metaphorically as being “‘a certain, although a 
small, multitude” (wAAOds 71, etep Kat dAlyov — ibid., 1056 b 
13 f.), namely the multitude “one.” Cf. the definition of 
Chrysippus in Iamblichus, in Nicom., 11, 8 f. and Syrianus, in 
Arist. metaph., Kroll, 140, 9 f.: “the unit is the multitude 
‘one’ ”’ (woves éore tARO0s év); also Theaetetus 185 C—D. On 
this possibility are founded the definitions of the series of 
numbers: “a progression of multitude beginning from the 
unit and a recession ceasing with the unit’ (mpomodicpds 
TAnGovs amo povados apyouevos Kal avarrodiopos Els jpovada 
KatoAnywr — Theon 18, 3 ff.; cf. lamblichus, in Nicom. 10, 16 
f.; this definition may go back to Moderatus, first century 
A.D., cf. Theon 18, note). Thus also Domninus (413, 5 ff.): 
‘The whole realm of number is a progress from the unit to 
the infinite by means of the excess of one unit [of each 
successive number over the preceding].” (6 8é ovpmas &pOuds 
€OTL TPOKOTIT) ATO LovadoS KATA poVados UTEPOYHY aAypLS aTeElpov. ) 
The series of numbers may be understood as the result of a 
successive reproduction of the unit: “It is in consequence of 
the monad that all the successive numbers beginning with the 
dyad form aggregates and produce the well-ordered kinds of 
that which is multiple in accordance with the proper 
sequence [of the numbers].”” (pds ryv povdda mévres of ébetfs 
apiOuot amo Svados ap€awevor ovyKpivopevot Ta TOD TrOAAaTAaCioUv 
evraKkra edn atoyerv@at TH otKela aKxoAovbia — Nicomachus 46, 
13 ff.) The truth is that the unit can be spoken of as a 
‘multitude ”’ only improperly, ~ confusedly”’ ( CUYKEXULEVWS 
— Jamblichus 11, 7). The unit is rather that permanently 
same and irreducible basic element which is met with in all 
counting — and thus in every number. To determine a 
number means to count off insequence the given single units, 
be they single objects of sense, single events within the soul, 
or single “ pure’ units. What is countable must, insofar as it is 
countable, be articulated in such a way that the units in 
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question are similar to one another (cf. P. 46) and yet 
separated and clearly “determined” (Siwpiopéva). This means 
that the single units possess similarity and perfect wholeness 
insofar as they are units of counting. These characteristics 
guarantee their internal indivisibility and their external 
discreteness — the essential marks of the field of “pure” units. 
The ‘‘discreteness’’ of numbers is based solely on the discrete- 
ness of the units, namely on the fact that the single units 
which are “parts’’ of numbers do not, in contrast to the 
sectional parts of continuous magnitudes, have a “common 
terminus’ (xowdv dpov —cf. Aristotle, Categories 4, 4 b 25; 
also Physics E 3 and Z 1). It is precisely this discreteness which 
makes something like a “count” and a ““number”’ possible: 
as a “number of...’ every number presupposes definite 
discrete units. Such discrete units, however, form the “‘homo- 
geneous’ medium of counting only if each unit, whatever 
its nature, is viewed as an indivisible whole (cf. P. 42). In this 
sense a number is always ‘a multitude of indivisibles”’ (7A480s 
éSvapérwy — Aristotle, Metaphysics M 9, 1085 b 22). And 
the indivisible unit itself is always the last, the basic, element 
of all counting and all number (cf. P. 39). That is why 
Aristotle can say (Metaphysics 1 1, 1052 b 22 ff.): “Every 
quantity is recognized as quantity through the one, and that 
by which quantities are primarily known [as quantities] is the 
one itself; therefore the one is the source of number as 
number.” i T&V TO TOGOV VUYVWOKETHL 1 TOGOV TW Evi, KOL @ TPWTW 
TOTk YLYVHOKETAL, TOOTO AaVTO EV: 516 TO EV ApLOuod apx7y 7 &pLBpds.) 
The one is the source of number as that which gives each 
number its character as a “number of ...,” thereby rendering 
ita “number.” Now the possibility of recognizing a number 
of units as such presupposes a knowledge of the unit. In this 
sense the unit has priority of “‘intelligibility.”5° But this 
priority is only an expression of the fact that the possibility 
of the being of number is based on the being of the unit: 
‘More knowable than the number is the unit; for it is prior 
and the source of every number.”’ ( VVWPLULWTEPOV . . . LOVaS 
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apiO.0d: mpdrepov yup Kal apy? mavros apiOuod — Topics Z 4, 141 
b 5 ff.) Iamblichus speaks in the same vein (11, 1 f.): “ The 
monad is the least [element] of quantity; or the primary and 
common part of quantity; or the source of quantity.’ (uovas 
dé é€ort ToGo TO eAayLoTOY 7) ToGOD TO TPMWTOV Kal KOLVOY Epos 7H 
épyi) moood — similarly Syrianus, in Arist. metaph., Kroll, 
140, 6 f.) The possibility of extending the count over ever 
more units is unlimited, but in the decreasing direction there 
is at last a barrier; here “it is necessary to stop on reaching 
the indivisible” (dévdéyen orfvas emt 76 advatperov — Aristotle, 
Physics T 7, 207 b 8), i.e., the indivisible unit (cf. P. 42). All 
these characterizations stem from one and the same point of 
view, one grounded in the phenomenon of counting; they 
precede all the possible differences of opinion regarding the 
mode of being of the “pure” number units themselves or the 
nature of the priority of the unit over number. These matters 
are now to be taken up. 

From what point of view does the man who knows num- 
bers study the unlimited field of “ pure” units ? This question 
brings us back to the definitions of arithmetic and logistic 
with which we began (see P. 17). We are now better able to 
understand why these definitions fail to name number as the 
object of either of these sciences. The unlimitedness and the 
homogeneity of the field of monads permit us to combine 
units into assemblages of monads, i.e., into numbers of units, 
in whatever way and as often as we please. Accordingly, from 
the “mathematical” point of view there are infinitely many 
such numbers — as many as there are units. Thus the first 
task of ‘scientific’ arithmetic — as contrasted with that 
“ practical” knowledge which is satisfied with “knowing”’ 
these numbers without understanding what this “knowing” 
implies — consists in finding such arrangements and orders 
of the assemblages of monads as will completely com- 
prehend their variety under well-defined properties, so that 
their unlimited multiplicity may at last be brought within 
bounds (cf. Nicomachus I, 2). We must find within the field 
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of “pure” units itself those properties which will permit us 
to collect the different assemblages of monads under some few 
aspects, so as to obtain a complete synopsis of all possible 
multitudes, all possible numbers, all possible multiplicity. 
When we recall how Plato (Theaetetus 147 C ff.) makes 
Theaetetus, speaking from a very advanced stage of scientific 
geometry and arithmetic, describe his procedure in studying 
lines and numbers, we are led to wonder what it is in this 
procedure that appears to Plato so exemplary for Socrates’ 
present inquiry concerning “knowledge” (émorjun), and 
indeed for every Socratic inquiry of this kind.59 Theaetetus 
begins by showing that some square magnitudes to which 
certain numbers (of units of measurement) correspond have 
sides that, by themselves, cannot be measured by numbers 
(of those units) and are therefore called dynameis.©° Since 
“such roots [and also the corresponding square numbers] 
appear to be unlimited in multitude” (edi) deipor 
TO TAHO0s ai Suvepes efaivovro), he tries to “ gather them 
into one (Acafeiv eis &), so that he may designate them 
“all” (aéoas) properly. For this purpose he divides “the 
whole realm of number’ (rév dpiOucv mévra) into two 
domains: to one of these belong all those numbers which 
may arise from a number when it is multiplied by itself (i.e., 
when it is taken as many times as the number of its monads 
indicates), to the other, all those which may arise from the 
multiplication of one number with another. The first 
number domain he calls “square,” the second “ promecic”’ 
or “‘heteromecic” (oblong), designations which recur in all 
later arithmetical presentations (cf. Diogenes Laertius III, 24). 
Thus two eide are indeed given which allow us to articulate 
and delimit a realm of numbers previously incomprehensible 
because unlimited, especially if we substitute the various eide 
of polygonal numbers for the one eidos of oblong numbers 
(mpourxes). With the aid of the gnomon it can be shown 
immediately that the eidos for all similar numbers is in each 
case one and the same. Indeed operations with a gnomon, 
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that is, with a figure or point configuration which, when 
fitted about a formation of a certain kind, produces ‘a forma- 
tion “‘similar’’ in form, ice., like in “ looks” or kind (cf. Heron 
IV, 44, Def. 58; Theon 37, 11-13; Iamblichus 58, 19 ff.), do 
generally make sense only when the aim of the investigation 
is the discovery of kinds of figures and numbers. Greek 
theoretical arithmetic does, in fact, deal first and last with 
different kinds of numbers. Were it otherwise, how would it 
be possible to come to terms with the limitlessness of the 
material with which arithmetic is confronted ? Therefore in 
theoretical arithmetic the numbers themselves are not studied 
directly — the monads themselves as they occur in some given 
number are not its object, but rather it attempts to compre- 
hend all possible groupings of monads in general under 
arrangements which are determinate, i.e., which possess 
unambiguous characteristics and which may, in turn, be 
reduced to their own ultimate elements, such as the “same, ’’ 
and the “other,’’ the “equal” and the “unequal,” the 
“limit”? and the “‘limitless”’ (radrov — érepov, tcov — anor, 
mépas —- dmeipov, cf. Philebus 25 A-B). Only through 
membership in an eidos “derivable” from such “sources” 
(épyai) does the being of a number become intelligible as 
determinate, i.e., as delimited, number, as one assemblage of 
just so and so many monads — whatever the mode of being 
of the eide themselves may be. While the determination of 
each number as a “number of something” is given by the 
pure units or the given objects, the other aspect of the 
determinateness of a number, namely the fact that it is 
always a definite number (of pure units or of things of some 
sort), can be understood only as the consequence of the 
special kind to which it belongs, i.e., by means of something 
which is in itself one and is thus capable of unifying, of making 
wholes — of delimiting. Precisely because the arithmos as such 
is not one but many, its delimitation in particular cases can be 
understood only by finding the eidos which delimits its multiplicity, 


in other words, by means of arithmetike as a theoretical discipline. 
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Now the most comprehensive eide, those which come 
closest to the rank of an arche and are therefore termed “the 
very first’ (mpariora — cf. P. 26), are the odd and the even. 
This “first cut’ (apaérn tour — Theon 21, 20; Nicomachus 
13, 9) in the realm of numbers in terms of “even” and “odd” 


(cf. Plato, Statesman 262 E: “...if someone should divide 
number in terms of even and odd” ...— ei rov... &piOpov 
apTiw KOL TEPLTT@ Tis TEUMVOL . . :) affects all numbers in such 


a way that “one whole half of the realm of number”’ (6 
Hpous rod &piOuot d&ras — Plato, Phaedo 104 A) falls under 
the “‘odd”’ and the other under the “even,” each of these 
halves nevertheless comprising an unlimited multitude of 
numbers. But each of these unlimited multitudes is now in 
turn gathered “into one’ (eis €v) by means of certain un- 
ambiguous characteristics: all numbers which can be divided 
into two equal parts, i.e., which can be divided without 
remainder, are “even” (cf. Plato, Laws X, 895 E), while all 
numbers which cannot be thus divided, i.e., whose division 
yields a remainder of one indivisible unit, are “odd.” This 
latter property of © being odd”’ can obviously occur only ina 
field of discrete and indivisible units, since it always depends 
ona single, “supernumerary unit, indivisible by nature.’ 
The property of being divisible into two equal parts without 
“remainder” is, on the contrary, a property common to 
numbers and the continuous, i.e., infinitely divisible, 
magnitudes which are always capable of being further 
bisected®* (cf. Plato, Laws 895 E: “number also can, I 
suppose, like other things be divided into two parts”’ — éorw 
mou Olya Siaipovpevov év aAXous re Kal ev apiud .. .). 
Consequently only “‘oddness”’ is characteristic of that which 
is countable as such, while “evenness’’ represents something 
within the realm of numbers, and of everything countable, 
which goes, as it were, beyond it — something “other,” 
namely the possibility of unlimited divisibility and thus, in a 
way, the “unlimited” itself.°3 From this point of view it 
might even seem necessary to see the “odd” and “even”’ as 
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eide which are mutually completely exclusive. Thus Philo- 
laus (fragment no. 5, Diels, I3, 310, 11- 14) speaks of the 

‘even’ in the sense of ““even-times-even’’ (épridkis &priov, 
i.e., in modern terminology, in the sense of powers of two — 
similarly Theon 25, 6 ff., Nicomachus 15, 4 ff.,and Domninus 
414, 4 ff., but not Euclid VI, Def. 8, cf. Euclid IX, 32-34), 
and of the “odd”’ in the sense of “‘odd-times-odd” (zepic- 
cds meptcodv, Which includes the prime numbers with the 
exception of two). These two eide are accompanied by the 
eidos “mixed” from both, namely the “even-times-odd”’ 
(dpriorépirrov). Later on we shall have to examine the 
relation of this classification to the cosmological doctrine of 
the Timaeus and the Philebus. For the present we need 
emphasize only the designation of the perisson and the artion 
as the “two kinds proper” (8vo iSva ¢i5y) of arithmos. In 
spite of the priority of the odd over the even (cf. Theol. 
arithm., De Falco 83, 13= Diels, I3, 304, 3: “the odd number 
is always prior to the even’ —... mpdrepos dei éorw 6 TEpiaads 
[sc. &puOuds] rod &priov), which is based on the fact that the 
odd imposes a limit on unlimited divisibility in the form 
of an indivisible unit, the even still appears alongside the 
odd as a second essential characteristic of the discrete realm 
of numbers.®4 If the odd and the even are understood 
in the usual way, then the corresponding division of the 
realm of numbers is complete and unambiguous insofar as 
every number is either odd or even. In other words, “‘ with 
every number one or the other belongs necessarily, either 
the odd or the even” (dvayxaidv ye Odrepov 7H a&piOua 
dmcpxewv, 1) mepirrov 7) &priov — Aristotle, Categories 10, 12 a 
7 £.); “at least, there is nothing midway between these”’ (od« 
ort ye rovTwr obvdev ava péoov), as for instance between white 
and black (cf. Metaphysics I 4, 1055 b 24 f.). But this 
means that these properties belong to the being of number, of 
that which is countable as such (cf. P. 26), namely to that 
being (otoia) which an arithmos has as a counted collection 
always determinate in respect to its quantity. Externally this 
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fact is expressed by the general familiarity of the distinction 
between odd and even numbers, which is common enough 
to provide the basis of a game called “odd-and-even” 
(aprialew, cf. Plato, Lysis 206 E). Thus this distinction — 
besides that of male and female, and right and left — 
provides Plato with the model for every “natural” diairesis 
(cf. Statesman 262 A-E, Phaedrus 265 E).65 But while this 
distinction concerns the determinateness of numbers as 
limited, i.e., as determinate in their quantity, it is completely 
independent of whatever “ material’ may happen to underlie any 
particular case of counting. 

Thus the absence of any mention of either arithmos or 
arithmoi in the definitions of arithmetic and logistic in the 
Gorgias and in the Charmides not only expresses the fact that 
the multitude of arbitrarily chosen assemblages of monads is 
accessible to episteme only through the determinate eide 
which can always be found for these assemblages, but it also 
indicates that the characteristics of all possible kinds of 
numbers, beginning with the odd and the even, are to be 
found indifferently in all countable things, be they objects of sense 
or pure’ units. These definitions of arithmetic and logistic 
are therefore indeed independent of any distinction between 
the theoretical or the practical use of either discipline, 
although their formulation presupposes a theoretical point of 
view. This point of view is indeed already implied in the fact 
that strict definitions are at issue. But the rigor of these 
definitions consists precisely in the fact that they articulate 
only one of the two characteristics of the arithmos, namely 
that all-pervasive limitedness which is rooted in an eidos, so 
that they can cover the whole realm of that which is count- 
able — and yet avoid the indefiniteness which attends the term 
“arithmos’’ insofar as by itself it gives no indication of the 
sort of collection concerned, i.e., of that which the number 
is meant to be a number of. On the other hand, the rigour of 
both definitions does not exclude them from the “common 
understanding,’ since (1) the understanding that the arithmoi 
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with which episteme deals are numbers of “pure” units is in no 
way presupposed and (2) the two eide of the even and the odd 
appeal to a thoroughly familiar distinction. We shall see that 
beyond this these formulations are also suggested by certain 
ontological considerations. 

We are now finally able to appreciate the meaning of the 
commentaries of Olympiodorus and of the Gorgias scholiast 
(Pp. 13 ff.). Arithmetic deals with numbers insofar as these 
present assemblages whose unity is rooted in the unity of a 
certain eidos, although this fact usually remains hidden from 
the person immersed in the practical activity of counting. As 
a theoretical discipline, at least, arithmetic studies each 
quantity and each multitude of monads which falls under a 
particular eidos only indirectly. “Logistic,” on the other 
hand, be it practical or theoretical, aims of necessity — 
insofar as it is concerned with the mutual relations of 
numbers — directly at the “quantity,” at the multitude, of 
those things which are in each case related to one another or 
computed, i.e., at the “material” which underlies each 
relation or calculation. But while the definition of logistic in 
Plato leaves completely undetermined whether this material 
belongs to the realm of the sensible or the purely noetic (an 
indeterminacy which insures the universality of the defini- 
tion), Olympiodorus and the Gorgias scholiast are forced 
from the very beginning to regard the “hylic’’ monads, i.e., 
the monads which form the hyle of the numbers (cf. 
Domninus, Pp. 32 ff.) as sensible “units,” since only these 
are amenable to that partitioning which exactitude of 
calculation requires (cf. Pp. 34 and 43). Thus both of the 
Neoplatonic commentators unwittingly enter an ontological 
realm which is no longer consonant with the Platonic 
definition of the monad. The next two sections, which deal 
with the ontological problems raised by arithmoi, will help 
to make this clearer. 


7 


The ontological conception 
of the arithmoi in Plato 


We nave so far avoided coming to terms with the onto- 
logical point of view which from the very first determined 
the form taken by the Greek doctrine of the arithmoi. Yet 
any attempt to understand Greek mathematics as a self- 
sufficient science must fail. It is impossible to disregard the 
ontological difficulties which fundamentally determine its 
problems, its presentation, and its development, especially 
in its beginnings. It is just as impossible, on the other hand, 
to understand Greek ontology without reference to its 
specifically ““mathematical”’ orientation. For the character- 
ization of © mathematical” truths as mathemata, 1.c., as things 
“to be learned,” serves as model for all teachable and 
learnable knowledge — and it is knowledge so understood 
which determines the sphere of Greek ontological inquiry. 

Since the framework of this study does not permit an 
exhaustive consideration of these problems in all their 
ramifications, only those factors will be emphasized which 
bear directly on our theme. 


Since the appearance of the first fundamental studies by Julius Stenzel®® 
a whole series of attempts has been made to clarify the connection 
between Greek mathematics and Greek philosophy which is so essential 
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for the formation of mathematical concepts.67 Especially Oskar Becker 
(“Die diairetische Erzeugung der platonischen Idealzahlen,’* Quellen und 
Studien, vol. 1, pp. 464 ff.) has further developed Stenzel’s lines of thought 
and has pointed out the central significance of the “monads” for an 
understanding of the Platonic doctrine of the so-called “ideal numbers.” 
The article by J. Cook-Wilson, “On the platonist doctrine of the 
covpPrnror apOuot,’ The Classical Review, XVIII (1904), pp. 247 ff., 
which has, it seems, not had enough attention, points in the same 
direction. In the present study, in which the same question is approached 
from a different point of view, and whose results, as far as the Platonic 
theory of number is concerned, concur with those of Becker, an attempt 
is made to discover the basic presuppositions of Greek arithmetic and the 
ontological arguments connected with it within the structure of the 
arithmos concept itself. Since the opinions of other authors on this subject®® 
can be but occasionally touched on in the text, the following brief 
remarks may not be out of place: 

With respect to the interpretation of the arithmos concept and its role 
in Greek science a certain discrepancy can be seen both in Stenzel and in 
Becker. Thus Stenzel stresses the intuitive character or perceptual 
immediacy (“die Anschaulichkeit’’) and the figure-like nature (“das 
Gestalthafte’’) of the Greek “number” concept, and fixes on the inter- 
play of thinking, counting, and intuition (“das Wiederspiel ... von 
Denken und Zahlen und Anschauung’’) as its guiding principle (Zahl 
und Gestalt, pp. vi and 43 f.). But he begins on a highly sophisticated 
level of thought, so that the fundamental phenomena cannot really 
emerge in their simple pregnancy. Following him, Becker speaks of a 
strange, figure-like, archaic significance (‘uns fremden, gestalthaften, 
‘archaischen’ Bedeutungssinn’’) of the arithmos which, he says, still 
appears in Aristotle (p. 491, cf. Zahl und Gestalt, pp. 5 and 29), and of the 
Greek number-formations (“ Zahlgebilden”’), as having a “‘certain intui- 
tively apprehensible ‘dimension’” (“gewissen anschaulichen “Um- 
fang’ ’’); but in general he is, especially in the interpretation of the 
arithmoi eidetikoi, guided after all by our number concept, which has a 
totally different structure. In this whole context the relation of “number”’ 
to geometry and to geometric intuition plays a decisive role. Now it is 
without doubt true that there is a very close connection between the fully 
developed Greck arithmetic and geometry, as is attested by the theory of 
‘figurate’ numbers, by the structure of the theory of proportions and 
generally, by the illustrations used in arithmetic (or logistic), From this 
connection Zeuthen deduces the concept of “geometric algebra” which 
determines his whole view of Greek mathematics.69 We shall have to 
show later how little this concept does justice to the Greek procedure. 
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However, one fundamental objection is to be raised immediately against 
stressing the “ intuitive’’ character of the arithmos concept, namely that it 
arises from a point of view whose criteria are taken not from Greek, but 
from modern, symbolic, mathematics. Butnothing hinders us from doing 
justice to the originality of ancient science by allowing ourselves to be 
guided only by those phenomena to which the Greek texts themselves 
point and which we are able to exhibit directly, our different orientation 
notwithstanding. Greek scientific arithmetic and logistic are founded on 
a “natural” attitude to everything countable as we meet it in daily life. 
This closeness to its “‘natural”’ basis is never betrayed in ancient science. It 
follows that, strictly speaking, it is not possible to call arithmoi"’ numbers.” 
The peculiarity of the Greek concept of “number”’ lies therefore less in 
an “‘archaic’’ or “‘intuitive’’ character (which is not at all its primary 
property) than in the kind of relation it has to the “ thing”’ it intends. In the 
last section we shall have to show how this relation of concept and 
intended content is subjected to a fundamental modification under the 
aegis of a new modern intentionality, and how thereby the modern 
concept of “number” first becomes possible. What we are interested in is 
not only the exemplification of some general subject matter, but also an 
attempt to determine more exactly the conceptual dimension which is 
characteristic of modern consciousness by examining one of its crucial 
aspects. 


A 


The science of the Pythagoreans 


The development of the theory of arithmoi is undoubtedly 
in large part due to the men traditionally called “ Pytha- 
goreans. Their chief object was to understand the “order 
within the heavens’’ (Alex., in metaph., Hayduck, 75, 15; 
Diels, I3, 347, 1 £. and 355, 29, based on the Aristotelian work 
on the Pythagoreans; cf. Eudemus in Simplicius’ commen- 
tats@ommine Caco, leibero, Ay, 5 t.; Diels) 19, 19, 12f)ae., 
to understand the visible order of the visible whole, as is clearly 
enough attested by Aristotle (Metaphysics A 8, 989 b 33 f.: 
“their discourse and concern is all about nature’ [8:0Aéyovra 

. KQL mpayLaTEevovTaL EPL PVGEWS move. |; see also the 
passage which follows; cf. Metaphysics A 5, 986 a 2 ff, 
Physics T 4, 203 a7 f.: A 6, 213 b 22 ff.; On the Heavens T 1, 
300 a 14 ff.); most modern scholars do, in fact, recognize 
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this.7° The general point of view governing the efforts of the 
Pythagoreans might be sketched out as follows: They saw 
the true grounds of the things in this world in their countable- 
ness, inasmuch as the condition of being a “world” is 
primarily determined by the presence of an “ordered 
arrangement” (rééis) — and this means a well-ordered 
arrangement — while any order, in turn, rests on the fact 
that the things ordered are delimited with respect to one 
another and so become countable. Aristotle, who accuses 
their “definitions” of superficiality, states the fundamental 
principle of their procedure with complete clarity: “That to 
which [in the order of things] the term in question primarily 
belongs, this they consider to be the being of the thing.” 
(& mpwrw trapfevev 6 AeyOels 6pos, tobr’ elvar rhv odaiav Tov 
mpdyporos évdpuilev — Metaphysics A 5, 987 a 22 ff.71) But, in 
accordance with Aristotle’s statement, which is valid for all 
of Greek cosmology, “the order proper to the objects of 
sense [i.e., the order of the visible world] is nature” (7 yep 
rékis 4 oixela T&v adcbnrdv ddois éoriv — On the Heavens T 
2, 301 a 5 f.; see also Metaphysics A 10, 1075 a 11-23); in 
other words, this order determines the very being of things, 
and, furthermore, this order rests in the final analysis on the 
possibility of distinguishing things, i.e., of counting them (cf. 
Philolaos, fragment 4, Diels, I3, 310, 8-10). We may, there- 
fore, in accordance with the fundamental Pythagorean 
principle mentioned earlier, conclude that the arithmetical 
properties of things concern their being itself and that, in 
truth, “the being of all things is number”’ (ép.Oucv elvan ri 
ovaiay amavrwr — Metaphysics A 5, 987419). All properties, 
conditions, and modes of behavior would therefore be 
reducible to those properties which things have in virtue of 
their capability of being counted, to those affections (67) 
which are to be found in everything counted as such; the 
ultimate “elements’”’ and “‘sources”’ of all that is would be 
identical with the elements and sources of their countableness 
(Metaphysics A 5, 985 b 23-26, 20; 986 a 6, 15-17; A 8, 990a 
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2 ff., 19). “And whatever they got hold of in numbers and 
conjunctions [of numbers]|?2 which agreed with the affections 
and parts of the heavens and the whole world order, this 
they collected and [fittingly] conjoined.” (xat Soa efyov 60d0- 
yaoveva ev TE TOLS aptBwots Kal Tats KppLoviats pos TA TOD OUpavod 
T7aOn Kol Eepn Ka’ mpos THY OAnV diaKdopnoW, Tatra oVvVeyoVTES 
éprjporrov — 986 a 3-6.) They did this according to their 
fundamental principle, that is, by using the pathe and logoi 
(i.e., ratios) of numbers as the basis of their comparisons 
(Metaphysics N 3, 1090 a 20-25). Here lay that “super- 
ficiality”’ of their definitions which Aristotle had censured: 
They evidently considered a vague “‘structural” similarity a 
sufficient basis for speaking of an “imitation”’ of numbers by 
things (Metaphysics A 6, 987 b 11 f.; Theophrastus, Meta- 
physics 11 a 27 f.); so, for instance, they recognized retribution 
in “the just’’ and in retribution the “reciprocal ratio,” 
whence “‘the just’’ came to be defined as “reciprocal ratio”’ 
(Nicomachean Ethics E 8, 1132 b 21 ff.; see also Euclid VI, Def. 
2 and Nicomachus 13, 18 f.; cf. Magna Moralia A 1, 1182 a 
14: justice — dixctoodvn — as “ quadratic’ number). The 
Pythagorean mode of definition is, then, characterized by 
the attempt to define the being of things by reducing and 
assimilating them to conditions “ primarily’ exhibited in the 
realm of counted collections as such;73 the being of a 
particular thing would then be defined in terms of a certain 
kind of number or ratio. But this procedure can be driven 
even further: There is always a first and “‘smallest’’ number 
(or ratio) of a particular kind such that a particular property 
belongs to it primarily; this “first’’ number or ratio therefore 
represents the “root” (mvOu7jv) of its kind. Thence the 
number ten acquires a special significance: together with one, 
it must (according to the Greeks, among all peoples) be 
regarded as a fundamental element of all counting, especially 
since the numbers comprised in the decad, together with 
their mutual relations, are themselves the most important 
“roots.” 74 (Cf. Theol. arithm., De Falco, 82 ff.= Diels, I3, 
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303, the fragment by Speusippus concerning the decad; also 
Aétius I, 3, 8, Diels, 13, 349, 26 ff.= Doxographi Graeci, 281; 
Philolaos, fragm. 11, Diels, I3, 313, s—9; furthermore [Arist.], 
Problems TE 3, 910 b 23 ff., where a Thracian tribe is men- 
tioned as the only exception in regard to this mode of 
counting.) This Pythagorean method of identifying the 
being of things which have analogous characteristics thus 
extends to the very elements of the decad and is elaborated in 
the later Neopythagorean and Neoplatonic tradition so as to 
become the most important tenet of “‘arithmology "’ (to use a 
modern term coined for this purpose75). The cosmological 
approach remains, however, the controlling point of view 
throughout (cf. especially Aristotle, Metaphysics A 8, 990 a 
18 ff.); the guiding thought of this tradition is always that 
of the perfect arrangement (Siaxdounois) or order (rats) 
of the Whole. Within the horizon of this tradition of 
inquiry the very countableness of things, which makes this 
taxis possible, is understood as a definite “ being-in-order”’ 
of things, and thus the sequence of numbers is under- 
stood as the original order of the being of these things. Here the 
sequence of numbers represents not a linear chain whose 
links are all “‘of the same kind” but an “ordering”’ in the 
sense that each number precedes or follows in the order 
of its being, i.e., is related as prior and posterior (mpérepov 
and dorepov — cf. Aristotle, Metaphysics A 11, 1018 b 
26-29). 

Thus the science of the Pythagoreans is an ontology of the 
cosmos, a doctrine concerning the mode of being of the 
world and of the things comprised in it. This holds particu- 
larly for their “arithmetical” and “logistical” science, whose 
true object is the being of the very constituents of the world 
(cf. Archytus, fragment 1 and 4, Diels, I3, 330 f. and 337; 
Philolaos, fragment 6 and 11, Diels, I3, 310 f. and 313 f.). 
Whatever special motives may have led to such a conception 
— among others, it must have been an insight into the depen- 
dence of musical consonances on “‘logistic’’76 — the basis of 
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its possibility is the “natural” conception of the arithmos as 
characterized earlier. Only when “number” means a 
number of things, when the counted things themselves are in- 
tended whenever a number is determined, is it possible to 
understand their being (precisely insofar as they are things) as 
“number.” Aristotle stresses again and again that it is 
characteristic of the Pythagorean view that “they do not 
make number separable [from the things]”’ (08 ywprordv 
Tovovot Tov aptOjov ); this means that they do not YO SO far as 
to suppose the existence of “pure’’ numbers of “pure’’ 
units, although they were the very men who concerned them- 
selves with numbers not for a practical but for a theoretical 
purpose; who conceived of the arithmos as arithmos mathe- 
matikos, as scientific number (Metaphysics M 6, 1080 b 16 ff.). 
For they, together with the other “ physiologists,’ as Aristotle 
(Metaphysics A 8, 990 a 3 £.) says, were of the opinion that 
being extends just as far as sense perception, and they labored 
to prove that the mode of being of precisely such things as 
are perceived by sense is determined by “number,” which 
meant, to be sure, that they were on the way toward dis- 
covering a mode of being of a higher order. We may 
conjecture that they saw the genesis of the world as a 
progressive partitioning of the first ““whole’’ one, about whose 
origin they themselves, it seems, were not able to say any- 
thing conclusive (cf. Metaphysics M 6, 1080 b 20 f.; N 3, 
1ogi a 15 ff.), but which, at any rate, already contained as 
fundamental constituents, as “elements,” the two funda- 
mental kinds of the realm of number, the “odd and the 
even, namely “limit” and the “unlimited” (cf. Meta- 
physics A 5, 986a17 ff. and Theon 22, 5 ff.). This first “one, ’ 
as well as all the subsequent “ones’’ which were the result of 
partition, i.e., the “numbers” themselves, they therefore 
regarded as having bodily extension: “They understood the 
monads to have magnitude’ (ras povadas UroAauBavovow eye 
péyeB0s — Metaphysics M 6, 1080 b 19 f.). This allowed them 
to reduce the measurableness of things to their countableness — 
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until the discovery of “incommensurable”’ magnitudes 
proved the impossibility of this reduction. 

Now in whatever way they imagined that the world and 
its bodies had been built “out of numbers” (e& cpibydv), 
the structure of the arithmos concept enabled them to under- 
stand not only the bodily monads as the “material” of the 
being of things as things (which relates them to the atomists), 
but going further, to see in the properties of the kinds of 
numbers the models which things “imitate.” Thus, by 
following the principle that the being of things with 
analogous characteristics is identical, they were able to define 
their being as being number. Cf. Metaphysics A 5, 986a 16f.: 
“considering numbers to be the source of the things that are, 
both as their material and as their characteristics, as well as their 
states’ — rév a&piOudv vopilovres &pyny elvau Kat ads bAnv Tots 
over Kal ws maby re Kal €€ers; A 8, 990a 18 f.: ““How are we 
to take it that the characteristics of number, and number itself, 
are responsible [for the things which are and have come to be 
in the heavens] 2” — aes Set AnBeiv atria pev elvor Ta Tod 
cp.O 0b m&On Kal rov &piuov... 3 N 6, 1093 a II f.: “ Those 
[different things] would be the same with one another since 
the same kind of number belongs to them.” — rabra av Hy 
GAAHAoLS exetva 76 adTO €bS0s &piOpno0b Exovra. Cf. also Philolaos, 
fragment 5, Diels, I3, 310, 13 f., referring to the eide of 
the odd, the even and even-times-odd: “There are many 
shapes belonging to each of the two forms” — éxarépw 
d€ TH Etd€0S TOAAM LopPdat, lcs EKAOTOV HUTAUTO onpaiver|. From 
the Philolaos fragment, omitting the last clause, which is 
probably corrupt, it is, at any rate, clear that by the morphai 
of the eide are to be understood their subspecies, i.e., certain 
characteristics or properties of the kinds, about which 
Boeckh remarks?7 “that they were developed by the 
ancient arithmetician with a special industry which appears 
to us as petty (... die alten Arithmetiker [hatten sie] mit 
besonderem, uns freilich kleinlich vorkommenden Fleiss 
entwickelt). The significance of these pathe or morphai or eide 
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of numbers has never, since Boeckh, been properly acknowl- 
edged. Yet the eide of numbers and of their relations, together 
with their correlative roots (zvOyéves), not only form, as we 
have seen, the true object of Greek arithmetic but also the 
foundation of all cosmological speculation as originated by 
the Pythagoreans and developed through the centuries up to 
Kepler. In particular we shall have to examine the role given 
to this eidos concept in the mathematics of Vieta.78 


B 


Mathematics in Plato — logistike and dianoia 

There can be no doubt that Plato’s philosophy was 
decisively influenced by Pythagorean science, whatever the 
exact connection between Plato and the “Pythagoreans”’ 
may have been. So too those definitions of arithmetic and 
logistic which were the basis of the preceding reflections 
seem to point to a Pythagorean origin. We saw (P. 59) that 
these definitions in no way presupposed the existence of 
“pure” numbers; rather they referred to everything count- 
able as such, and thus, above all, to the objects of sense in 
this world. The definitions seem to have preserved the 
original cosmological significance of these two sciences, 
especially since we must keep in mind that the “very first 
kinds” (mpwricre et8y) of number, the “odd” and the 
“even,” represented for the Pythagoreans the “limit” and 
the “unlimited,” i.e., the archai of all being, whose union, 
whose “mixture,” first brings the world into being. This 
view, which is part of the cosmology of the Philebus and the 
Timaeus, is directly connected with the general theory of 
opposites of the Pythagoreans (cf. especially the table of 
opposites in Aristotle, Metaphysics A 5, 986 a 22 ff.). Nor 
should we overlook the symmetry of the pairs of opposites 
in the Charmides: even-odd ( O&pPTLoV ae TEPLTTOV, 166 A), 
heavy-light (Bopi — xotdov, 166 B), and ignorance- 
knowledge (dvemornpoovvn — émoripn, 166 E). So also in 
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the Gorgias the opposition of the peritton and the artion 
appears alongside that of just and unjust things (Sécoum — 
éSuxe, 454 B, cf. also 460 E).79 Here then, in the Charmides 
and in the Gorgias, the object of arithmetic and logistic 1s, it 
seems, conceived from an ontological point of view identical 
with that of the Pythagoreans (cf. Pp. 66 f.). Yet there 
exists an indissoluble tension between Pythagorean science 
and Platonic philosophy, which manifests itself right within 
the Platonic opus in the opposition between the Socratic 
dialogue and the “likely tale”’ (etxas 680s) representing the 
cosmos. To be sure, Plato knows a “bond” (Secpués) which 
ties dialectic and cosmology together and affects both 
decisively. This bond is mathematics. Its fundamental signifi- 
cance for Plato lies precisely in its “middle position,” in its 
character as a bond. But precisely by giving this “‘ mediating ”’ 
role to mathematics Plato assigns to mathematical objects a 
totally different place and a totally different mode of being 
than they can possibly have in Pythagorean science. Espe- 
cially in discussing numbers, Aristotle never tires of stressing 
that Plato, in opposition to the Pythagoreans, made them 
‘separable’ from objects of sense, so that they appear 
“alongside perceptible things” (mapa r& aicbyra) as a 
separate realm of being. This realm is represented, as we 
have seen, by the field of “ pure’’ units, which are indivisible, 
of the same kind, and accessible only to thought. The new 
point of view Plato brings to mathematical investigations, 
his general interest in the superiority of the purely noetic 
over everything “somatic, sufficiently explains the stress 
which he lays on the existence of “pure” numbers, such as 
will be inaccessible to the senses. Yet it is not unimportant to 
note that the emphasis with which the thesis of “pure” 
monads is propounded is indicative of the fact that arithmoi 
were ordinarily, and as a matter of course, understood only 
as definite numbers of sensible objects. The thought of 
“pure numbers separated from all body is originally so 
remote that it becomes the philosopher’s task precisely to 
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point out emphatically the fact that they are independent and 
detached, and to secure this fact against all doubt. The way 
this task is to be fulfilled is prescribed by the course which 
leads from our actual counting to the conception of “ pure” 
monads (cf. Pp. 49 f.). In giving an account of this course, 
we grasp the fact that this is also the way to account for our 
ability to count and calculate in daily practice: the fact that 
we are able to count off a definite multitude of objects of 
sense is grounded in the existence of “ nonsensible’’ monads 
which can be joined together to form the number in question 
and which our thinking, our dianoia, really intends when it 
counts or calculates such things. But whatever furnishes the 
foundation for something else (in our case, for the ordinary 
numbers), whatever makes the being of another possible, is 
also more meaningful, more powerful in its being, than this 
other. The being of that which is the foundation takes 
precedence over that which is so founded, i.e., it is prior 
(mpdrepov), because the second cannot be without the first, 
but the first can be without the second. Thus the special 
mode of being which belongs to numbers of “ pure’’ monads 
begins to be comprehensible in the light of their founda- 
tional role; it is characterized as that primordial independence 
and “‘detachment”’ which is rooted in the founding function 
— an approach typical of Plato (and of all later Platonism). 
Aristotle bears witness to it when in the explication of the 
various meanings of prior and posterior (apérepov — 
varepov, Metaphysics A 11) he remarks expressly, in comment- 
ing on that meaning of these terms which has just been 
explicated, that “Plato made use of this distinction” (4 
Stapécer éypjouro ITkarwv — 1019 a 2-4), as if to say that it 
is characteristic of Plato, that it plays an essential role for him. 
Indeed, it is connected directly with the much discussed 
“hypothesis”’ (literally: sup-position) theory of Plato, which 
the subject of this study now compels us to take up. 

The total realm of that which is accessible to thinking, 
which “is and can be thought” (vonrév), is divided by 
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Plato in the Republic (510 B ff.) into two domains, one of 
which is thus characterized: There are objects of sense which 
we understand as an image of (Abbild) something “ other, ” 
since the examining soul is compelled to sup-pose, i.e., to make 
to underlie, this “other’’ which is precisely the noeton in 
question: “Here the soul must of necessity begin its search 
[for objects of thought] from suppositions.” (76 ev «dod [sc. 
rob vonrod| .. . puyy Cnreiv dvayndlerar & broPécewv — $10 B.) 
In such cases we do examine certain things by means of the 
senses; yet we do not intend these things but rather that 
on which they are “founded” and which they image. This 
object, which underlies them as a foundation and images 
itself in them is, as such, the object of the dianoia ($10 D-E). 
And the result of each act of thinking (8vevoetcbar) or reckon- 
ing (Aoy.ouds) is that certain properties of things perceived 
by sense are understood — understood from their foundations. 

This is, above all, the procedure of geometers and logis- 
ticians (510 C). The former draw certain figures and exhibit 
their properties; yet they do not intend the drawn figure 
itself but that which is imaged in this figure, e.g., the 
rectangle which is, in its purity, accessible only to thinking. 
Still, in order to grasp the particular content involved, 
constant reference to the drawn rectangle is quite necessary. 
Similarly, logisticians have before their eyes the “odd” and 
the “even” in the shape of certain countable objects which 
they reflect on, but these reflections, being pursued in 
thought, are aimed not at these particular objects but at the 
“pure” numbers or their eide, which are “supposed” in 
thinking and imaged in the objects. Here, too, reference to 
those multitudes which are accessible to the senses is 
necessary, though mere “signs” or points marked in the 
sand are sufficient. 

In the conduct of the geometers and logisticians the 
efficacy of the dianoia is directly displayed. But what does 
this special intimacy with which the dianoia is related to the 
provinces of geometry and logistic mean? After all, the 
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dianoia is by no means confined to these alone®° but obviously 
has an essential, perhaps the essential, part in all human 
activity and self-orientation. We must not overlook the fact 
that the procedure by “hypothesis” stressed by Plato is not a 
specifically “scientific’’ method but is that original attitude 
of human reflection prior to all science which is revealed 
directly in speech as it exhibits and judges things.§! Thus, 
compared to the study of nature embarked upon by the 
physiologists, that “second-best sailing’’ (Sedrepos mAods) of 
Socrates, which consists of “taking refuge in reasonable 
speech” (eis rods Adyous Katraduyetv — Phaedo 99 E), is 
indeed nothing else than a return to the ordinary attitude of 
the dianoia; it is for this reason that Plato can characterize the 
method of “hypothesis” as “simple and artless and perhaps 
naive’ (dmAws Kat a&réyvws cat tows €d0ws — Phaedo 100 
D).82 When engaged in reasonable speech under the guid- 
ance of the dianoia, we always suppose something “ other’”’ to 
underlie the objects we perceive, namely noeta; these, albeit 
appearing in the mirror of our senses, are the true objects of 
our study, though we may not even be aware of making 
such “suppositions.” There is, however, a higher kind of 
reflection in which this “supposing ’”’ is raised to the rank of a 
conscious procedure; this is the origin of every science and 
every skill (cf. Philebus 16 C). For all science and all skill 
grows out of the natural activity of reflection when it 
attains the character of a fully developed “art” (réyvn) 
which obeys definite rules. The “devices” of the dianoia that 
now become transparent and thereby learnable make com- 
pletely explicit what the dianoia has in effect been accom- 
plishing prior to any science. Conversely, the nature of this 
ordinary accomplishment of the dianoia can be grasped only 
through such a reflective understanding. And precisely those 
technai which are most highly developed, the science of 
measurement and above all, the science of counting and calcula- 
tion (cf. Euthyphro 7 B-C), that ‘common thing of which all 
arts as well as all thinking processes and all sciences make 


74. PART ONE 


use (kowov, @ ri&oat mpooyp@vra Téxyvar Te Kal Sicvorae Kal 
émornuat — Republic 522 C) and without which any 
techne would lose its character as techne (Philebus 55 E; cf. 
Republic 602 D), permit us to grasp the true sense of the 
dianoia. This is why the dianoia is assigned to the realms of 
geometry and logistic: these are the realms within which its 
activity is exemplary. And that the ordinary activity of the 
dianoia does indeed refer back to a knowledge precisely of 
logistical matters is shown by those arguments in the 
Republic which establish the leading role played in education 
by mathematical subjects, especially the science of counting 
and calculation. 

According to this argument there are objects of perception 
which directly satisfy the perceiving soul because they are in 
themselves sufficiently clear, so that there is no necessity to 
appeal to any authority beyond perception — there is no 
necessity to reflect in any way on such perceptions: “Some 
objects of sense do not invite thought to undertake an 
inquiry since they are sufficiently distinguished by sense.” (ré 
ev ev Tats aioOynceow ov TrapaKkadobvTa THY VONOW Els eTioKEeybLY, WS 
iKaVa@s UITO THS alcOnaoews KpLWoEeva — §23 A-B.) But there are 
also objects of perception which of necessity leave the 
perceiving soul unclear about their nature and which thus 
of necessity call up reflection to aid the soul in discovering 
it. The lack of clarity of such objects, it should be noted, 
is not such as to disappear with a better or sharper perception, 
for instance, when the object of perception is brought closer 
to the senses (523 B). Rather it has its basis in the very 
structure of the perceived object, insofar as the same object 
of perception may, in the same perception, also appear as its 
opposite, “since sense does not make clear one thing rather 
than its opposite (erevdav 7 atcOnots undév weAAov TobTO 7} TO 
évavriov SnAot — $23 C). If, for instance, I look at the 
fingers on my hand, I perceive each of them directly as a 
finger. Plain perception is here the end of the matter: Within 
this perception there is nothing “problematical” — it is 
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complete in itself, it does not leave behind a feeling of a lack 
of clarity such as might move me to reflect and to investigate 
what there really is to the finger, what a finger might be 
(523 D). The situation changes completely when I perceive 
the. characteristics of each of my fingers in turn, such as its 
largeness or thickness or softness. Now I perceive in any one 
finger at one and the same time also an opposite: its smallness, 
its thinness, and its hardness. I therefore perceive opposites in 
the same perception, and in the same object of perception, 
e.g., softness and hardness or largeness and smallness. Here 
something which clearly does not belong together is in an 
obscure way “mixed,” as reflection immediately informs me. In 
order to resolve this difficulty, in order to see clearly, I must 
of necessity go beyond “bare” perception and “‘call up” 
and “awaken’’83 “reckoning and thought” (Aoyopdv re 
Kat vonow — 524 B). Thought here becomes active sponta- 
neously, as it were, in direct succession to perception. It tells 
me that I am dealing with something twofold, namely with 
softness on the one hand and with hardness on the other, and 
similarly with largeness on the one hand and with smallness 
on the other (cf. Theaetetus 186 B). It makes me recognize 
both together as “two, that is, as this one thing, namely soft- 
ness (or largeness) and that other one thing, namely hardness 
(or smallness) — not as ““mixed” with one another but as 
distinct: ““Each is one, but both are two, and the two are 
separated by thought... not fused together but distinct.’ 
(ev éxarepov, apddtepa d5é do, Ta ye SV0 KEeywpLopéva voroer... 
ov avyKeyupeva. GAAG Suwpiapeva — §24 B-C.) 

But in which way does thought succeed in separating the 
“mixture? Clearly by way of comparison (cf. Theaetetus 
186 B). Reflection informs me that this finger is small in 
comparison with its left neighbor, and that this same finger is 
large in comparison with its right neighbor. Or, as in the 
Phaedo (102 B-C), Simmias is large, not insofar as he is 
Simmias, but insofar as he can be compared with Socrates. 
The same Simmias is, on the other hand, small — again, not 
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insofar as he is Simmias, but insofar as he can be compared 
with Phaedo; and so in reverse: Socrates is small ““ because he 
has smallness in relation to the largeness of the former, ” 
namely Simmias (67 opixpotnta exe. 6 LwKparns mpos To 
éxeivov péyebos), and Phaedo is large “because Phaedo has 
largeness in relation to the smallness of Simmias”’ (67: péyeBos 
éyer. 6 Daidwy mpds tiv Liupiov opixpdrntra). The largeness 
and the smallness of an object can, then, be recognized 
by thought as something twofold only when the object is 
recognized at one time as “‘being-larger-than...” and at 
another as ““being-smaller-than....’’ Only by relating the 
one condition to the other is the dianoia enabled to suppose 
two distinct structures to underlie the ““mixture’’ which 
assaults the senses. 

The objects of the dianoia, the first kind of noeta, are 
therefore attained as a result of the fact that that which is 
accessible to the senses is, by reason of its “relational 
character” (“Beziiglichkeit”—Natorp), recognized as a 
manifold, a multiplicity. However, an awareness of the 
many as many, and thus also of the other as other, means 
precisely that the single constituents of the many are distin- 
guished from one another and are at the same time, in all 
their distinctness, related to one another. The dianoia continu- 
ally surveys and compares the many aspects which percep- 
tion (atoOno.s) offers it. Thus the noeta which it attains and 
which it causes to underlie each obscure aistheton also have 
relations to one another. The dianoia is never directed toward 
a single being as such; rather, its view always so encompasses 
a series of beings that the members of this series are carefully 
distinguished from, and thus simultaneously related to, each 
other. 

Thus we see that the dianoia is based essentially on 
. account-giving and counting 784 ( AoyilecBa TE Kal apiBbwety y) 
namely on the ability to recognize many as so many, to 
see many as many, i.e., to distinguish the constituents of 
the many and at the same time to relate them to one another 
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(see P. 20). It is for this reason that in the Republic the 
explication of the example of the finger leads directly to the 
question concerning “number’”’ and the “ one”: Well then, 
to which of these [i.e., the things inviting or not inviting 
reflection| do number and the one belong ?” (Ti of; é&pibuds 
TE KGL TO EV TOTEpWY OoKeEl Elvat; — 524 D.) Glaucon is called on 
to “give an account analogous to what has been said 
previously’ ( EK TOV TT POELPN LEVY avadoytlou. ) Thus, if the 
perception of an object as one should at the same time 
include the perception of an “incompatibility” (évorriwpa), 
in the sense that the same object appears as one and also as the 
opposite of one, so that nothing appears any more as one than 
as the Opposite ” (bore pndév wGdrov év 4} Kai rodvavriov daivecbar 
— 524 E; cf. Theaetetus 186 B), then here too the dianoia 
would have to intervene to remove the “obstacle”’ and to 
allow the examining soul to reach “clarity” (cade) con- 
cerning the “one.” Now this is, as Glaucon immediately 
notes, indeed the case: “For we see the same things at the 
same time as one and as unlimited in multitude.” (dua ydp 
TOAUTOV WS EV TE OPMEV KL WS amretpa TO TANHGOS — §25 ee But 
if this holds for one object, it holds also generally for “every 
number’ of objects (Evpas épiOuds), because any “number ” 
represents precisely a limited number of unit objects.%¢ 
Thus in being compelled, in the course of distinguishing 
the various respects which permit the one object to be called 
many, to separate the unit as such, “the one itself” (adro 
7o €v), from its opposite, namely from the unlimited many, 
the dianoia discovers the “one” not by itself alone but among 
many ones, relates the one one to the other ones, an activity 
which is, in effect, nothing but — counting. This is a 
proceeding of a perfectly ordinary kind. In all the daily 
routines of life we are dependent on just such interventions 
of the dianoia. And so the way of “learning about the one” 
(4) wept 76 év cbnows) has already been entered upon. Led by 
the dianoia, the soul turns its attention to this, its very own 
way, arousing thinking within herself” (kwodca év éaurf 
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riv évvoey) and discovers, within a field of infinitely many 
and homogeneous “pure” units, the “pure” numbers of 
these units; it raises its own relating activity to full 
explicitness by examining the relations of these numbers to 
one another, thus incidentally laying a foundation for the 
possibility of making calculations; it causes the eide of these 
relations of numbers, as well as of the numbers themselves, 
to “underlie” the objects of sense as “suppositions, ” 
. positing the ‘odd’ and the “even’”’ (drroPeuevot TO TE TEpiTTOV 
Kat 76 dpriv... — 510 C) as the first of these — yet in 
spite of all this, it is unable to come face to face with the one 
as it is in itself. For the dianoia always deals with a multitude of 
ones; it cannot grasp the one except through an aggregate of 
ones, just as it cannot recognize one element of language, i.e., 
a single sound rendered by a letter, without the remaining 
sounds (Philebus 18 C), nor a single tone without the other 
tones. The dianoia cannot do this because, although it is 
directed toward noeta, it nevertheless always remains related 
to that aisthesis which first “called upon it” to clarify an 
obscure state of affairs. The dianoia effects its clarification by 
recognizing the opposition which underlies the obscurity of 
the aistheton as an opposition. For the recognition of an 
Opposition as opposition is the proper function of the dianoia 
(cf. Theaetetus 186 B). Thus it at first always attains to noetic 
structures of oppositional character: “You are speaking of 
‘being’ and ‘non-being, of ‘similarity’ and ‘dissimilarity,’ of 
the ‘same’ and the ‘other,’ and furthermore of the ‘one’ and 
the rest of ‘number’ which deals with these [i.e., with objects 
of sense]. 87 (Odoiav Adyets Kai To wn Elva, Kal OpoudTNnTa Kel 
QVOMOLOTHTA, KaL TO THUTOV TE KaL TO ETEpOV, ETL dE EV TE KAL TOV 
é&Xov &pO pov mrepi obrav — Theaetetus 185 C-D.) Thus it attains 
to the “beautiful”’ and the “ugly,” to the “good” and the 
“foul” (786 A). The dianoia moves, from the very beginning, 
in the realm of opposition, and in conducting its “com- 
parisons’ (dvadoyiopara — Theaetetus 186 C) it discovers as 
the true “foundation” of this domain the realm of the 
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“pure relations of numbers, ie., the ratios (Adyo.) and 
proportions (dvaAoyioe) of the “pure” numbers, because 
every possible comparison is ultimately founded on these 
(cf. Timaeus 36 E-37 A). But even here the dianoia still 
remains dependent on aisthesis (cf. P. 72), and this applies, 
we must add, even to the general theory of proportions, 
because the work of the dianoiais everywhere “ hypothetical” 
in character. It is true that it can “replace” the “more and 
less ”’ (70 uadrXov Kat TO Arrov )88 which always attaches to the 
realm of the aistheta by the exact relations of numbers, thereby 
accomplishing the most important step toward gaining that 
true episteme which no longer has any use for aisthesis and 
whose object is the realm of those other noeta which ascend 
to something “unsupposed © (é&vumdberov — Republic 510 B, 
511 B). But the dianoia itself is not able to appreciate the full 
range of significance of its accomplishment, because its own 
noeta, which it “supposes” to underlie the aistheta, appear 
altogether lucid and without further need of foundation. 
And yet this dianoetic quarry, as it is brought in especially 
by mathematicians, must first be handed over to the 
dialecticians for proper use (Euthydemus 290 C; Republic 531 
C-534 E). Only dialectic can open up the realm of true 
being, can give the ground for the powers of the dianoia and 
can reveal Being and the One and the Good as they are — 
beyond all time and all opposition89 — in themselves and in 
truth. 


€ 


The arithmos eidetikos 
In the Hippias Major the following strange fact is discussed 
at length (300 A-302 B): While in general a property which 
belongs to several things in common must be attributed also 
to each single one of them, so that a “common thing ”’ 
(xowdv) is something “which belongs to both [in this case to 
hearing — a&xoy and sight — dus] in common, as well as to 
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either in its own right ”’ ( 6 Kal aPoTEepats avrats €mreare KoWwnN 
kat éxarépa iSie — cf. Theactetus 185 A), there is also a koinon 
of such a kind that it does indeed belong to several things 
but not to each of these by itself. Hippias at first thinks that 
this state of affairs is impossible. He refers to the fact (300 
E-301 A) that when something is said of him, Hippias, and 
of Socrates as holding for both, for instance, that “we are 
both” (duddrepoi écpev) just, healthy, wounded, golden, 
silver, etc., then it is “‘entirely necessary” (ueyaAn dveyen) 
that each of these properties should also belong to each one. 
What is more, he now raises (301 B-C) the weighty objec- 
tion against Socrates and “those with whom you usually 
talk” (ékxetvor, ofs ad eiwhas SuaréyeoOor) that they do not look 
at the “wholes of things” (ra dAa rév mpaypdrwv), but “you 
take apart the beautiful and each of the things there are and 
you pick at it in your talk until it is cut down to size” (xpovere 
dé aroAapBavovres TO KaAOV Kal ExaoTOV TAY 6VTwWY ev Tots Adyots 
kararépvovres). Hippias himself is clearly far from under- 
standing the significance of this objection: It is nothing less 
than the aporia, the quandary, of the Parmenides (130 E-131 
E) and of the Philebus (15 B 4-8) — namely how it is possible 
that one idea in its unity and wholeness is “‘distributed over ”’ 
the many things which “partake” in it. The aporia thus 
formulated presents, although merely on the level of the dianoia, 

the problem of “participation” (uébefis), which reaches its 
full sharpness and force only when the relation of an idea of a 
higher order to the ideas under it, of a “genus” to its 
“species,” is considered — that is, only within the realm of 
the ideas themselves. For as the elementary form of the 
problem of the “one and many” (see Note 85) is to the 
dianoetic methexis problem, so is the latter to the ontological 
problem of the “community ”’ of ideas.9° But Hippias is not 
able to grasp the meaning even of the merely dianoetic 
methexis problem since his objection applies much more to 
himself than to Socrates. Later he has to admit shamefacedly 
that there is indeed a koinon of the kind in question: Socrates 
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and Hippias are both together two, yet each of them is not two, 
but only one; and conversely: what each of them is, namely 
one, that both together are not: ‘Each of us is one, but that 
very thing which each of us is, both of us are not; for we are 
not one but two.” (...éxérepos jpav els eori, tobro 8é, 6 
EKATEPOS TULWV Ein, ODK Apa Elnuev GUddTEpoL ov yap els eopev, 
arrAe S¥o — 301 D.) It follows directly from this that both 
together make an “even”’ number, while each of them taken 
separately is “odd” (cf. Phaedo 103 ff.). Socrates concludes 
this discussion with the words: “It is not then ‘entirely 
necessary, as you just now said, that whatever both are, that 
each is also, and what each is, that both are.” (odx &pa aon 
avayKn, ws vov dn eAeyes, & AV aphOTEpOL, Kal EKATEPOV, Kal & 
av Excrepos, Kat audorépous elvar.) And to Hippias’ last obstinate 
attempt to win the argument by saying that this might 
perhaps not be true for “such things” (ra rovadra), but that 
it still remains true for everything he had mentioned before, 
Socrates answers that this is sufficient for him—he is satisfied 
with that much. A little later (303 A ff.) the result of the 
argument turns out to be that besides “each”’ (éxarepov) and 
“both” (duddrepov), certain “irrational” magnitudes which 
when added make one “rational” magnitude! “and 
numerous other such things” (kai dAA« pupi« rovadra) fall 
under the domain of koina which Socrates has in mind. We 
easily see that this domain can be defined only within the 
mathematical realm and that numbers, above all, have this 
curious koinon character: every number of things belongs to these 
things only in respect to their community, while each single thing 
taken by itself is one. 

From the foregoing we can draw a threefold conclusion: 
(1) There are two different kinds of koinon, of which one is 
represented by the “beautiful” (xaAdv), the “just” (Séxavov), 
etc., while the other can be shown to exist within the realm 
of quantity; (2) this second kind of koinon is most appropri- 
ately expressed in the fact that things are always a “number 
of” things and is signalized by Plato with the formulaic 
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phrase: “each [is] one but both [are] two.” (é& éxdrepov, 
OXLPOTE pac dé dv0 — HAippias Mayor 300 fie Republic §24 B; 
Theaetetus 146 E, 185 A, B, 203 D ff.; see P. 75 and Note 87; 
cf. also Republic 476 A, 479 C, 583 E and Phaedo 96 E-97 A; 
tor B, C; furthermore Parmenides 143 C, D and Sophist 243 
D, E; 250 A-D; (3) Plato himself relates these facts to the 
problem of methexis.°2 Now whatever the problems con- 
cerning the koinon of the first kind might be, it is, at least, 
clear that the understanding of the special koinon character of 
number is of crucial importance for the solution of the 
fundamental Platonic problem of the “community of the 
kinds” (xowwvia« r&v €iSdv), i.e., of the ontological methexis 
problem. For this reason the dialogue called the Sophist, 
which brings this problem to the fore, is throughout 
engaged, although in a veiled way, with the curious kind of 
koinonia which shows itself in numbers. 

The main task of the Sophist is that of exhibiting the 
foundations of the “possibility of being” of a sophist as 
identical with the ultimate foundation of every possible 
articulation of being itself. The fact that everything which is 
can be “‘duplicated”’ by an image (cf. Timaeus 52 C), an 
image which is, in some enigmatic way, precisely not that 
which it re-presents, so that it is at once this being and 
“another,” is ultimately founded in the “ mirror-like nature” 
of being itself: being itself has within itself the possibility of 
acting as the source of repetition, the ability to counter-feit — 
itself, to con-front itself. If “imitation,” “mirroring,” 
“shadow, “‘similarity,” in short, “copying, are to occur 
at all, being itself must have a primal character of “ image- 
ability,’ a character which makes possible all “difference,” 
all “inequality,” and all “oppositionality,” but also all “‘re- 
cognition.” This primal character of being is, to anticipate 
ourselves, the effect of the “twofold in general,” the 
“indeterminate dyad” (dépioros dvds). Through the dyad 
being is originally “alienated” from itself, is not only 
“itself” but also “another” than “itself.” Within the human 


PLATO: EIDETIC NUMBERS 83 


realm the aoristos dyas has its perfect “imaginal” embodiment 
in the sophist. Whether or not the sophist’s being is a possible 
one must then, in the final analysis, be considered to depend 
on showing that the aoristos dyas is the arche of all duality and 
thus, of all multiplicity. The sophist must therefore be under- 
stood through the primal phenomenon of “imageability, ” 
hard though it be to grasp; the mode of being of the “image” 
must occupy the center of inquiry. 

Accordingly, the definition proper of the sophist begins 
with his — necessary — claim to omniscience, with the 
clam “to know everything” (aévra émioracba — 233 
A-C).93 In order that the meaning of this senseless claim 
might be better understood, the “ Stranger’’ gives a “clearer”’ 
example” (rapaderyua oadéotepov — 233 D), namely the 
claim to be able “to produce and do simply everything by 
one art” (aovety Kal Spaév pid téyvn ovveravra mpcypara). But 
such a claim can clearly be made only playfully — as 
Theaetetus says: You are jesting somehow. (ITaSidv Aéyets 
rwé — 234 A.) So also should we judge the sophist’s claim 
(A 7-10), especially if we do not at once deny it as fraudulent 
but take it seriously, 1.e., if we mean to respond to it at all 
(cf. Euthydemus 277 D f.). More than this, if we want to do 
complete justice to this claim, we must understand it as the 
highest form of “play,” namely as “imitative play,” (234 B; 
cf. 231 A), for the whole activity of the sophist is to be 
understood as an “imitation of reasonable speech,” (uiunors 

. Tept Tovs Adyous), made ~ through the ears’ (Suc taV 
dirwv — 234 C), analogous to the activity of the painter (cf. 
Protagoras 312 C) who can, with the aid of color, produce 
“images and namesakes of beings’ (uiujuorae Kal oudvope: 
rav évrwv) for the eyes, and who can thus simulate a whole 
world (234 B; cf. Statesman 277 C and also 288 C). We must 
therefore begin by seeing the sophist as a “juggler and 
imitator”’ (ydns Kot uruntis — 235 A). But here, in the realm 
of mimesis itself, arises the question whether the sophist’s 
imitation is a “true” or only an “apparent” one, Le., 
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whether it corresponds more to the relations of similarity in 
geometry where the “proportions” of the originals are 
always preserved, or to those of “the theory of perspective ” 
(dnrixh) or “scene painting (aoxnvoypadia) where they are 
distorted according to the laws of perspective. The question 
is whether the sophist has to do with a “‘likeness”’ (eixév) or 
with a mere “appearance” (¢dvracua — 236 A-C), an 
opposition which mirrors within the realm of mimesis, of 
“image-making”’ (eiSwAozouxy), the opposition of being 
(civeu) and seeming (Soxetv — 236 E). This question is 
infinitely hard to decide because it begins by taking two 
things for granted: a “yes” anda “no,” a “being” (év) anda 
“non-being”’ (u7 dv). How is this juxtaposition of the “on” 
and the “me on” possible? This is the ultimate question to 
which that concerning the possibility of the sophist’s being 
leads; to pose this question means to ask about the “image- 
ability” of being in general. And the whole obscurity of 
what is sought becomes evident especially at the point where 
the “many-headed” sophist (cf. Euthydemus 297 C), by 
asking about the enigmatic nature of the being of “image” 
( €LOWwAov ) which spans (239 D-—240 A) “likeness” ( ELKWV ) and 
“mere appearance’ (¢évracua), mirrors himself within 
himself, as it were, in an infinite image. That he demands an 
answer such as comes “from reasonable speech” (é« 7év 
Adywv) marks him, to crown it all, as the highest “ imitator’’ — 
for is not just this the demand of the “philosopher,” of 
Socrates, who once entered on the “second-best sailing” 
(Sevrepos mods) by taking refuge in logoi (Phaedo 99 D-E; 
cf. also Statesman 285 E-286 A) and who now plays the 
silent listener ? But the ability to determine the nature of the 
being of an “image’’ depends on the solution of the problem 
concerning the “non-,’ for in the image as such “being” 
and “‘non-being”’ are inextricably intertwined (240 A-C). 
Now characteristically the presentation of the “first and 
greatest quandary (peyiorn Kai mpwrn dopia — 238 A 2; 
D 1), which concerns non-being, already indicates the close 
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connection between “speaking” (Aéyew) or “thinking” 
(ScavoetoGar) the me on on the one hand and the possibility of 
counting, 1.e., the existence of arithmoi (238 A-239 B) on the 
other. “Then we posit all number whatsoever as belonging 
to being?” (’ApiBpuov 81) tov cdpravra Tév dvtwv TiHepev; ) asks 
the “Stranger.” And Theaetetus answers: “At least if there 
is anything to be posited as being at all.” (Eimep ye nat &éAdo 
t. Oeréov ws dv.) This means that what is “‘“countable’”’ is 
always understood as “being,” and “being ”’ is always under- 
stood as ‘countable.’ We always speak of what is either in 
the “singular” or in the “plural” (leaving apart the “dual”’): 
even one thing is only “one” among many things (cf. P. 77; 
also Parmenides 144 A). But the direct connection (cf. Pp. 76 f.) 
between “thinking” (8avoeicar) and “accounting for and 
counting” (AoyilecOax Kai a&pOueiv) becomes especially visible 
when we turn toward non-being or, going further, make 
“non-being”’ itself the object of study, for even then we 
speak of the me on and me onta, of non-being and non- 
beings; we articulate even that which defies all articulation, 
namely — nothing ! It is most significant that this is precisely 
the reason why the Eleatic Stranger — “as ever, so also 
now” (kal yap méAce Kat tx vdv) — declares himself no match 
for “non-being’’; when he pretends to expect of his inter- 
locutor, the young Theaetetus, “straight speaking about 
non-being’”’ (dpoAoyia mepi 76 pr dv), the deep and secret 
sense of this playful turn lies exactly in this — that the call 
“to make some correct pronouncement about this’ (kara 76 
so0dy pbéyEacOai te wept adrod) is addressed to a mathematician, 
who, although incompetent not only in his youth but for 
all time to deal with the problem of the me on within his 
own realm, yet holds in his hand, as it were, the key to its 
solution.% In truth, neither of the two by themselves (“forget 
about you and me” — o€ pév Kai éué yaipew edpev — 239 C) 
but only both together (“at the same time from the mathe- 
matical side and from universal reasonings’» — dpa ex tév 


pabnuatwv... Kal ex tTav Adywv Tov KafoAov — Aristotle, 
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Metaphysics M 8, 1084 b 24 f.) can approach a solution. The 
subsequent parts of the dialogue indicate the way. ‘‘The 
present manner of inquiry’ (6 tpdmos tis viv oxdpews — 254 
C) makes no attempt to give this solution “ with complete 
clarity” ( TaOn TApyveic., cf. also Republic 435 1D What is 
done is to direct attention to varying aspects of that ever- 
same aporia whose very formulation already indicates the 
solution in Plato’s mind. 

First, we must keep in mind that ‘image’ can only “be” 
if “non-being’’ and “being”’ can “mix” with one another 
— which holds just as much for the being of “seeming,” of 
mere “appearance, of “lie,” of the “false,” and of “‘error.”’ 
The problem of “non-being”’ simply cannot be detached 
from the problem of “being.” More exactly: in asking 
about “‘non-being”’ at all, we are already directed by the 
question “about being” (mepi obaias — 251 C-D; “about that 
first and greatest founder” — Tept TOU peyloTov Te Kal 
dpynyoo mpwétov — 243 D; cf. also the traditional subtitle of 
the dialogue: “About Being ’’ — ITepi rod dvrog), just as we 
must of necessity come upon the “philosopher” in our 
search after the “sophist” (cf. 231 A-B; 253 C). But the 
converse also holds: the difficulty of the problem of “being”’ 
has an internal connection with the aporia of ““non-being.”’ 
At bottom we are dealing only with one difficulty: “ ‘being’ 
and ‘non-being’ have equal parts in this quandary” (é& tcou 
76 Te Ov Kal TO ph Ov atropias peTELAndarov — 250 E). Thus 
we are at the outset concerned with one question, which is 
in itself twofold. This is what the “ancients’’ as well as the 
“moderns” have failed to recognize; for this reason they 
are unable even so much as to see a difficulty which arises in 
all their solutions of the problem of being. We must ask 
particularly those who allow the “whole” to be more than 
only one, that is, those who reduce everything to two basic 
constituents, as for instance the ““warm”’ and the “‘cold”’: 
“But what then are you addressing in both when you say that 
both and also each is?”’ (ri mote &pa Tobr’ én’ appoty dbéyyecbe, 
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Aéyoures Kudw Kat éxcrepov elvar — 243 D-E.) Is this “ being ”’ 
“a third thing besides those two ™ (Tpitov mapa ta Svo eKetva) ? 
Then there would be —in contradiction to the thesis — three 
basic constituents. But neither can ‘being’ coincide with 
one of both, for then only this one could be said to be, and 
consequently there would “be” only this one .“ But do you 
then want to call both together ‘being’ ?”’ (AX dpa ye r& dud 
BovAeobe Kadeiv dv;) But if they are only “together” then 
they “‘are’’ precisely only together; in the present case this 
would mean: the “warm” and the “cold” would no longer 
be by themselves separately, but there would be clearly only 
one, something “tepid,” or, more generally, a “middle 
thing” (cf. P. 58). What is here under examination is then 
nothing but the special constitution of the koinon of which 
the Hippias Major speaks. That “both together” (dudw) are 
indeed “one” and yet remain “two’’ (cf. Parmenides 143 
C-D) cannot be demonstrated on this lowest level of onto- 
logical reflection because the two “substrates,” the “warm.” 
and the “‘cold”’ themselves, can be mixed. The subsequent 
discussion plays, in ever new variations, with the problem of 
the koinon which arises wherever there are “two’’ aspects 
(cf. especially 247 D), and finally comes to a head in the 
treatment of the relation of “rest” (ordo.s) and “change” 
(xivnors). It turns out (249 D) that “change” as well as “rest” 
must “both together”’ (cvvay¢drepa) be assigned to “being.” 
Kinesis and stasis are ““most opposite to one another”’ 
(éevavriwratra aAAjArAots — 250 A 8 f.) and therefore com- 
pletely uncombinable; yet both and each of them “is”: 
~ Stranger: And do you say that both and each of these alike 
are? Theaetetus: Yes, indeed I do.” (ZE. Kat piw etvai ye 
Opoiws dhs apddorepa avta Kai éxarepov; QEAI, Dyyi yap otv.) 
As in the case of the “hot” (@epudv) and the “cold” 
(xsvypdv), only this much can be ascertained (250 B 2-D 4): 
to say that “change” and “‘rest”’ “both and each” (éuddrepe 
kat éxérepov) ‘are’ cannot mean that “being” coincides 
with one of them. But it is just as impossible, if they are 
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“both [together said] to be” (efvoe éuddrepa), to posit their 
“being ” asuede cance thing beside them”’ (rTpirov TL Tapa 
radra — 250 B 7) or “outside both of them” (éxrds 
rovTww dudotépwv — 250 D 2), “taking both together and 
then disregarding them to look at the community of their 
being ”’ (cvAr\aBwv Kat amdiov attav mpos THY THs ovolas 
kowwviev). For then being would be precisely not change 
and rest “together”? (cvwvauddrepov), but it would also be 
“according to its own nature’ (Kore THY avdTod dvaww y and 
therefore neither rest nor change, which appears to be the 
“most impossible of all things” (xévrwy advvermrarov) — 
for what is not at rest is surely changing, and what is not 
changing rests! The aporia of “ being ”’ is here left unresolved: 
“So then let us rest the matter here in all its difficulty.” 
(Totro péev rotvey evradba KeicOw Suntopnuevov — 250 E 5.) 
And yet it is just here that Plato stresses the internal connec- 
tion of the aporia of “ being”’ with that of “non-being” (250 
D-E). The formulations are again chosen to allow the 
problem concerning “both together — each of both — 
neither of the two” to come to the fore: The strange 
koinonia among on, Rinesis, and stasis is none other than that 
between “being” and “non-being.”’ 

Thus the relation of stasis to kinesis forms the nucleus of all 
the subsequent discussion. But from now on the conversa- 
tion grows broader (251 A ff.); the point of departure is that 
“ gift of the gods to human beings” (Philebus 16 C), namely 
the “astounding” (ibid., 14 C) assertion that each thing is 
““one’ and ‘many’ ” (é cai woAAé) “at once’’ (cua). Next it 
is asked how the “ many’ are conjoined to form the “unity”’ 
of any being. This question is nothing but the generalization 
of the original problem of the “two’”’ aspects, i.e., of the 
meaning of “at one and the same time’ (éo) or of “both” 
(céudw, cf. Phaedo 96 E-97A). It is raised at first in the most 
general terms, namely in reference to any being, and then 
transformed into the narrower ontological methexis problem, 
into the question of the koinonia ton eidon (or, of gene). There- 
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upon three possibilities, and no more, arise (251 D; 252 E): 
(1) There is no koinonia at all. (2) All the eide are mutually 
related. (3) There is partial koinonia, in the sense that some 
eide can © mix” with each other but others not.95 Since the 
two first possibilities are not in fact realizable, the third 
alone, of necessity, remains (most explicitly: 252 E; cf. also 
256 C). But the very formulation of this possibility indicates the 
arithmos structure of the gene; for what is it but the division 
of the whole realm of eide into single groups or assemblages 
such that each eidos, which represents a unique eidetic “unit” 
(évas), 1.e., a monas” (Philebus 15 A-B), can be “thrown 
together’ with the other ideas of the same assemblage, but 
not with the ideas of other assemblages ? The eide, then, form 
assemblages of monads, 1.e., arithmoi of a peculiar kind. The 
units of which the assemblages consist are not mathematical 
monads, for these are, as we have seen, completely similar 
and can therefore all be “thrown together’ (Aristotle, 
Metaphysics M 7, 1081 a 5 f.: “capable of being thrown 
together and indifferent’ — ovpPdnral Kat adiidopor, cf. Pp. 
22 f., 46 and 50). While the numbers with which the 
arithmetician deals, the arithmoi mathematikoi or monadikoi, 
are capable of being counted up, 1.e., added, so that, for 
instance, eight monads and ten monads make precisely 
eighteen monads together, the assemblages of eide, the 
‘ arithmoi eidetikoi,’ cannot enter into any “community” 
with one another. Their “monads”’ are all of different kind 
and can be brought “‘together”’ only “partially,” namely 
only insofar as they happen to belong to one and the same 
assemblage, whereas insofar as they are “entirely bounded 
off’ from one another (révrn Suwpiopevae — Sophist 253 D 
9) they are “incapable of being thrown together, in-com- 
parable”’ (aovpBdAnrou).%° 

The notion of an “arithmetic” structure of the realm of 
ideas now permits a solution of the ontological methexis 
problem (cf. Parmenides 133 A). The monads which consti- 
tute an “‘eidetic number,” i.e., an assemblage of ideas,” are 
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nothing but a conjunction of eide which belong together. 
They belong together because they belong to one and the 
same eidos of a higher order, namely to a “‘class,”’ a genos.% 
But all will together be able to “partake” in this genos (as, 
for instance, “human being,” “horse,” dog,’ etc., partake 
in “animal”) without “partitioning” it among the (finitely) 
many eide and without losing their indivisible unity only if the 
genos itself exhibits the mode of being of an arithmos. Only the 
arithmos structure with its special koinon character is able to 
guarantee the essential traits of the community of eide 
demanded by dialectic; the indivisibility of the single 
“monads’’ which form the arithmos assemblage, the 
limitedness of this assemblage of monads as expressed in the 
joining of many monads into one assemblage, i.e., into one 
idea, and the untouchable integrity of this higher idea as well. 
What the single eide have “in common” is theirs only in 
their community and is not something which is to be found 
“beside” and “outside” (mapa and éxrés) them (cf. also 
Philebus 18 C-D). The unity and determinacy of the 
arithmos assemblage is here rooted in the content of the idea 
(iSéx), that content which the logos reaches in its character- 
istic activity of uncovering foundations “analytically.” A 
special kind of number of a particular nature is not needed in 
this realm, as it was among the dianoetic numbers (cf. P. 
56), to provide a foundation for this unity. In fact, it is 
impossible that any kinds of number corresponding to those 
of the dianoetic realm should exist here, since each eidetic 
number is, by virtue of its eidetic character, unique in kind, 
just as each of its ““monads”’ has not only unity, but also 
uniqueness. For each idea is characterized by being always 
the same and simply singular, in contrast to the unlimitedly 
many homogeneous monads of the realm of mathematical 
number, which can be rearranged as often as desired into 
definite numbers (see P. 54). The “pure’’ mathematical 
monads are, to be sure, differentiated from the single objects 
of sense by being outside of change and time, but they are 
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not different in this sense — that they occur in multitudesand 
are of the same kind (Aristotle, Metaphysics B 6, 1002 b 15 f.: 
[Mathematical objects] differ not at all in being many and of 
the same kind — 7@ 8€ 16Ad’ drra d0ed7 elvar odbev Siadéper), 
whereas each eidos is, by contrast, unreproducible and truly 
one (Metaphysics A 6, 987 b 15 ff.: “Mathematical objects 
differ from objects of sense in being everlasting and un- 
changed, from the eide, on the other hand, in being many 
and alike, while an eidos is each by itself one only” — re 
poabnuatika ... duahépovta Tav pev aicOyra@v 7H atdva Kat akivyra 
elvar, Tov O'eld@v TH Ta ev TOAN ATTA Sporw elvar TO de eEldos 
adto év Exaxorov pdvov). In consequence, as Aristotle reports 
(e.g., Metaphysics A 6, 987 b 14 ff. and N 3, 1090 b 35 f.), 
there are three kinds of arithmoi: (1) the arithmos eidetikos — 
idea-number, (2) the arithmos aisthetos — sensible number, 
(3) and “between’’ (weraév) these, the arithmos mathematikos 
or monadikos — mathematical or monadic number, which 
shares with the first its “purity” and ““changelessness”’ and 
with the second its manyness and reproducibility. Here the 
“aisthetic’’ number represents nothing but the things them- 
selves which happen to be present for aisthesis in this number. 
The mathematical numbers form an independent domain 
of objects of study which the dianoia reaches by noting that 
its own activity finds its exemplary fulfillment in “reckon- 
ing [ie., account-giving] and counting” (AoyilecOa Kal 
épbueiv). The eidetic number, finally, indicates the mode of 
being of the noeton as such — it defines the eidos ontologically as 
a being which has multiple relations to other eide in accordance with 
their particular nature and which is nevertheless in itself altogether 
indivisible. 

The Platonic theory of the arithmoi eidetikoi is known to us 
in these terms only from the Aristotelian polemic against it 
(cf., above all, Metaphysics M 6-8). It is questionable whether 
Plato sketched out more than the general framework of the 
theory. In his lecture On the Good (“Ilepi 7’&yabod’’ )99 he 
seems to have limited the realm of eidetic numbers to ten 
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(cf. Metaphysics A 8, 1073 a 20; M 8, 1084 12 ff., 25 ff., and 
Physics T 6, 206 b 32 f., and elsewhere). In this he, as well as 
his successor Speusippus, remained true to the Pythagorean 
tradition; indeed, the eidetic numbers might, in their 
foundational function, be most easily compared to the 
Pythagorean “roots’’ (rvOuéves) of the realm of mathemati- 
cal number. Now in understanding the arithmoi in the only 
way in which they can be understood in their very own, 
mathematical, domain, Aristotle exhibits the many contra- 
dictions which must arise from the transfer of the universal 
character of the countable as such to the eide, each of which 
has a special nature. For Plato, however, it is precisely this 
unmathematical use of the arithmos structure which is essential. 
For the arithmoi eidetikoi are intended to make intelligible not 
only the inner articulation of the realm of ideas but every 
possible articulation, every possible division and conjunction 
— in short, all counting. While the arithmetician and the 
logistician “suppose certain eide to “underlie” the un- 
limitedly many monads of his domain in order to have 
“hypothetical” grounds on which they may be compre- 
hended into single monadic assemblages (cf. Pp. 72 and 78), 
only the dialectician is able to give the true grounds for the 
existence of such eide of numbers and of each single number 
of pure units. Only because there are cide which belong 
together, whose community in each case forms a “kinship” 
which must, due to the “arithmetical” tie among its 
“members,” be designated as the six or the ten, can there be 
arbitrarily many numbers, such as hexads or decads, in the 
realm of “pure” units as well as in the realm of sensibles; 
furthermore, only because of this can numbers exhibit such 
definite, unifying kinds (cf. Pp. 55 f.) as the “even-times- 
even’ or the “triangular.” Only the arithmoi eidetikoi make 
something of the nature of number possible in this our world. 
They provide the foundation for all counting and reckoning, 
first in virtue of their particular nature which is responsible 


for the differences of genus and species in things so that they may 
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be comprehended under a definite number, and, beyond this, 
by being responsible for the infinite variety of things, which 
comes about through a “distorted ’ imitation of ontological 
methexis (cf. Pp. 82, 80 and 98-99; cf. Philebus 16 C-E; 
Timaeus 43). This foundational function guarantees their 
separate, independent and “absolute” being in relation not 
only to the aistheta but also to the “pure’’ mathematical 
numbers (see P. 71). What the Pythagoreans undertook 
with respect to the world of sense in which they believed 
that all beings were comprised (Metaphysics A 8, 990 a 3-5), 
Plato now undertakes to do with respect to the world opened 
up by the logos, the world of noeta which has true being. For 
him, as for them, the “numerical” being of the noeta means 
their ordered being, their taxis. The mathematical monads 
by themselves form a homogeneous field, but the “sequence” 
of monadic numbers (cf. P. 52) is grounded in the original 
order of the eidetic numbers. Every eidetic number is either 
“superior or ‘inferior’ in this order with respect to its 
“neighbor,” so that a subsumption of all these numbers 
under one idea common to all, namely “number in general,” 
is quite impossible.1°° This taxis of eidetic numbers is 
“logically” expressed in the relation of “being superior”’ or 
“inferior” in the order of eide; the relation of family 
‘descent’ between the higher and the lower ideas cor- 
responds to the “‘genetic’’ order of the eidetic numbers. The 
“higher” the genos, i.e., the less articulated the eidetic 
number, the more original and “comprehensive” it is. In this 
order the ‘“‘first’’ eidetic number is the eidetic “two’’; it 
represents the genos of “being” as such, which comprehends 
the two eide “rest’’ and “change.” That this last tenet, at 
least, is genuinely Platonic can be seen, if not “with com- 
plete clarity” yet clearly enough, from the Sophist.1°! 

The third possibility, that of a “partial” koinonia ton eidon 
(cf. P. 89) is here investigated only for the “greatest genera” 
(uéyora yévn — 245 C), namely the following “five”: 
being, rest, change, the same, the other (dv, oréous, kivnors, 
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ratrov, Ocrepov, cf. 254 E 4; 255 C 8; 255 E 8; 256 C-D). 
This “count,” the only one possible within the’ dianoetic- 
dialogic method, does as little justice to the true ontological 
state of affairs as the assertion that the sequence “sophist, ” 
“statesman, “ philosopher” are three gene of equal impor- 
tance to which, therefore, three dialogues should correspond 
(217 A-B; cf. 254 B and Stateman 257 A-B). The purpose of 
the inquiry concerning the koinonia among the “five’’ 
greatest gene is, as is expressly stated, to grasp “being” as 
well as “non-being”’ in a manner suited to the present mode 
of examination, though for this very reason not completely 
adequate: “So that if we are not able to grasp being and non- 
being with complete clarity, we may yet at least miss as little of 
the account as the present manner of inquiry allows.” (ive 70 
Te OV KALE pn OV EL LH TraON Gadnveia dSuvapeba rAuBetv, aAX’ ovV 
Aoyou ye evdeets pndev yryvwpeBa trept adta@v, Kal’ 6cov Oo TpoTTOS 
evddyerau THs viv axepews — 254 C; hig? 86) It is shown 
(254 D-257 A) that there is indeed a “ community’ among 
all these gene, although the kind of “community” is by no 
means the same in all cases. The immediate basis of the 
discussion is the incompatibility of stasis and kinesis, and this 
fact must not be overlooked. Their “mixing” had already 
been mentioned (cf. P. 87) in the strongest terms as 
“impossible by the greatest necessity” (rats peyiorats 
avevyears &vvatov — 252 D). This is again stated in 254 D 
7-9: “Stranger: And we do say that the two of them are not 
to be mixed with one another. Theaetetus: We stress it.” 
(ZE. Kat pnv rh ye d00 dapev advroty apetxtw mpos ardAnAw. OEAI. 
Sd8pa ye.) But both “are”, and from this follows the 
“triad” of stasis, Rinesis, and on (D 12), although it has already 
been shown that the on is not to be understood as a “third 
thing beside” or “outside these” (rpirov mapa ratra or 
éxtos Tovtwv), since this would lead to the “most impossible 
thing of all’’ (250 B—D, see P. 88). In respect to on, kinesis 
and stasis, the logos fails! It fails because it must count 
“three” when in truth there are only “two,” namely stasis 
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and kinesis, which are “each one’ and“ both two” ! (éxérepov 
év and duddrepa S¥0192—cf. also Theaetetus 185 B, Timaeus 38 
B.) The logos cannot conclude the count with “two” 
because it says that stasis and kinesis “‘are’’ not only 
“together” but also “singly,” while in the case of “two 
mathematical monads’’ it understands each of these by itself 
as only one and precisely not as“ two” (cf. P. 81). On, kinesis, 
and stasis, in spite of their “ arithmetical” koinonia, cannot be 
“counted” at all — this defines the “failure” of the 
logos.1°3 The dianoetic understanding is clear only about this 
much, that each of the “three” things presupposed by it, 
insofar as each is “itself” exactly that which it is, and is 
grasped in its “self-sameness, ’ is an “ other’’ than the “‘two ” 
others: ““Then each of them is other than the two, but the 
same with itself.” (Odxodv adradv Exacrov toiv péev Svoiv erepdv 
€oTw, avTo Sé€auTt@ tatrov — 254 D 14 f.) This crucial 
quandary of the dianoia is compounded by the introduction 
of yet a further “pair”: “‘self-sameness’’ and “ otherness’ 
(rabrév — bcérepov), but with these also emerges the solution 
which must suffice within the dianoetic realm (cf. 257 A 9- 
11): It consists in this, that “the other,” thateron, analogously 
to the vowels among the letters (253 A4—6), ranges through 
all” (Sue mévrwv — 253 C 1) gene whatsoever (255 E 3 f.), 
and is, accordingly, both a connecting “bond”’ (Secpés) and 
the agent “responsible for their division” (airy ris 
Svaupécews — 253 C 3), that is, “the other”’ is the “ultimate 
source’ of all articulation whatsoever. Thateron is in itself two- 
fold, for ‘‘the ‘other’ is always in relation to an ‘other’ ” 
(TO d€ Vy ETEPOV OEL pos ETEPOV say) D I, cf. D 6 ele This 
means that the possibility of “otherness” is dependent on 
the “self-sameness” of the participants in the relation of 
“otherness” ; therefore tauton, too, pervades all the gene. This 
koinonia between tauton and thateron, which is nothing but 
another expression for the internal “twofoldness”’ of thateron 
itself,!°+ permits the dianoia to understand the “duplicity” of 
“being,” namely, that it means not only ever self-identical 
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“rest, but conjointly also “change,” and that this alone 
makes possible the “imaging” of being in “re-cognition, ”’ 
that is, of “knowing” and “being known” (yuvdoxew and 
yeyvboxeoba —248 B ff.), and, beyond this, all image making 
(cf. Cratylus 439 E-340 A). ““Conjointly” does not mean 
here, as for instance in the dialectic of Nicholas of Cusa or 
of Hegel, a “coincidence of opposites.” Just as the dianoia 
finds in the realm of the “more and less’ (u&Adov Kal Frrov) 
the “opposition,” the “obstacle” (évevriwua) which first 
“awakens’’ it (see Pp. 75 ff.), so it must finally, at the end of 
its ““dialectic’’ activity, come to see that the“ conjunction” of 
opposites is in truth the ‘co-existence’ of elements other in 
kind. “ Otherness’’ makes possible an “arithmetic com- 
munity’ among eidetic monads which are not capable of 
“being mixed” although they “belong together”; the 
paradigm for such a koinonia, which is no longer accessible 
to the logos or, therefore, to counting, is the eidetic “two” 
which consists of stasis and of kinesis; kinesis is that which, in 
confrontation with stasis, is the “other” without which even 
stasis itself cannot ‘‘be,” since precisely only “both together” 
amount to “being.” This means that “being’’ itself is 
accompanied of necessity by a “not’’; just as stasis is not 
kinesis, so kinesis is not stasis. “Otherness” turns out to be the 
ontological aspect of “non-being,’ which can never be 
separated from “being”: “ Of necessity, then, non-being is 
[immediately] involved in change and occurs throughout all 
the gene [of being]; for throughout these the nature of ‘the 
other’ works on each being to make it other and [thus] a non- 
being [namely not thus and such a being but another], and 
accordingly we rightly speak of all things whatsoever as 
‘non-beings, and conversely, because things partake of 
being, as ‘being’ and ‘beings.’ ("Eorw dpa é€ dveynns 76 1) 
Ov emi Te KIWHoEWS Elva KEL KUTA TAVTA TH YevN’ KATA TAVTA yap 7 
burépou dvats Erepov amepyalowevn TOU GvTOsS EKAOTOV OUK OV TroLEl, 
Ka GUpTrAaVTa 61 KATH TAUTA OVTWS OUK GVTA CPOs EpobmEV, Kat 


, 7 , ~~ > , \ MM 
maw OTL METEXEL TOU OVTOS, Elval TE KAL OVTA — 256 C-D,) 105 
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The shadow of “non-being’’ necessarily attends all the 
“being”’ of that which is — just as the sophistic refutation, 
the elenchos, belongs to the essential business of the philos- 
opher (cf. 230 A-231 B), just as the mutability of the cosmos 
perpetually returning into itself is the most immediate 
image of the true cosmos in its immutability. Everywhere 
“not being” is only “being other,” “not something the 
contrary of, but only other than, being” (od« évartiov Te... Tob 
ovtos GAN’ ETEPOV wLovov ee ey, pe ck 258 B), for the contrary 
of being would amount to the unthinkable as well as un- 
speakable “nothing’’; what we everywhere have is an 
“ Opposition’’ of one being to an other being before us, “a 
confrontation of being with being” (évr0s mpos dv dvriBeats 
— 257 E 6). This is the reason for the possibility of a 
‘mistake’ or “interchange’’ of the “one” and the “other” 
or of “being” and “non-being,’’ a possibility on which all 
“contradiction” (cf. 232 B), all “illusion,” all “error,” and 
every © lie’ depend (260 B-264 B, also 266 D-E). 

This “duplicity” of being is the ontological foundation 
and justification of the method of “ division” (8:adpecis). The 
“ divisions” at the beginning and at the end of the Sophist (as 
also in the Statesman) are intended to hint repeatedly at this 
“duplicity” (cf. also Statesman 287 C; 306 C ff; also 
Charmides 159 B ff.). They are intended at the same time to 
train the dialectician in “dividing according to genera” 
(Kore yevn dratpetobat ==). Sophist 253 oe Statesman 285 
C-D), an activity in which he must be expert if he is to reach 
the primal “genetic” order of eidetic numbers.!°¢ In 
particular, the Sophist is intended to show that all articulated 
arrangements of gene, in other words, the “arithmetic” 
community of the ideas, can be understood only by means of 
“the other.” Its very “nature” (dvois) consists in “ being 
broken up into parts,” which makes it — certainly not 
accidentally — akin to the discerning episteme: ‘The nature 
of the other seems to me to be all broken up just like 
knowledge.” (‘H Ourépov poe dvats patverar karakekeppariabou 
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Kabamep emuoriun — 257 C 7 f.; 258 D-E; cf. Parmenides 142 
E, 144 B and E; Theaetetus 146 C ff., Meno 79 A, C.) It is 
always, as it were, only a “part” (udprov) of itself, namely an 
“other of another’ (érepov érépov)!°7 — a “counter-part’’. In 
the context of the Platonic search for foundations (cf. P. 71) 
this arche of all doubleness must be recognized as the “two- 
fold in general,” the aoristos dyas.!°8 This dyas is aoristos 
because it does not itself represent “two” beings of some 
particular kind such as are mutually delimited and univocally 
determined.!°9 Rather, in endowing the being of each thing 
with “imageability,’ it “doubles” every thing, and so first 
allows it to come into “being ”’ at all — it is ““two-making”’ 
(Svoroids — Aristotle, Metaphysics M 8, 1083 b 35 f.; M 7, 
1082 a 15). Thus by a continual “duplication” of the eide — 
which the logos grasps in the “‘division”’ of the gene — it 
makes the “ genetic’’ order of the eidetic numbers possible. !1° 
But it can do all this only because at the “head” of the taxis 
of eidetic numbers, at once concluding and introducing 
them, is the One Itself in its “absolute” priority (cf. P. 77). 
Since it is beyond all articulation, beyond the “two,” and 
thus “beyond being itself” (éméxewa ris odcias — Republic 
509 B), it is not, like the mathematical unit, one one among 
many,!!1 but rather the original, perfect, all-comprehensive 
Whole (cf. Sophist 244 D-245 D; also Parmenides 137 C, 142 
D). As the “ Whole”’ it is that which needs no “‘other”’ at all, 
that which is altogether “finished.” In this sense it is “the 
perfect itself,’’ namely, the model of every possible “‘relative” 
wholeness which is ““delimited” in respect to an “other’”’: it 
is the “Idea of the Good” (iSéa rod &yabos). 

The doctrine of the gene as eidetic numbers must, finally, 
also furnish the foundation of an eidetic logistic. For instance, 
sound-mindedness (cwdpocvvn) and justice (Sixciocdvn) in 
Book IV of the Republic (cf. 1 337 A-C!; Aristotle, Nico- 
machean Ethics, E 6, 7), or the taxis of elemental materials in 
the Timaeus, can be understood only by means of analogia, 
proportion (cf. Theaetetus 186 A-B). So also the relation of 
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the ontological to the dianoetic methexis problem (cf. P. 80), 
as well as the relation of original to copy in general, becomes 
comprehensible only in “logistic” terms. What is usually 
overlooked in discussions of the methexis question is the 
secondary, the imaging, character of the whole methexis 
relation, insofar as it concerns the dianoetic realm, i.e., the 
relation of one eidos to a series of aistheta. Only when these 
relations are reduced to relations of “community” within 
the realm of eide, can we see the methexis problem in its 
original form. But one of the possible solutions to this higher 
problem is precisely the conception of the arithmos eidetikos. 

This solution at once gives the final answer to the problem 
of the “one and many’: The arithmos eidetikos exhibits in 
itself the possibility of an immediate unification of the many. 
But this solution is bought, as we have seen, at the price of 
the transgression of the limits which are set for the logos, for 
from this point of view the ordinary mode of predication, 
such as: “the horse is an animal,’ “the dog is an animal,’ 
etc., is no longer understandable. Above all, the “natural” 
meaning intended when a multiplicity of things is called an 
“ arithmos”’ is now lost. Here, therefore, are the points of 
departure for further development or correction of the 
Platonic doctrine by Speusippus and Xenocrates. But only 
Aristotle's critique exposes the root of this, as of all the other 
related difficulties, namely the postulate of the “separation” 
(ywpiopds) of all noetic formations, and in particular the 
chorismos of the arithmoi monadikoi, the numbers of “pure” 
monads. 


8 


The Aristotelian critique and the possibility 
of a theoretical logistic 


Tue Pratonic chorismos thesis has its strongest support in 
mathematics. The exemplary “‘mathema” character of 
mathematical objects, their undeniably pure noetic nature, 
their “indifference” with regard to objects of sense — all 
this immediately indicates the possibility of the existence of 
noetic structures which are independent of and “detached,”’ 
i.e. separated, from all that is somatic, just as the Platonic 
thesis afirms. Thus the obvious point of departure for the 
Aristotelian criticism of the Platonic school is the onto- 
logical standing attributed by them to the mathematical 
realm, in particular, to the numbers of pure units (cf. P. 71). 
It is not that Aristotle questions mathematical science itself — 
the Aristotelian theory of apodeictic science is too much 
indebted to procedures developed in mathematics for this — 
nor that he denies that mathematical inquiry has a special 
field of objects (as, for instance, arithmetic has the field of 
pure monads, cf. Posterior Analytics A 10, 76 b 4 f.); he is 
rather concerned with proving the Platonic conception of 
the mode of being of mathematical objects false, “so that our 
controversy will be not about their being but its mode” 
(ao? 1 opdioByrnots yuty €orae od mEpt Tod elvae aAAG TeEpt Tod 


tpdrrou — Metaphysics M 1, 1076 a 36 f.). 


TOO 


ARISTOTLE AND THEORETICAL LOGISTIC IO! 


Let us briefly recall the starting points of the Aristotelian 
criticism as they emerge in the course of an analysis of what 
is meant in ordinary speech. The fact that it becomes possible 
to call something a “whole” by indicating the “parts” of 
which the whole “consists,” and that, therefore, “for 
declarative speech” (7 Asyw) the parts precede the whole 
does not mean that in respect to their “being” (rf ovata) 
these parts can lay claim to priority over the being of the 
whole (cf. Metaphysics M 2, 1077 b 1 ff. and A 11, 1018 b 
34 ff.). To call an object which appears before us, e.g., a 
human being, a “white’’ human being presupposes the 
partial assertion ‘“‘ white,’ and yet in this particular assertion 
of “white” no other being is meant than just — this white 
human being (cf. on this Metaphysics Z 4, 1029 b 13 ff.). The 
‘white’ intended has no existence “‘outside”’ of this human 
being and “separate” from him. Its being is bound to the 
given whole, namely to “this white human being.” It 
cannot exist if this human being of which it is predicated 
does not exist. Its being is therefore dependent on the being of 
the human being. Exactly in this same way does the assertion 
“ three trees’’ presuppose the assertion “three,” but what the 
assertion “three”’ intends has no existence “‘outside”’ of the 
trees of which there are said to be three. For the number 
of the trees, i.e., “three,” has no proper, no independent, 
“nature” (vas, cf. Metaphysics M6, 1080 a 15; 7, 1082 a 16; 
8, 1083 b 22, and elsewhere). Their being “so many, just like 
their being, for instance, “green,” is dependent on their 
being trees. 

At the root of this Aristotelian conception lies the 
“natural’’ meaning of arithmos; the assertion that certain 
things are present “in a certain number”’ means only that 
such a thing is present in just this definite multitude: “To be 
present in number is to be some number of a [given] object.” 
(76 Selvou ev dpiOu@ eori ro elval Twa apiOpov Tob mpeyparos — 
Physics A 12, 221 b 14 f.; cf. Pp. 46 f.) But now, in deter- 
mining the ontological standing of number, it becomes 
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important not only to remember the “‘natural”’ significance 
of the arithmos but also to take into account its “dependence.” 
Necessary though it be to presuppose numbers of “pure”’ 
units in order to understand the prior knowledge of numbers 
which is revealed in our daily calculating and counting, yet 
we must not, on that account, conceive of their being as 
independent, and separate or “absolute.” The mode of 
being of the “pure” numbers can simply not be sufficiently 
determined from the point of view of the attempt to 
“account for (speaking Platonically: of an “account of the 
responsible reason” for — Aoyropds airias, cf. Meno 98 A) the 
possibility of counting and calculating.!!2 Rather the depen- 
dence and bondage is indicative of the being of number. The 
whole difficulty is here precisely to bring this character of 
all possible numbers, and thus also of “ pure’ and “mathe- 
matical” number, into consonance with the purely noetic 
nature of the latter. 

How will we be able, we must ask, to extract all the single 
parts (uépy), the single “constituents of a thing which we 
get hold of in the logos one after another, e.g., “this” 
“round” “white” “‘column,’ from the concrete context 
into which they are fitted by reason of their being and to 
study each of them separately? Clearly only in this way: 
that in each case we disregard certain attributes of the thing in 
question, ignoring the nexus of being which links them all 
to one another. This “ disregarding of . . .” isable to produce 
a new mode of seeing which permits something to come to 
light in the aistheta which, for all their variety and transitori- 
ness, suffers no change but remains always in the same 
condition, thus fulfilling the demand that it can be an object 
of some science, of an episteme. In particular, the possibility 
of subjecting the numerical aspects (or the dimensions) of 
aistheta to an apodeictic discipline is based on this “dis- 
regarding of” every particular content. This, as Aristotle 
says, assures us “that there may be definitions and proofs 
[i.e., a science] of sensible magnitudes, though not insofar as 
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these are objects of sense, but insofar as they are just such 
[namely so great or so many]” (671 eSéxerau Kal tept rev ato- 
Onta@v peyeOav eivar Kat Aoyous Kat amodei~ers, un 7 Sé atabnra 
dN’ F rovdSi — Metaphysics M 3, 1077 b 20 ff.). As objects of 
knowledge, these mathematical objects — the stereometric, 
planimetric, and arithmetic formations which are, as it were, 
read off the aistheta — are no longer subject to the senses, 
though they do not achieve any independent being, i.e., a 
being alongside that of the aistheta. Rather, their being 
remains dependent on the being of the objects of sense. How- 
ever, insofar as the mathematical aspects become visible in 
their “purity, detached from all other content, they may be 
isolated within the “ whole’ and may be, without detriment 
to their dependence, “lifted off,” as it were, from the 
“whole.” For their more exact investigation this holds no 
danger. For: “if someone, positing things as separated from 
that which [otherwise] goes with them, examines them for 
that about them by which they are such [namely ‘sepa- 
rable’], there will be no more falsification because of this 
than when someone draws something on the ground [for 
the purpose of demonstrating geometric theorems] and says 
that it has the length of a foot when it has not;!!3 for the 
falsity is not in the premises [as such]. (ei ris O€wevos 
KeywpLapeva TOV avpPePNKOTWY OKOTEL TL TEPL TOUTWY FH TOLAUTE, 
odfev dia TottTo Weddos Pevoerar WomTep oVd OTA Ev TH YH ypady 
KQL TOOLALAY OH THV [LN TrOOLALAY’ OD yup Ev TALS TpOTAGEGL TO WEddOS 
—_1078 a 17 ff.) Such a mode of study not only does not 
falsify, but it even allows the object of study to appear 
especially clearly: “Each thing may be viewed best in this 
way — if one posits that which is not separated [i.e., which 
has no separate existence] as separate, just as the arithmetician 
and the geometer do.” ("Apiora 8’ av otrw Oewpnbein Exacrov, 
el Tis TO py KEXwWpLopEevov Dein ywpioaus, OEP O aptOuNTLKOS TrOLEt 
kal 6 yewuerpns — 1078 a 21 ff.) This is the way in which 
these mathematical formations first become objects of 
science, which then has to accept their content, their “ what, ” 
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as given. Moreover, science simply has to “‘accept”’ 
(AcpBévew) the “being’’ of the various original formations, 
namely of the “one,” the “line,” the “plane,” etc., and to 
“derive” from it the “being”’ of the rest, i.e., to display 
the noncontradictory connection of all the arithmetical and 
geometrical content which was given in advance (cf. Posterior 
Analytics A 10, 76 a 31-36). But to determine how this 
‘being’ itself is to be understood — this is no longer 
the task of mathematics but of “first philosophy” 
(pwn pirocodicz ) alone (ee Metaphysics K 4, 1061 b 25-27). 
It is her task to trace the mode of availability of the mathe- 
matical formations back to a separation effected by reflective 
thought. Aristotle’s so-called “theory of abstraction’”’ is, 
after all, not so much a “psychological” explication of 
certain cognitive processes as an attempt — fraught with 
heavy consequences for all later science — to give an 
adequate ontological description of noetic objects like the 
mathematika. 

Science studies those objects, which in respect to their 
being are not “detached,” as if they were detached or 
separated from objects of sense: “It thinks the mathematical 
objects which are not separate as separate when it thinks 
them.” (r& pabnuarikd od Keywpropeva cds Keywpiapeva voet, OTav 
von éxetve — On the Soul T 7, 431 b 15 f.) Accordingly 
the mathematika have their being “by abstraction” (éé 
éhoupécews), that is, their separate mode of being arises from 
their being “‘lifted off,” “drawn off,” “abstracted.” This is 
why the “dependence” of mathematical formations works 
no detriment to their noetic character. For being “lifted off” 
is only a different expression for precisely that afore- 
mentioned “disregarding” of all the other content of 
things. In this “disregarding of...” the objects of sense 
wither away, as it were, and become “items” or “mere 
bodies.” Thus these things are deprived of their aisthetic 
character and, to a great extent, robbed of their differences: 
“The mathematician makes those things which arise from 
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abstraction his study, for he views them after having drawn 
off all that is sensible ..., and he leaves only the [object of 
the question] “how many?’ and continuous magnitude.” 
(...06 pabnuarixos wept Ta €& ahaipécews THY Dewpiay Trovetra, 
TEpieA@y yap tevra Ta aicOnra Gewwpet ..., wovov dé KaTadelmet TO 
TOOOV KML GUVEXES .. . — Metaphysics K 3, 1061 a 28 ff.) i the 
reduction goes so far that things are no longer regarded 
even as “mere bodies” but only as “items,” these things 
have been transformed into “neutral” monads. Just this 
“neutrality” of things which have withered away into 
mere countable “items” constitutes the “purity’’ of the 
“arithmetic’» monads and turns them into the noetic 
material which underlies scientific study. Not original 
“detachment” but subsequent “indifference” characterizes 
the mode of being of pure numbers (Metaphysics M 2, 1077 
a 15-18). 

For Pythagorean science, as for Platonic philosophy, the 
basic problem of the theory of numbers was the problem of 
the “unity” of an arithmos assemblage — how the “many”’ 
can be understood as “one” at all. We saw that the whole 
structure of Greek theoretical arithmetic is conditioned by 
this approach. We saw, furthermore, that the Platonic 
doctrine of the arithmoi eidetikoi implies that the unity of 
numbers ultimately has its roots in the indivisible qualitative 
wholeness of a genos (cf. Pp. 90, 92 f., also Pp. 55 f.). 
Speaking generally, for Plato generic identity is the ultimate 
foundation of all possible unity. This is the very view which, 
above all, Aristotle attempts to refute in his attack on the 
chorismos thesis: Not only is the problem of the “unity” of 
the numbers or of the fact that soul and body are indeed one, 
or generally the problem of the relation of eidos to sensible 
object, not solved in this way: “...by reason of what the 
numbers are one, or the soul and the body, or generally, the 
eidos and the thing, no one tells us at all...” (... riv of 
apiOol ev 7 7 vyn Kal TO CHa Kat OAws TO Eldos Kat TO TPeyLO, 


obdev Aéyer oddeis... — cf. Metaphysics A 10, 1075 b 34 ff; 
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cf. also K 2, 1060 b 10-12); but also if generic identity entails 
unity, then “unity ’’ is attributed to formations which, strictly 
speaking, cannot be “one” at all. Indeed, in speaking of 
“number,” for instance, we mean precisely more than “one 
thing ’’: “Some things are one by[immediate mutual] contact 
lof the parts], others by mingling, yet others by the disposition 
[of the parts]; none of this can possibly occurin the monads of 
which the dyad and the triad [consist], but just as two men 
are not one thing over and above both of them [being each by 
himself one], so is it necessarily also with [pure] monads.”’ 
ee ee ee er ee ee ee 
UTapyew Tats wovacw €€ wy 7 duas Kal n Tpias’ aAX’ wWorrep ot SvO 
avepwrot ody EV TL TAP GUPOTEPOUS, OUTWS AVAYKN Kat TAS LoVadas 
— M 7, 1082 a 20 ff.) What misleads us is precisely the 
supposed “detachment” of the pure monads, since under 
this supposition the possibility of collecting two monads in 
one arithmos-assemblage cannot but be understood as the 
effect of an original and therefore independent eidos, be it the 
“odd” (&prov), be it the eidetic “two” (cf. P. 57 ff. and 
93). For these monads, whose noetic character manifests 
itself in their “absolute” indivisibility (see Pp. 40 f.), in their 
unlimited multiplicity (see Pp. 51 and 54), and in their 
complete similarity (see Pp. 22 f.),!!4 just do not offer any 
“natural’’ articulation (such as is found in the ever different 
and ever divisible objects of sense) which might serve as the 
original source of delimitation and unification productive of 
particular assemblages, i.e., of definite numbers. And since 
the pure “monads”’ are, in truth, only objects of sense 
reduced to mere countable “items,” “they do not differ 
[from aistheta] because they are indivisible [while aistheta are 
divisible], for points [which, although they are also purely 
noetic formations, can nevertheless be immediately ‘repre- 
sented’ by sensible signs] are also indivisible, and yet there is 
nothing other aside from their ° being two’ [i.e., no ‘one’ thing 
different from themselves] which might be termed their 
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at orvypat adiatpetor, aAN’ dws mapa Tas SYo odvbev Erepov 7) Suds 
abrav — Metaphysics 1082 a 24-26; cf. also M 9, 1085 a 23- 
31). A number is simply not one thing but a “heap”’ (awpés) 
of things or monads (cf. Metaphysics H 3, 1044 a 4; M 8, 
1084 b 21 f.; also above, P. 51).115 “Being a number’ is 
not a koinon, to be taken as a ““whole”’ above and alongside, 
as it were, the parts of the “heap” (cf. Metaphysics H 6, 1045 
a 8-10). © For a number is [only] that which has been counted 
or can be counted.” ( apvO0s yap n TO npOunwéevor n TO 
&pOunrdv — Physics A 14, 223 a 24 f.; cf. 5, 204 b 8.) Our 
preknowledge of all possible numbers does, to be sure, make 
available indifferent formations, each of which represents “‘a 
number by which we count” (épiOucs & dpiOuodpev — 
Physics A 11, 219 b 5 ff.; 220 b 4 f.), but it is a number which 
does not coincide with what is counted, and must not be 
called one. But just as this “availability’’ (which should, 
following Plato, be called a “stored possession” [x7fous] and 
not a “ possession in use’ [és] — Theaetetus, 197 B ff.; cf. 
Aristotle, Posterior Analytics A 1) is revealed only as the 
counting proceeds, so also it is derived from the experience of 
counting multitudes and of culling from them those in- 
different formations “by abstraction” (é& adaipécews). If we 
center our attention on this preknowledge itself, so that it is 
raised to the rank of a science (cf. Pp. 19 f. and 49 f.), we 
see that here too we are dealing with “heaps,” namely 
with heaps of “pure’’ monads, which may be understood 
as “separable” but not as originally “detached.” In this 
inexplicit preknowledge, numbers “are one’ only as 
much as is anything whatever which extends “over the 
whole”’ (xa6édrov, cf. Posterior Analytics B 19), 1.e., which is 
general. As objects of explicit mathematical knowledge, the 
numbers of “pure’’ monads are as little “one thing’ as any 
number of sensible objects (cf. also Metaphysics M 4, 1079 a 
34-36).110 

There remains, it is true, the question by what those num- 
bers which are “heaps’’ are demarcated from one another, 


108 PART ONE 


how it is possible to call one number just that, namely one. 
But this question should be posed only concerning objects 
which are actually counted. When we consider that all 
counting presupposes the homogeneity of that which is 
counted insofar as it is counted (see Pp. 46 and 53), we see 
not only that every number consists of many units, i.e., is 
many “ones” (éva, see P. 51), but also that it is kept 
together by a common measure, namely by a particular unit 
which has become the basis of the count; this common 
measure first enables “many ones” to become “many”: 
‘For each number is ‘many’ because each is [made up of | 
‘ones’ and because each is measured by [its own] ‘one’.” 
(ToAAG yap ExaoTos 6 apLOos GTi Eva Kal OTL wETPNTOS evi ExaoTOS 
— Metaphysics 1 6, 1056 b 23 f.; cf. Physics A 12, 220 b 
20-22.) In this sense the “ one’’ (or the one thing subjected to 
counting) makes counting and thus “counting-number ’”’ 
possible: In this sense it takes precedence over number and 
may be called its arche (cf. Pp. 53 f. and Metaphysics A 6, 
1016 b 17-20; 15, 1021 a 12 f.; N 1, 1088 a 6-8). The 
priority of the one over number does not follow from a 
relationship of superiority of genus over species, but rather 
from the character of the one as “measure.” And likewise 
the “unity” of a number is not of a generic sort but derives 
from the unity which each object has in virtue of being a 
“measure” of the count. We comprehend a number as one 
because we do our counting over one and the same thing, 
because our eyes remain fixed on one and the same thing.}17 
And so in reverse — that things “‘are one’ marks them as 
countable; it follows from this and only from this that “‘to 
be one is to be indivisible.” (76 évi eivau 7d &Staupérw eoriv 
efvac — Metaphysics 11, 1052 b 16; cf. 13, 1054 a 23; further- 
more, Physics 7, 207 b 6f., and P. 53.) For indivisibility 
belongs to things only insofar as they supply the measure of a 
possible count. And only insofar as it is understood as in- 
divisible is a thing called “ one”’: “ Whatever is not subject to 
division is called one in respect of that by reason of which it 
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is not divisible.” (. . . doa pr) yer Suadpeow, F pr) Eyer, radry 
év Adyerau... — A 6, 1016 b 4-6.) Thus the “one” is not 
a common property (xowdv — I 1, 1053 a 14) but a 
meastire (uérpov — 1053 b 4 f.; 1052 b 18 ff.; A 7, 1072 a 
33;.N 1, 1087 b 33 ff.). And thus also the unity of a number 
of things is only the unity of its “ measure,” namely of the 
very object which is subjected to counting and is in that 
capacity indivisible, whence number can be very generally 
defined: “For number is a multitude measured by a 
unit. (€or. yap c&piOucs mABO0s évi petrpnrsv — I 6, 1057 
augiet.) 

Now just as in every measurement, be it of weight, of 
speed, of area, of distance, etc., we count off the respective 
units of measurement (A 6, 1016 b 21 ff.; 11, 1052 b 19 ff.; 
N 1, 1087 b 34-1088 a 2) — which is why we may call 
a mere count a measurement’ and the counted thing a 
“measure” — so we habitually reduce every count to a 
neutral expression. We do not say: one apple, two apples, 
three apples, but rather; one, two, three... (cf. M7, 1082 b 
35). Here we are already seeing objects as “reduced” 
structures, i.e., as indifferent, simply countable material (see 
Pp. 104 f.). In raising this procedure to the rank of a science 
by confining counting and calculating to “ pure’’ monads,!¥8 
we turn the property of “being one” and of “being in- 
divisible” as such into an object of study. For the mathe- 
matical monas is nothing but the property of being a measure 
as such, which has been “lifted off” the objects. This is why 
the arithmetician understands the monas as the measure 
which is “totally indivisible” (wavrn ddcaiperov —I 1, 1053 
a 1 f.;A 6 1016 b 25), and consequently also as “completely 
exact’ (d&«puBéorarov — 1053 a 1). This is the basis of the 
universal “applicability” of the “pure” numbers: “For a 
human being as a human being is a thing one and indivisible; 
but [the arithmetician] has already posited the indivisible one 
[namely the “detached” monas, see above, P. 103], and then 
sees later what might belong to a human being that would 
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make him indivisible” [i.e., what makes him subject to being 
counted or reckoned with as a ‘unit’ ].” (& peév ydp Kal 
adtaiperov 0 avOpwros 4 avOpwros’ 0 6 Beto Ev adiaipetor, eft 
eOewprnoev et TL TH aVOPWTIW GUUBEBnKEev 7 adiaiperos — M 3, 
1078 a 23-25.) And exactly the same may clearly be said of 
any countable being whatsoever. 

Aristotle’s ontological view of mathematika, especially of 
the “pure’’ numbers, soon comes to influence the develop- 
ment of mathematical science itself. In respect to theoretical 
arithmetic, it is clear that the eidos concept will now have a 
considerably smaller significance than it did within the 
Pythagorean-Platonic framework. The eide of numbers can 
no longer be understood as structures which give unity and 
unambiguous articulation to the realm of numbers (cf. P. 
54). If they are to havea place at all, the individual numbers 
themselves must henceforth be considered as eide, that is, in 
the “derived” sense (cf. Metaphysics Z 4, 1030 a 18-27): 
‘When someone treats of the whole he must divide the 
genus into the ultimate elements which are indivisible in kind, 
for instance, number into triad and dyad... .” (xpi) 8é, drav 
oAov TL TpayparedynTal Tis, SveAEty TO yevos Els TA HTOMA TH EEL 
T& Tpa@Ta, olov apiOuov ets tpiada Kai dvada... — Posterior 
Analytics B 13, 96 b 15 ff.) The “even,” the “odd,” the 
‘“even-times-odd,”’ etc., on the other hand, are now no more 
than the “peculiar characteristics” (t8ce 7&6) of numbers 
(cf. Note 37; Physics B 2, 194 a 3-5). They represent merely 
a quality™!9 (zovrns) of numbers, for instance, the character 
of being a “composite’’ number, that is, a “plane” ora 
‘solid’? number (in contrast to a “prime number” and a 
“linear” number), while their being (ovata) is the multitude 
of units as such, for instance “six’’ — where “being’”’ is 
again to be understood in the “derived” sense. Indeed, the 
“what” of each number insofar as it is a number is precisely 
that quantity which it indicates; thus “six’’ units are not in 
themselves “two times three” units or “three times two’ 
units, for this indicates only their “composite quality,” but 
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“once six’: “For the being of each number is what it is 
once, for instance that of six is not what it is twice or thrice 
but what it is once; for six is once six. (odola yap éxcéorov 
ise é&pB 108 | é|for to — Bonitz, Ross| ama&, otov trav E€ ody 6 
Sis 7) Tpis clot, GAN’ 6 aemak: E€ yap anak €& — Metaphysics A 14, 
1020 b 7 f.; also b 3-7.!2°) The “arithmetical” books of 
Euclid (VH, VU, IX) directly mirror this ontological trans- 
formation. The geometric form of their presentation is 
suggested not only by a consideration of the great problem 
of “incommensurability’’ which forces a thorough “geo- 
metrization’» on Greek mathematics (cf. P. 43). The 
“pure units of which the numbers to be studied are com- 
posed are ‘here understood precisely only as “‘units of measure- 
ment’ such as can be represented most simply by straight 
lines which are directly measurable (rather than by points; cf. 
especially Metaphysics M 8, 1084 b 25-27), quite independ- 
ently of whether they form a “‘linear”’ (prime), “plane,” or 
“solid’’ number.!2! The same approach is indicated by 
Definitions 8, 9, 11, 12, 14 of the seventh book (namely of 
even-times-even, even-times-odd, odd-times-odd, prime 
and composite number: apO.os APTLALKLS MpTLOS, APTLAKLS 
TEplooes, TEpicTaKis TEpioads, mpaTos and avvberos), which 
define the nature of each number with respect to the measur- 
ing character of its factors (cf. also Defs. 3 and 5) — this is the 
very approach which Nicomachus and Domninus, at least, 
make every effort to avoid.!22 It must be stressed that the 
“even-times-even, “even-times-odd,” and “odd-times- 
even” numbers are, according to the Euclidean definitions, 
not mutually exclusive (cf. IX, 32-34).!23 In the light of 
lamblichus’ criticism of these definitions (Pistelli, 20 ff.) this 
shows very clearly that the object is no longer to provide 
a (more or less unambiguous) classification of all numbers 
but only to determine certain of their properties. For 
the same reason Euclid can join Aristotle (Topics © 2, 153 
a 39 f.) in counting “two’ among the “prime numbers” 
(mparot apiOuoi), a classification which 1s impossible for 
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the Neoplatonic arithmeticians (see especially Theon 24, 
4-8), 124 ‘ 

From Aristotle's ontological conception insofar as it 
affects the problem of theoretical logistic, we can, however, 
draw another consequence, far more central in our context. 
We saw (Pp. 39 ff.) that the crucial difficulty of theoretical 
logistic as the theory of those mutual relations of numbers 
that provide the basis of all calculation lay in the concept of 
the monad, insofar as it is understood as an independent and, 
as such, simply indivisible object. Aristotle's criticism obviates 
this difficulty by showing that this “indivisibility’’ does not 
accrue to the monas as a self-subsisting hen, but by virtue of 
the measuring character of any such unit, be it of an aisthetic or 
a noetic nature. Only when the Aristotelian critique has 
taken effect can a whole series of “applied”’ sciences, such 
as were cultivated in the Alexandrian school, be justified as 
“sciences (cf. Physics B 2, 194.47 ff.) .The Metrics of Heron of 
Alexandria, for instance, starts out from the following obser- 
vation: In order, then, not to have to name feet or ells or their 
parts in each measurement, we will exhibit our numerical 
results as [reduced to indifferent] monads, for it is open to any- 
one to substitute for them whatever measure he wishes.’’!25 
(iva odv py Kal? Excorny weTpnow mddas 7) THYELs 7) TA TOUTWY WEPY 
ovapalwpev, emt povadwy Tovs aptOuovs exOnodpcBa: e€dov yap adras 
mpos 6 BovdAerat tis etpov Uroribecba. — Schone, Opera, IU, 
A, Prooem. 6, 4 ff.) Nothing now stands in the way of 
changing the unit of measurement in the course of the 
calculation and of transforming all the fractional parts of the 
original unit into “ whole’ numbers consisting of the new 
units of measurement. Thus even fractions can now be 
treated “scientifically.” If we disregard for a moment the fact 
that Plato’s demand for a theoretical logistic is in fact 
realized within a different context, namely in the general 
theory of proportions (cf. P. 44), there can be no doubt 
that only Aristotle’s conception of mathematika makes possible 
that “theoretical logistic” which suffered from the dilemma 
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of being at the same time postulated by the chorismos thesis 
and yet precluded from realization by that very thesis. We 
even possess a significant document which is able to give us 
a concrete notion of the type of theoretical logistic which 
can be built on Peripatetic foundations — the “ arithmetical” 
textbook of Diophantus. 





PART I 





9 


On the difference between ancient 
and modern conceptualization 


Tue resutts of the preceding investigation enable us to 
interpret the work of Diophantus in the light of the most 
general conceptual presuppositions of Greek arithmetic and 
logistic. This approach cannot but bring us into conflict with 
the standard presentation of Diophantus’ Arithmetic as a 
rudimentary stage of modern algebra and hence of our 
symbolic mathematics in general. The latter interpretation 
of Diophantus is, as we shall see, intimately connected with 
the self-conception of modern mathematics since Vieta, 
Stevin, and Descartes. This new self-definition of the 
mathematical enterprise rests essentially upon a certain re- 
interpretation of ancient mathematics (as of the whole of 
ancient science). To clarify this reinterpretation means 
nothing less than to gain renewed access to Greek numerical 
doctrine, which is precisely what we have attempted to do in 
Part I of this study. Yet a better understanding of the 
sections to follow requires some further reflections on 
fundamental matters. 

The difficulties in the way of an adequate understanding of 
the Greek doctrine of number lie above all (as hardly needs 
to be pointed out) in our own manner of dealing with 
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concepts — in the nature of our own intentionality. [By inten- 
tionality is meant the mode in which our thought, and also 
our words, signify or intend their objects;* cf. P. 207.] The 
necessity of abstaining as far as possible from the use of 
modern concepts in the interpretation of ancient texts is 
therefore generally accepted, and even stressed. It is clear, to 
be sure, that the feasibility of an interpretation not based on 
modern presuppositions must always be limited; even if we 
succeed in ridding ourselves completely of present-day 
scientific terminology, it remains immensely difficult to 
leave that medium of ordinary intentionality which 
corresponds to our mode of thinking, a mode essentially 
established in the last four centuries. On the other hand, the 
ancient mode of thinking and conceiving is, after all, not 
totally “strange” or closed to us. Rather, the relation of 
our concepts to those of the ancients is oddly “ruptured” — 
our approach to an understanding of the world is rooted in 
the achievements of Greek science, but it has broken loose 
from the presuppositions which determined the Greek 
development. If we are to clarify our own conceptual 
presuppositions we must always keep in mind the difference 
in the circumstances surrounding our own science and that 
of the Greeks. 

In Greek episteme the life of “cognition” and “knowl- 
edge” was recognized for the first time as an ultimate 
human possibility, one which enables men to disregard all 
the ends they might otherwise pursue, to devote themselves 
to contemplation in complete freedom and leisure, and to 
find their happiness in this very activity. This possibility is 
contrasted with the bondage imposed by the affairs of the 
day. Here science stands in original and immediate opposi- 
tion to a nonscientific attitude which yet is its soil and in 
which it recognizes its own roots. In attempting to raise 


* See J. Klein, “Phenomenology and the History of Science,” 
Philosophical Essays in Memory of Ed. Husserl (Cambridge, Mass., 1940), 
pp. 143-163 [Trans.]. 
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itself above this nonscientific attitude, science preserves 
intact these given foundations. It is therefore both possible 
and necessary to learn to see Greek science from the point of 
view of this, its “natural” basis. In its sum-total Greek 
science represents the whole complex of those “natural” 
cognitions which are implied in a prescientific activity moving 
within the realm of opinion and supported by a preconcep- 
tual understanding of the world. 

Our science, the ““new”’ science whose foundations were 
laid in tue sixteenth and seventeenth century, is very 
differently circumstanced. Here the “natural” foundations 
are replaced by a science already in existence, whose principles 
are denied, whose methods are rejected, whose “knowl- 
edge’ is mocked — but whose place within human life as a 
whole is placed beyond all doubt. Scientia herself appears as 
an inalienable human good, which may indeed become 
debased and distorted, but whose worth is beyond question. 
On the basis of this science, whose fundamental claim to 
validity is recognized, the edifice of the “new” science is 
now erected, but erected in deliberate opposition to the concepts 
and methods of the former. It is perfectly true that, as is 
pointed out again and again, the founders of the “new” 
science — men like Galileo, Stevin, Kepler, and Descartes — 
are carried by an original impulse which is quite foreign to 
the learned science of the schools. The scientific interest of 
these men and their precursors is kindled mostly by problems 
of applied mechanics and appplied optics, by problems of 
architecture, of machine construction, of painting, and of the 
newly discovered instrumental optics.!26 But it is neverthe- 
less true that the conceptual frame for their new insights is 
derived from the traditional concepts. The very claim of 
passing on true science, true knowledge, induces the necessity 
of continual reorientation by reference to the traditional, 
firmly consolidated edifice of science. The “new” science 
shares with scholastic science the most general presupposi- 
tions of that “scientific attitude’’ which was developed by 
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Greek science in opposition to a “natural’’ existence. More- 
over, it returns to the sources of Greek science, which had 
been neglected by scholastic science, although it interprets 
both the presuppositions and the sources from a basis which 
is utterly foreign to ancient science. And this reinterpretation 
of the ancient body of doctrine, which brings with it a 
characteristic transformation of all ancient concepts, lies at 
the foundations not only of all concept formation in our 
science, but also of our ordinary intentionality, which is 
derived from the former. 

Now that which especially characterizes the “new” 
science and influences its development is the conception which 
it has of its own activity. It conceives of itself as again taking up 
and further developing Greek science, i.e., as a recovery and 
elaboration of “natural” cognition. It sees itself not only as 
the science of nature, but as “‘ natural”’ science — in opposition 
to school science. Whereas the “naturalness” of Greek science 
is determined precisely by the fact that it arises out of 
‘natural’ foundations, so that it is defined at the same time 
in terms of its distinction from, and its origin in, those 
foundations, the “naturalness’’ of modern science is an 
expression of its polemical attitude toward school science. This 
special posture of the “‘new’’ science fundamentally defines 
its horizon, delimits its methods, its general structure, and, 
most important, determines the conceptual character of its 
concepts. 

In Greek science, concepts are formed in continual depen- 
dence on “natural,” prescientific experience, from which the 
scientific concept is “abstracted.” The meaning of this 
“abstraction,” through which the conceptual character of 
any concept is determined, is the pressing ontological prob- 
lem of antiquity; it becomes schematized in the medieval 
problem of universals, and, in time, fades away completely. 
The “new” science, on the other hand, generally obtains its 
concepts through a process of polemic against the traditional 
concepts of school science. Such concepts no longer have 
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that natural range of meaning available in ordinary discourse, 
by an appeal to which a truer sense can always be distin- 
guished from a series of less precise meanings. No longer is 
the thing intended by the concept an object of immediate 
insight. Nothing but the internal connection of all the 
concepts, their mutual relatedness, their subordination to the 
total edifice of science, determines for each of them a univocal 
sense and makes accessible to the understanding their only 
relevant, specifically scientific, content. In evolving its own 
concepts in the course of combating school science, the new 
science ceases to interpret the concepts of Greek episteme 
preserved in the scholastic tradition from the point of view 
of their “natural” foundations; rather, it interprets them 
with reference to the function which each of these concepts 
has within the whole of science. Thus every one of the newly 
obtained concepts is determined by reflection on the total 
context of that concept. Every concept of the “new’’ science 
belongs to a new conceptual dimension. The special 
intentionality of each such concept is no longer a problem: it 
is indifferently the same for all concepts; it is a medium 
beyond reflection, in which the development of the scientific 
world takes place. The more recent endeavors to provide the 
edifice of science with a firm logical foundation do not alter 
this aspect of the situation. 

In the present study we are dealing only with the history 
of concept formation within a certain scientific field, namely 
the mathematical. What has been said holds also for mathe- 
matical concepts. For the development of mathematics 
cannot be isolated from the general history of the modes of 
understanding — however strenuous an effort may be made 
to shape mathematics into a self-contained, independent 
discipline. To go even further — the nature of the modifica- 
tion which the mathematical science of the sixteenth and 
seventeenth century. brings about in the conceptions of 
ancient mathematics is exemplary for the total design of 
human knowledge in later times: What we are referring to 
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is the intimate connection between the mode of “ generaliza- 
tion” of the “new” science and its character as an “art.” 
The most characteristic expression of the above connec- 
tion is to be found in the symbolic formalism and calcula- 
tional techniques of modern mathematics. We shall see it 
displayed in all that follows. In particular, this intimate 
relation between the mode of generalization employed by 
the new science and its “art’’ character has determined the 
modern interpretation of ancient mathematics. Zeuthen was 
not the first to understand the ancient mode of presenting 
mathematical facts as a “ geometric algebra, ’!27 although he 
was the first to use this concept consistently. To anticipate, 
this interpretation can arise only on the basis of an in- 
sufficient distinction between the generality of the method and 
the generality of the object of investigation. Thus Zeuthen 
himself immediately relates his concept of “geometric 
algebra” to that of “‘general magnitude”; “geometric 
algebra,” being a general method, has for its proper object 
precisely this ““general magnitude. !28 Thereby the whole 
complex of problems which presented itself to the ancients 
because their “scientific’’ interest was centered on questions 
concerning the mode of being of mathematical objects is 
obviated at one stroke; ancient mathematics is characterized 
precisely by a tension between method and object. The 
objects in question (geometric figures and curves, their 
relations, proportions of commensurable and incommensur- 
able geometric magnitudes, numbers, ratios) give the inquiry 
its direction, for they are both its point of departure and its 
end. The way they determine the method of inquiry is 
shown especially in the case of “existence” proofs, ie., 
demonstrations that the “being” of a certain object is pos- 
sible because devoid of self-contradiction (cf. P. 104). The 
problem of the “general”’ applicability of a method is there- 
fore for the ancients the problem of the “generality” 
(xeO6Aov) of the mathematical objects themselves, and this 
problem they can solve only on the basis of an ontology of 
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mathematical objects. In contrast to this, modern mathe- 
matics, and thereby also the modern interpretation of 
ancient mathematics, turns its attention first and last to method 
as such. It determines its objects by reflecting on the way in 
which these objects become accessible through a general method. 
Thus, arguing from the ° “generality” of the linear presenta- 
tion in Euclid’s “arithmetical” books, namely from the fact 
that with their aid all arithmoi, in all their possible relations to 
one another, can be grasped, its proponents reach the 
conclusion that this ‘generality’ of presentation is intent 
upon “general magnitude.” Now what is characteristic of 
this “ general magnitude ” is its indeterminateness, of which, 
as such, 2 concept can be formed only within the realm of 
symbolic procedure. But the Euclidean presentation is not 
symbolic. It always intends determinate numbers of units of 
measurement, and it does this without any detour through a 
“general notion” or a concept of a ‘general magnitude.’ 

illustrating each determinate number of units of measurement 
by measures of distance it does not do two things which 
constitute the heart of the symbolic procedure: It does not 
identify the object represented with the means of its represen- 
tation, and it does not replace the real determinateness of an 
object with a possibility of making it determinate, such as 
would be expressed by a sign which, instead of illustrating a 
determinate object, would signify possible determinacy. 
Although in Euclid the linear presentation of the “‘arith- 
metical” books is tailored to the requirements of the theme 
of the tenth book, with which the earlier books have a 
‘systematic’ connection (cf. P. 43), yet the objects of these 
books are, in spite of the sameness of method, different: Books 
VII-IX deal with numbers which are so defined as to be 
always commensurable (cf. VII, Def. 2, 14-16), while Book 
X, on the other hand, deals with magnitudes whose ratios 
cannot be reduced to number ratios (cf. X, 5-8) and which 
are incommensurable precisely on this account. And again, 
when in the arithmetical books an arithmetical, or more 
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exactly, a logistical proposition is demonstrated generally 
with the aid of lines, this does not in the least mean that there 
exists either a general number or the concept of a “ general,” 
i.e., indeterminate, number corresponding to this general 
proof (cf. on this above all Aristotle, Posterior Analytics A 24, 
85 a 31-b 3). In the second book of Pappus (Hultsch, I, p. 2 
ff.), where he presents and comments on Apollonius’ system 
of counting and calculating (see Part I, Note 36), we may see 
directly the manner in which the general “linear approach’ 
(76 ypoppuxdy) intends only determinate numbers (cf. the 
comments of Hultsch, III, 1213-1261).!29 Since here, as in 
Euclid, the single illustrative lines are additionally identified 
by a letter, the possibility arises of representing the numbers 
intended by those letters. This does not, however, in the least 
amount to the introduction of symbolic designations. Letters 
for indicating magnitudes and numbers seem to have been 
used already by Archytas (cf. Tannery, Mém scient., III, p. 
249; also Note 41). On these letters Tannery comments (ibid., 
p. 249; cf. also III, p. 158): “La lettre remplace bien un 
nombre quelquonque ..., mais seulement 1a ot' ce nombre 
est supposé placé; elle nen symbolise pas la valeur et ne se 
préte pas aux opérations,” ie., the letter does not symbolize the 
value of a number, and does not lend itself to being operated on.13° 
Aristotle, too, made use of such mathematical letters, e.g., in 
the Physics and in On the Heavens; and he even introduced 
them into his “logical” and “ethical” investigations. But 
such a letter is never a symbol”’ in the sense that that which 
is signified by the symbol is in itself a “general” object.!3! 

In the sections to follow we shall have to trace the con- 
ceptual transformation which permits the ancient arithmos to 
appear as “ number’ ("‘Zahl’’) — as opposed to “numbered 
assemblage’ (““Anzahl’’) — and concomitantly, as “general 
magnitude. This transformation is heralded at the end of the 
Middle Ages by an increasing interest in the practical, ice., 
applied, mathematical disciplines. In contrast to “ theoretical” 
arithmetic and geometry (arithmetica et geometria specula- 
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tiva) such as especially Boethius, using Neopythagorean or 
Neoplatonic sources, passes on to the Middle Ages, the 
corresponding “practical” disciplines of logistic and men- 
suration (arithmetica et geometria practica) are now preferred 
(cf. Part I, Section 2.) These disciplines are consistently 
understood as “artes”; to learn them means to master 
the corresponding “‘rules of the art.” “Artful procedure,” the 
“practica’’ or “praxis” of calculating and measuring, is the 
object of this doctrine. Now at that significant moment 
when these disciplines first succeed in gaining recognition as 
part of the “official” science, it is precisely their character as 
“arts which is thought to lend them their true theoretical 
dignity.!32 Conjointly with this, the structure of the objects 
with which mathematics deals is transformed. A new kind of 
generalization, which may be termed “symbol-generating 
abstraction, leads directly to the establishment of a new 
universal discipline, namely “ general analytic,” which holds 
a central place in the architectonic of the “new science. And 
this whole process, which it is our task to describe in detail, is 
mainly initiated by the reintroduction and assimilation of the 
Arithmetic of Diophantus. 


IO 


The Arithmetic of Diophantus as 
theoretical logistic. The concept of eidos 
in Diophantus 


‘Tus six sooxs by Diophantus!33 which have come down to 
us under the title Arithmetica (’ApiOynrixa) — Diophantus 
himself speaks of thirteen books in the preface (16, 7) — 
essentially teach the solution of those computational prob- 
lems which are known today as determinate and indetermi- 
nate equations of the first and second degree. In the course 
of his presentation Diophantus uses, besides various other 
signs, a series of abbreviations for unknowns and their 
powers which enter into the calculation itself, thus lending 
it an “algebraic” character. This is why Diophantus could 
come to be called — always with certain reservations — the 
“inventor” or “father’’ of our present-day algebra.!34 
Nesselmann,!35 and later Tannery!3® and Heath!37 already 
stressed the fact that we have every reason to doubt Dio- 
phantus’ originality, although no similar work from antiq- 
uity is known to us. The material assimilated in Diophantine 
problems is to be found already in Thymaridas (cf. P. 36), 
in Plato (Laws 819 B, C), in the Charmides scholium (cf. P. 12), 
in the “arithmetical” epigrams of the Palatine Anthology, and 
in Heron of Alexandria.!38 And although the form in which 
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this material is presented by Diophantus cannot be docu- 
mented before him, there is reason for the claim that he must 
have been related to his predecessors somewhat as Euclid was 
to the authors of the earlier Elements (Theodias, Leon, and 
Hippocrates of Chios), whose works were completely 
eclipsed by the Euclidean compilation.139 

In addition, attempts have long been made to connect the 
“ Alexandrian” Diophantus directly with the Egyptian 
tradition and even to understand the whole Diophantine 
technique as a development of the Egyptian Hau (“heap’’) 
calculations.!4° In contrast to this, Neugebauer has recently 
fitted Diophantus’ work into a far more extensive context. !4! 
He sees in him the last offshoot primarily of the Babylonian 
“algebraic” tradition, a tradition which the Arabs later 
continue directly on the basis of direct oriental sources and 
not only through Greek mediation.!42 That the science of 
Diophantus exhibits certain non-Greek traits can hardly be 
denied.1#3 But whatever the case for the more remote pre- 
history may be — the intentionality of a work which devel- 
oped, as did this one, on Hellenistic soil must first of all be 
understood on the basis of Greek presuppositions. With 
respect to the “latent algebraic component in classical 
Greek mathematics” and the incisive difference between 
external structure and internal motivation which is implied 
by this, Neugebauer himself emphasized the “necessity of 
formulating the question in terms which might almost be 
said to belong to stylistic history."'44 Such a formulation 
presupposes a certain independence of the material mathe- 
matical content from the “external”’ form, which amounts, 
in the final analysis, to taking it for granted that the content 
is to be understood “algebraically.” But our task consists 
precisely in bringing the content of Greek mathematics to 
light not by externally transposing it into another mode of 
presentation but rather by comprehending it in the one way 
which seemed comprehensible to the Greeks. Only then can 
we determine what kind of conceptual means Greek, in 
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distinction from modern, mathematics employs. And 
similarly, only by making explicit the particular character of 
Greek intentionality, whose peculiar transformation in the 
sixteenth and seventeenth century is equivalent to the 
“introduction of a completely new means of expression for 
mathematical thinking,’’!45 namely, a formal “algebraic” 
symbolism, can the specific conceptual character of the latter 
be understood. 

Tannery's evaluation of the significance of Diophantus in 
the history of Greek mathematics is now generally accepted, 
and we must therefore briefly review it: Tannery sees 
Diophantus’ achievement as original, or at least as based on 
only a few predecessors — it consists in the new conception 
which he had of the object of logistic. Even the title of his 
chief work: “Arithmetika” bears witness to this new con- 
ception, for only an episteme, a true science, would be thus 
designated.!46 Diophantus is therefore said to have raised 
logistic to the rank of a real science. This is why he adds the 
“demonstration” (démdSeéis), i.e., the actual solution of 
each problem; the earlier logisticians failed to do this 
precisely because logistic was then not a true, “ apodeictic, ’ 
science. Above all, the ““numbers’’ with which he calculates 
are, with a single exception (the thirtieth problem of the 
fifth book), “abstract” and not “concrete” as the “num- 
bers’’ of the logisticians before him had been, at least for the 
most part. Later writers then misunderstood his work and 
interpreted his new “abstract” logistic in the spirit of the old 
‘concrete’ study. Thus an anonymous commentary on 
Nicomachus (printed in the second volume of the Tannery 
edition of Diophantus, p. 73) says: “ For Diophantus, in the 
thirteen books of his Arithmetic, treats of the measured 
number fi.e., the number counted off on things]”’ (rov yap 
petpovpevov apiOuov Aidodavros ev Tots d€xa kat Tprolv avTod PrBAiots 
THs apilueriKhns mrapadiowow ), while Nicomachus speaks of | 
the measuring number, the number itself.!47 

In a later publication (1896),!48 Tannery attempted to give 
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an explication of the “abstract” character of Diophantine 
problems, which does not, however, quite fit the exposition 
just mentioned, and which rests on highly controversial 
presuppositions. Basing his argument on the relation of 
Diophantus to Anatolius, the bishop of Laodicea, a relation 
supposedly implied by the Psellus fragment discovered by 
Tannery (printed in the second volume of the Tannery 
edition of Diophantus, pp. 37 ff.), he thought that he could 
identify the Dionysius to whom the Diophantine Arithmetic 
is dedicated with St. Dionysius, the bishop of Alexandria, 
and he concluded from this that the Diophantine textbook 
was intended for use in the Alexandrian catechumenical 
school; it followed that Diophantus must have been a 
Christian.'49 This thesis seemed to him to find particular 
support in the special form of the Diophantine Arithmetic. 
For the usual verbal problems composed in terms of pagan 
mythology, as we know them from the Palatine Anthology 
and the Archimedean Cattle Problem, would obviously be 
unsuitable for instruction at a Christian school. But to 
relinquish such verbal formulations would immediately 
produce that thoroughgoing “‘abstractness’ which the 
Diophantine problems in fact have. (Note, in addition, that 
the verbal formulation of the thirtieth problem of the fifth 
book is not of a mythological sort, apart from the fact that 
this problem at the end of the book may perhaps be a later 
addition.) 

This exposition does, in agreement with the afore- 
mentioned anonymous commentary, ultimately present the 
Diophantine Arithmetic as a ‘logistic’ in the Neoplatonic 
sense which has sloughed off its “concrete” aspects only in 
avery external way; yet from this point of view the “‘scien- 
tific,’ “theoretical”’ character of Diophantus’ work would 
not really be quite comprehensible. Clearly the opposition of 
“abstract” and “concrete” is insufficient for characterizing 
a work of this kind. It is, to be sure, characteristic of 
Diophantus that he calculates with arithmoi which are nothing 
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but numbers of pure monads. But such numbers cannot, 
without further ado, simply be called ““abstract’’ (see P. 48). 
What is crucial is rather to know how the being of these 
monads is understood, whether as independent and therefore 
incapable of any division, or as the result of reduction to 
“neutral” items which merely indicate the character of the 
“measure” and thus easily admit further partition. Now 
which of these two possibilities is here realized cannot be in 
doubt. 

First of all, it is immediately clear not only from “ Defini- 
tion I” (2, 14 f.), which is reminiscent of Euclid VII, Def. 2 
(cf. P. 51), and according to which “‘all numbers consist of a 
certain multitude of monads”’ (... mavras tovs aptOpnovs 
ovyKeysevous €x pdovadwv mA/Oous twés...) but also from the 
way in which Diophantus designates the numbers which 
are presupposed as “known” (the determinates — oi 
U)pLapLEvor — 6, 6 f.) in the calculation, that we are indeed 
dealing with numbers of pure monads. The letter which 
gives the number of monads usually has, in accordance with 
“Definition II” (6, 6-8), the sign for monas (M) as a prefix; 
for instance: Mé (four units) M7sv (six thousand and four 
hundred units), etc. Nesselmann!5° and, following him, 
Tannery!5! and Heath's? have attempted to explain this 
notation as follows: Diophantus simply juxtaposes those 
expressions in an equation which we now conjoin by a plus 
sign and does not separate them by a special connecting 
sion; now if the sign M were left out, the coefficients of an 
unknown would run together with the expression for any 
“known number’ which might follow, so that, for instance, 
skMa (twenty unknowns-+ five monads) would, without the 
M sign, look like this: sé, which could then easily be 
confused with sxé (twenty-five unknowns). We nay object 
that in most cases such an amalgamation is not possible, and 
that in the rest it could easily have been rendered impossible 
by means of a special word or word sign, e.g., “and.” 
Indeed our own plus sign (+) seems to be nothing but a very 
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much simplified ligature of that same word in Latin (et).153 
The introduction of such a connecting sign must, on the 
contrary, have seemed unnecessary precisely because the M 
sign had already excluded any such amalgamation. But the 
use of the sign itself was the result of the meaning of the word 
arithmos in common speech, namely: a determinate number of 
determinate things — in the extreme case this might be a 
number of units of measurement, or of “ pure’ or “neutral” 
monads (cf. Pp. 46 ff.).154 This linguistic usage also occurs 
throughout the Metrics of Heron (cf. P. 112), where it has 
not yet, to judge from the surviving manuscript (of the 
eleventh or twelfth century),!55 coagulated into a univocal, 
fixed sign language. The same holds for the second book of 
Pappus (of which we have fragments—Hultsch, I, p. 2-28), 
where the system of calculation and the nomenclature of 
Apollonius are described (cf. Note 36). The same linguistic 
usage is, incidentally, the basis both of Apollonius’ system of 
nomenclature and of Archimedes’ exposition in a lost work 
addressed to Zeuxippos!5® as well as in the Psammites; both 
depend on the introduction of units of a higher order which, 
when counted, yield numbers of a higher order; they are 
called by Archimedes “numbers [formed] analogously to 
those based on monads” (ép.Opot amd povedos avddoyov — I, 
ayo, 2 tealid 21 1.262724 Ul, 240, 2 and 20 f, andi 20, etc.), 
by Apollonius simply “analogous numbers” or “ analogues’”’ 
(cvadoyor [apr8.01 | Or ta avaerdoya — Pappus, Hultsch, I, pp. 
20, 13, and 20; 28, 13, and 21; 26, 4; cf. Hultsch, II, p. 1213); 
these then permit unusually large numbers of simple monads 
to be pronounced, written down, or made objects of calcu- 
lation without much difficulty.!57 Even within the ordinary 
system of counting, the myriad, the unit-ten-thousand 
(uvpits), forms a new and higher unit, and so, actually, 
already does the chiliad, the unit-thousand (yrs), if the 
numerical adjectives thousand, two thousand, three thousand 
( yiAror, duayxiAcor, TpraytAcot ) and their written form are taken 
into account.!58 The systems of Archimedes and, above all, 
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of Apollonius represent nothing but the consistent develop- 
ment of the Greek mode of thought and speech. : 
Although in this respect the Diophantine Arithmetic is 
obviously in line with the ordinary prevailing Greek under- 
standing and treatment of number, it is, on the other hand, 
clear that it is founded on an ontological conception of monads 
which is altogether irreconcilable with that of the Neo- 
platonists. In the Diophantine text calculation with fractional 
parts of the unit of calculation, 1.e., the division of this unit, is 
simply admitted without comment (most clearly in the 
formulations of the thirty-first problem of the fourth book 
and in problems 9, 10, 11, 12 of the fifth book) ;159 so also the 
unknown and its powers can, according to “ Definition IIT”’ 
(6, 9-21), appear as “ denominators’ of such fractions, which 
then bear their name “by derivation” (zapopotws)!©° from 
these same “unknown” magnitudes, as for instance, the 
“cubic fraction,’ i.e., the reciprocal of a cubed unknown (+6 
kuBoorov, from xvBos, cube) and the “square-times-square 
fraction, i.e., the reciprocal of an unknown taken to the 
fourth power ( TO OVVAJLOOVVALOOTOY, from OVVALOOVVaLLLS, 
fourth power), etc. What is more, this handling of fractional 
parts of the unit clearly does not diminish the “theoretical’”’ 
character of the whole work, although this ought to be the 
case in the light of Neoplatonic conceptions (cf. Pp. 43 and 
44 f.). This “theoretical,” apodeictic, character shows itself 
unambiguously in the fact that every problem, with the 
exception of those of the sixth book and of the thirtieth 
problem of the fifth book, is both posed and solved in 
terms of “pure” monads. Furthermore, the course of the 
solution, the apodeixis (cf. 256, 12; 430, 17; 208, 13, etc.),!®! 
is in each case strictly “methodical,” i.e., transferable to 
other cases of the same type, although, since the calculation 
involves determinate numbers, it cannot always be effected 
without difficulty. In certain cases ever new solutions can 
indeed be found “infinitely many times” (émeipayas) on the 
basis of an apodeixis completed once (cf. especially 184, 4 f. and 
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200, 21). Furthermore, the rules for the treatment of a first- 
degree equation, as well as of the pure quadratic and pure 
cubic equation, etc. (“ Def. XI,’ 14, 11-20), the “ method of 
backward calculation” (the expression is Nesselmann’s, 
Algebra der Griechen, p. 370), which is generally called the 
method of the “false supposition,” continually used by 
Diophantus, and finally also the rule for the solution of the 
so-called “double equation” (cf. 96, 9 ff.162) have a general 
character. The Arithmetic of Diophantus is thus indeed a 
theoretical work (cf. the expression “arithmetical theory’? — 
apiOuntiKn Gewpic mam. 14) which does not scruple to 
introduce fractional parts of the unit of calculation into the 
inquiry. This is possible only if the ontological understanding of 
the monas is Peripatetic in character (see Pp. 104 ff.).1©3 This 
means that in Diophantus, as in Heron (cf. P. 112), we are 
dealing with “neutral” monads obtained “by abstraction” 
(e€ adaipécews — whereby, incidentally, the thirtieth 
problem of the fifth book ceases to be an exception). But 
when, on the other hand, we consider the essential content 
of the Diophantine work as it appears in the formulations of 
the problems themselves, the thought that this is a discipline 
to which the Platonic definition of logistic (see P. 17) is 
immediately applicable can hardly be avoided. 

In judging this work, we should indeed not allow our- 
selves to be guided by modern algebraic concepts. With 
these in mind, it appears to be Diophantus peculiarity — 
corresponding to the primitive stage of algebra which he 
represents — to pose problems belonging to indeterminate 
analysis (which, mostly through the agency of Fermat, gave 
rise to the present-day concept of the so-called “ Diophantine 
equations’), but always to transform these problems into 
determinate equations by means of arbitrary numerical 
assumptions which permit a univocal (although by no means 
exclusively integral) solution. Beyond this, the crucial weak- 
ness in Diophantine technique must, in the light of modern 
techniques of solution, appear to be that it is not directed 
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toward obtaining general solutions. Now Diophantus 
does know problems and solutions of a “general” kind 
(in his terms: ““in the indeterminate [solution]”” — é& 7r@ 
copiorw OL év rH copiorw |sc. dvaer]), namely those which 
leave their object “ indeterminate’’: “ For to seek [the solution 
of a problem] indeterminately means that a hypothetical 
expression [must be constructed] such that, of whatever size 
someone wishes the unknown to be, when he [chooses the 
unknown and] sets it in the hypothetical expression, the 
conditions of the problem [as formulated in the expression] 
are preserved.» (TO yap copiotws Cnreiv eotw va h brdoracts 
TOLUUTN H, Va OGoU TLS BéAEL TOV § Elval, EL TAS UTOOTKCELS TrOLnOaS 
owon 76 émitawypa—232, 6-8.) And similarly: The procedure 
[of finding the resolution] ‘in the indeterminate [solution]’ 
is such that, of however many monads someone might wish 
the unknown to be, when he sets [the indeterminate number] 
in the hypothetical expression, the problem is [at once] 
completed.” (ro 57 ev TH aopiorw Isc. Avoet Adew| TOLovTOV EOTLY, 
iva. Tov S$, oowv av tis BéAer M civan, emi tas vroordoets Toncas, 
mepavyn To mpoPAnua — 278, 10-12.) But it appears that such 
problems and solutions have a merely auxiliary character. This 
holds not only for problems explicitly designated as such 
(namely the lemmata to IV, 34, 35, 36 and lemma 1 to V, 7), 
where it is required to find certain “indeterminate numbers ”’ 
(dpiOuot d&dproror) subject to certain requirements, but for 
problem IV, 19 as well, which is preliminary to the problem 
following; furthermore, it holds for all problems within 
which the “indeterminate” solution forms only a stage 
preliminary to the final one, as is the case especially in 
problems IV, 16, 17, 21; V, 18; and in a series of problems 
in the sixth book.!®4 Seen under the aspect of the conceptual 
presuppositions of Greek numerical doctrine, Diophantus is 
throughout concerned only with finding wholly determinate 
numbers (and under certain circumstances also wholly deter- 
minate fractional parts of the unit of calculation) such as have 
to eack other a certain particular relation given by the problem. 
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Thus the Diophantine work does indeed represent a 
theoretical logistic, namely one founded on a Peripatetic theory 
of number relations. Seen in its own terms, it is not organized 
around types of equations and methods of solution — which 
is what modern interpreters usually look for!®5 — but 
according to the possible relations that numbers, particularly 
“ quadratic’ (rerpéywvor) and “cubic” («JBo.) numbers and 
their “roots” (Aevpad — sides; cf. 2, 17-22; cf. also 16, 2-4), 
can bear to one another. 

From this point of view, the Arithmetic of Diophantus is 
not very far from the “arithmetical” books of Euclid (VII, 
VIII, IX). Not only is the Euclidean linear presentation used 
in problem V, to (and, incidentally, also in the work on 
polygonal numbers), not only are all the problems of the 
sixth book directed toward finding right-angled triangles 
with “rational” sides (or “rational” angle-bisectors, cf. VI, 
16), so that here, as in Heron, the monads appear as units of 
calculation immediately “abstracted” from units of measure- 
ment,!©° but Diophantus’ whole work is related to these 
Euclidean books as a highly developed, detailed science to its 
“elementary” foundations. Like these, it therefore appears 
as an arithmetical work (cf. P. 43). To go even further — 
Euclid in general provides the background of Diophantine 
science. Whether the Porisms (ITopicpar«) to which Dio- 
phantus refers (316, 6 ff.; 320, 5 ff. and 358, 4 ff.) formed a 
part of the Arithmetic itself or were an independent work,!®7 
it is in any case hardly possible to avoid being reminded of 
the Euclidean work by the same name,!®8 just as the con- 
cepts of “enunciation ”’ (zpéracis); of “reduction” (deve), 
i.e., of one problem to another, prior one; and of “lemma ~ 
(Affe) in Diophantus correspond toEuclidean terminology. 
(Cf. also the “restrictive condition’ — mpoad.opiaj.os — 30, 
6; 340, 9 f., called in Euclid, Archimedes, and Apollonius 
Scopicuds; cf. Proclus, in Euclid. 66, 20 ff., where the | 
concept is traced back to Leon, and 202, 3 f.; furthermore, 
Pappus, Hultsch, II, 636, 15 f£.; also “side’’ — mAceupd, i.c., 
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root; cf. Euclid VII, Defs. 17, 18.) So also the Diophantine 
concept of the arithmoi aoristoi becomes transparent only in 
connection with the corresponding geometric concept, 
which Diophantus uses in the sixth book, namely “the 
triangle given ‘in ficure’”’ (tpiywvov Sedouéevov 7H elder — 
396, 11 f. etc.; see Euclid, Data, Def. 3), which is a right 
triangle given only by shape, and therefore only in terms of 
its angles and the proportions of its sides. (In these problems 
of the sixth book the sole point is to determine the propor- 
tions correctly, from which, taken together with the further 
conditions of the problem, a univocal solution follows 
immediately.) Although it is especially characteristic for 
Diophantus that he emancipates himself extensively from 
the geometric mode of presentation and understands even 
geometric concepts © arithmetically, 169 we should not, on 
the other hand, overlook his connection with the strict 
mathematical tradition which goes under Euclid’s name and 
which is, as we saw (Pp. 110 ff.), influenced in essential 
respects by the Peripatetic doctrine concerning mathemata. 
Here Suidas’ notice is of interest, according to which Hypatia, 
daughter of Theon of Alexandria, the editor and commen- 
tator of Euclid, wrote A Memorandum on Diophantus 
(dropvnpc ets Avodavrov).179 Note that Hypatia herself (died 
A.D. 415) was a member of the Alexandrian school which 
combined the cultivation of scholarship and of the various 
scientific and, especially, mathematical disciplines, with a 
definite leaning toward Aristotelianism, albeit permeated by 
Neoplatonic dogma. 

Diophantus’ use of “fractions” should by no means lead 
us to conclude that on the level of Diophantine logistic the 
concept of the arithmos comprehends the whole of what we 
call the “realm of rational number.” In order to understand 
a fraction as a ‘ nonintegral rational number,” arithmos, i.e., 
the “numbered assemblage,’ must itself already have been 
understood as “number” in the modern sense. We shall 
have to investigate the presuppositions of such an under- 
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standing in the last two sections. In Diophantus, at any rate, 
arithmos means — as it does in the whole of Greek mathe- 
matics — nothing but “a number of... .” Correspondingly, 
by a fraction Diophantus means nothing but a number of 
fractional parts.!7! The “ magnitude’ of such a fractional part 
corresponds to “how many” (ie., what multitude of) 
partitions the monas undergoes. The fractional part therefore 
takes its name from this multitude as “the fraction deriva- 
tively named ” (i TO O[LWVULLOV wopvov ); compare Euclid VII, 
37: If a number be measured by a certain number, the 
number measured will have a part having the same name as 
the measuring number.” Ibid., 38: “If a number have any 
part whatever it will be measured by a number having the 
same name as the part. ("Eav dpiOuds bd twos apibpuod 
LETPHTAL, O LETPOVLEVOS OpwrUpoV epos E€eL TH preTpodvTt. ’ Hav 
apOuos eépos €xy OTLODV, Vio Opwvjov apLOuod petpnOyjceTaL TA 
wéper. Cf. also Diophantus, “Def. III,” 6, 9 ff.; “Def. V,” 8, 
11 f.; “Def. VII,” 8, 16 ff., cf. also P. 43.) The expressions 
“ the reciprocal square, “the reciprocal cube’ (76 Suvapoordv, 
76 kuBoorév) are formed analogously (see P. 132). Now the 
larger the arithmos which does the partitioning, the smaller 
the “fraction” (udpiov) which arises from the partition, and 
just as numbers increase infinitely in the course of counting 
as well as in partitioning (2, 16), so the fractional parts of the 
units diminish infinitely. Thus the anonymous scholium to 
Iamblichus, Pistelli, 127 (second volume of the Tannery 
edition of Diophantus, p. 72) says: ““So Diophantus in his 
Fractional Parts; for fractions [involve] progress in diminu- 
tion carried to infinity. 172 (ovtws 0 Aiodavros év rots Mopia- 
OTLKOLS’ pLdpla yap THY els EAuTTOV THY ovadwv TmpdodoV Eis TO 
érerpov. )In this sense the monas does indeed form “ the border- 
line between [the realm of | number and fractions’ (épiBpy06 
Kat poptwy pebdprov), as the passage in Iamlichus (Pistelli, 11, 
9-11), to which the scholium refers, has it.173 In its character as — 
measure, the monas itself is not affected by any partition.!74 


What is divided is only a bodily, or perhaps a geometric, L.e., 


138 PART TWO 


linear, measuring “item”’ which is in itself divisible (cf. Pp. 
39 f.; 104; 109; 112). When a fractional part of a unit is 
multiplied as many times as the homonymous number 
indicates, the whole original unit is reconstituted (“ Def. V,” 
8, 11 f.). On the other hand, the fractional parts of an original 
unit may be transformed into a new unit by changing the 
measure (cf. P. 112), which is precisely what is done by 
Diophantus in problems I, 23, 24, 25; III, 14; VI, 2 and 16.175 
Moreover, Diophantus makes an effort to state the solutions 
of those problems where the introduction of a new measure 
would contradict the meaning of the problem in terms of 
only one fractional part (év udpiov) of the monas (as 1s seen 
especially clearly in problems IV, 34, 35; cf. also IV, 22, 37, 
teal 

It is, in fact, quite impossible to arrive at the concept of 
“negative” and “irrational” number by way of Diophantus 
concept of number. Therefore, in order to avoid “negative”’ 
and “irrational” solutions, a “restrictive condition’”’ 
(mpocd.opiopos ) is introduced in each case. An equation which 
leads to a “negative” or an “irrational” solution is “im- 
possible” (aSvvaros) or “not enunciable”’ (od pyri — Le., 
ir-rational), just as it is “absurd” (dromov) to state such 
solutions, particularly to state an “‘ir-rational number”’ 
(cpiBpuds ov pNTOS, er 312, 17 FOR Ora with 25) MORE ; 
424, 12 1. oun OS) 72 2IO.wt Die Oe Onno en. 
270, 4-6) — an irrational arithmos is precisely not an arithmos 
at all.!7© Nor can there be a realm of ‘negative’ numbers. 
It would sooner be possible to comprehend the fractional 
parts of the unit (in accordance with the definition in 
Iamblichus making “one” a boundary — peOdpiov — 
between numbers and fractional parts) under one separate 
realm, which would represent, as it were. the downward 
continuation of the realm of numbers beyond one. It appears 
from a series of formulations where the fractional parts 
(dp) and, incidentally, also the one itself, are understood 
as a kind of arithmoi that this notion is indeed not foreign to 


THE ARITHMETIC OFSBIOPHANTUS 139 


Diophantus (cf. especially problems IV, 12, 22, 23, 24, 26 and 
also Note 159). This, however, changes nothing in the funda- 
mental understanding of “fractions” set forth above, namely 
that they are fractional parts of whatever the unit of calcula- 
tion. happens to be. 

What has been said up to this point about Diophantus’ 
concept of number was shown to follow directly from that 
aspect of the arithmos which implies that it is a “number of 
something’ (cpiOuds twos, cf. Pp. 48, 50). To understand 
what follows, it is, however, no less essential to see that the 
other aspect of the arithmos, namely that the objects intended 
by it are precisely so and so many, is also preserved in Dio- 
phantus, as indeed in the whole of Greek mathematics. Here 
we are confronted with the important question whether 
Diophantine logistic may not contain within itself the 
possibility of a symbolic calculating technique. Since Vieta 
this question has been, on principle, answered positively, 
even, or rather especially, by those who see the Diophantine 
science merely as the primitive “preliminary stage’ of 
modern algebra. From the point of view of modern algebra 
only a single additional step seems necessary to perfect 
Diophantine logistic: the thoroughgoing substitution of 
“general” numerical expressions for the “determinate 
numbers, of symbolic for numerical values — a step which 
was, subsequent to a great deal of progress in the treatment 
of equations in general, finally taken by Vieta. This develop- 
ment, which leads from Diophantus over the Arabs and the 
Italian algebraists of the sixteenth century to Vieta, is 
understood as being strictly in line with the demands, as it 
were, of the subject itself. This view finds its chief support in 
two circumstances: (1) Diophantus’ calculation with the sign 
of the magnitude sought, where this sign is introduced into 
the very process of solution as it develops step by step 
(Hultsch, Pauly-Wissowa, see “ Diophantus,” pp. 1059 f.); 
(2) the existence of a general treatment of mathematical, and 
especially also of arithmetical, subject matter in Euclid, a 
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treatment which is exemplary for Greek mathematics as a 
whole and which scholars are generally inclined ‘to under- 
stand as “‘geometric algebra.” The second point has already 
been discussed (Pp. 112 ff.). Here we need only comment on 
the first point, the use of the sign for the unknown in the 
Diophantine text itself. [We follow Heath’s typography in 
using final sigma to represent this sign; see Diophantus of 
Alexandria,? p. 37.] 

In its special Diophantine sense of an unknown number, the 
arithmos is defined as “having in itself an indeterminate 
multitude of monads” (exw é€v €avt@ mAHO0s povddwyr 
édprorov) and is rendered by the sign ¢ (6, 4 f. — on the text 
cf. the second volume of the Tannery edition, pp. ix f.). The 
multitude of monads which the unknown number contains 
is, however, indeterminate only “for us” (zpos jas). The 
whole point of each problem lies precisely in this — that a 
completely determinate number of monads completes the solution 
of each problem. When the unknown or its sign is intro- 
duced into the process of solution, it is precisely not in- 
determinacy in the sense of “ potential’’ determinacy which 
is intended. Just as the indeterminate solution is always only 
provisional (see P. 134) and as the concept of the arithmoi 
aoristoi becomes fully understandable only on the basis of 
figures “ similar’’ to one another (i.e., given only in shape and 
not determinate in size), so also is the unknown to be under- 
stood as an “indeterminate multitude” (mA7O0s &dprcrov) 
only from the point of view of the completed solution, 
namely as “ provisionally indeterminate,’ and as a number 
which is about to be exactly determined in its multitude, like these 
other arithmoi aoristoi. Furthermore, it is not permissible 
simply to call the expressions dynamis, kybos, dynamodynamis, 
dynamokybos, kybokybos “ powers of the unknown.” Rather, 
we must attend to the way in which these terms are intro- 
duced by Diophantus himself. After mentioning the series of 
numbers going to infinity (2, 16) he lists as “ among these”’ (év 
rovrols — 2, 17) the quadratic and cubic numbers and 
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furthermore those numbers which result from “squaring” 
the quadratic, from multiplying a quadratic with a cor- 
responding cubic (i.e., one which has the same root as the 
quadratic), and finally from the “quadrature” of a cubic 
number.!77 It is by intertwining these and their roots in 
various ways, Diophantus goes on to say, that the texture of 
most “arithmetical” problems is knit (4, 7-10). Now if, as is 
usual, the numbers are marked by brief names indicating 
their kind, then they may well be called the elementary 
constituents of “‘arithmetical” science (4, 12-14). These 
names are, he says, dynamis, kybos, dynamodynamis, dynamo- 
kubos, kybokybos, i.e., square, cube, square-times-square, 
square-times-cube, cube-times-cube, each of which is in 
addition rendered by a “‘sign”’ (cnyeiov), namely A’, K’, AYA, 
AK’, K’K, in the solutions which follow (4, 14-6, 2). 
In this whole context no unknown or indeterminate number 
is so much as mentioned. Only at this point is the expression 
arithmos in the sense of an “indeterminate multitude of 
monads” (7AAO0s povedwv adpiorov), and its sign, s, as well 
as the sign for the immutable monas, M, introduced (6, 3-8). 
Thus, although within the course of each solution the 
numbers rendered by A’, K’, 4’4, AK’, and K’K have as 
their “root” (cf. 2, 19 f.; also Euclid VII, Defs. 17, 18) 
precisely the s for each case, it is by no means their original 
character to be merely the powers of an unknown or “ in- 
determinate’’ number. For even as powers of the s they 
represent only transformations of a determinate number of 
monads (cf. Aristotle, Posterior Analytics XU, 78 a 18). 
Exactly the same thing holds true also for the fractional 
parts homonymous with these, namely the “fraction named 
after ‘number, ‘square, ‘cube, etc... . [i.e., the reciprocals 
of the terms named earlier] ” (udprov &piOpoordv, Svvapoorer, 
xkuBootov, duvapoduvapoarov, duvayoKuBooTov, kuBoxuBoorov — 6, 
g=21; ci. P, 137). leis for this reason that the sign x, 
which denotes reciprocals (6, 20 f.), is not confined to the 
fractional parts named but is applicable to all root fractions 
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(cf. Note 171, also second volume of the Tannery edition, 
pp. xlii f.). There is, then, no sharp boundary between “the 
determinate’ (oi dpiopévo. — 6, 6 f.) and the “ indetermi- 
nate’? (aépuoro.) numbers.!78 Maximus Planudes (end of 
thirteenth century) is therefore perfectly justified in eluci- 
dating the facts implied in the rules for multiplication 
(IV—VIII, 8, 11-12, 18) by means of determinate numbers (in 
his scholia to the two first books of Diophantus, second 
volume of the Tannery edition, pp. 127 ff.), although these 
facts are especially emphasized by Diophantus only for 
dealing with the special numbers which are represented by 
the signs 4’, K’, 4’, K’, etc. The fact that the multiplica- 
tion of such a number with the homonymous fractional part 
of the unit yields one (Def. V’) is exclusively based on the 
fact that this holds for the multiplication of any number with 
its homonymous fractional part (cf. P. 138). That the multi- 
plication of several fractional parts of the unit again yields 
fractional parts which are homonymous with the product of 
the numbers homonymous with the original fractional parts 
(Def. VIL’) likewise holds true of all numbers and therefore 
also of those special multitudes of monads which occur 
within the course of the solution and which are, at that point, 
still “‘indefinite.”” We shall presently have to discuss “* Defini- 
tion VI,” which concerns multiplication with the unit itself, 
from another point of view. In any case, all these rules for 
multiplication are not “definitions ’’!79 in the Euclidean, and 
certainly not in the modern, sense; that is, rules by which 
certain relations among newly introduced magnitudes, and 
thus the magnitudes themselves, are originally determined; they 
are rather the rules of calculation already in use within the 
ordinary realm of numbers, which are here, in deference to 
the unfamiliar notation, merely explicitly confirmed. What 
is more, these rules can be inferred from the nomenclature 
itself: “They will be clear to you because they are pretty well 
expressed in the name itself” ( egovrat 6€ cot Karapavets dua 
To TpocdednADabat ayedov dua THS dvopacias — 6, 24 fo for the 
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relevant expressions show directly the multiplicative com- 
ponents of the numbers which are intended. 

Now what, more exactly, does this nomenclature mean? 
It concerns, as we have said before, the “kind,” the eidos, of 
numbers. In Diophantus we are, to be sure, no longer dealing 
with the original Pythagorean-Platonic eidos which is 
responsible for the characteristics of a “kind” because it 
gives unity to, and thereby originally makes possible, the 
being of numbers (cf. Pp. 54 ff.; 68 f.). And yet in Dio- 
phantus too the eidos of a number means — as in the Neo- 
platonic arithmeticians!8° — the characteristic of its kind 
which a number shares with other numbers, or by which it 
is, in turn, separated from them so that a classification of 
numbers can be obtained, except that this characterizing 
eidos is here understood rather in the Peripatetic-Euclidean 
manner, as a mere property of the various numbers (cf. Pp. 110 
f.). All numbers which exhibit one and the same such eidos 
belong to one and the same “class, exactly as, for instance, 
all hundreds belong to one and the same taxis (cf. Pappus, 
Hultsch, I, pp. 20, 14 f.; Domninus, Anecdota Graeca pp. 415, 
16 ff.), although it may well be that the same number is 
included in some other respect in another class. The classifica- 
tion which is based on so attenuated a concept of the 
eidos!8! has therefore no ontological but merely an instru- 
mental significance. For instance, all numbers which can be 
Rendetece Men Lieralcwon tine mmeansiG Kh, 5, Geta, . 
represent, in respect to their multiplicative composition, one 
eidos each, while all numbers which are written with the aid 
of the sign M likewise form an eidos by themselves (cf. e.g., 
114, 1 f.: the rest of the classes... of the unknowns and 
units’ — ro Aoure genes Elon TOV S KQL TOV M). Thus the sign X 
is said to be a sign “distinguishing the class” (ScacréAAovec 
ro €f50s — 6, 21) in that it allows the eidos in question (e.g., 
K’*) to be distinguished from the homonymous eidos (K”). 
Thus, with reference to the classes enumerated, the division 
of one number by another of another class is mentioned: 
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“the partitionings of the afore-mentioned classes” (oi 
eptopol TOV mpoKerpmevwrv eldav — I4, aN and practice in the 
additive, subtractive, and multiplicative combination of 
numbers of the same or of different classes is recommended 
(14, 3-10). So also the general rule (14, 11-23) for the treat- 
ment of equations of the first order (and of pure quadratic 
and pure cubic equations, etc.) has precisely this object — to 
order and combine the numbers according to their class 
membership until finally both sides (pépy, i.e., parts) of the 
equation are reduced to numbers of one class, that is, “ until 
one class becomes equal to one class’’ (éws av év efSos évi 
cider icov yévyra. — 14, 14).182 Now it is of the greatest 
significance that here the eide themselves are always mentioned 
and not the numbers, each of which belongs to a certain 
eidos. This is especially clear in the case of “Definition VI,’ 
according to which, when the eidos is multiplied by the unit, 
the “eidos so multiplied... remains the same eidos” (76 
moAuTrAacatdpevov efdos . . . ado 70 elS0s €orau — 8, 14 f.). And 
the problems are spoken of explicitly as “having their 
material for the most part concentrated in the classes as such”’ 
(mrctaTnvy exovTes THY em adbtots Tots eideor ovvnPpo.opéervny 
tAnv — 14, 25-27), ie., the presentation and solution of the 
problems takes place essentially in terms of the eide themselves. 
But this does not mean that the eide as such are numbers. Rather 
they represent, as we have shown earlier, a “ characteristic of 
the kind” of each determinate number. The fact that 
multiplication by the unit does not change the eidos means 
only that each number (or fractional part of the unit) taken 
“once” remains untouched in its multitude and consequently 
also in its kind,’ while, on the other hand, every multiplica- 
tive change of “kind,” such as, for instance, “Definition 
VIII’ (10, 1-12, 18) describes, is based on a change of the 
multiplicative composition of that particular multitude of 
monads. In other words, here too we must distinguish 
strictly between the procedure and the object; while the pro- 
cedure is applied to the eide which are as such independent of 
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each “multitude of monads”’ (7A#O0s povedwy) and in this 
sense “general” (xadAov), the object intended is in each case 
a determinate number of monads. Here, in the realm of 
mathematics, we thus find mirrored, albeit in a disjointed 
fashion which is no longer appropriate to the original 
phenomenon, the relation between eidos and single object — 
in the language of the schools, between “secondary”’ 
(Sevrépa) and ~ primary substance’ (mpaérn odoia).!83 On its 
home ground, that is, within Greek intentionality, this 
relation is taken as a “matter of course’; in Aristotelian 
ontology it is forcefully brought to the fore: As the single 
object is just that which we name in its eidos, and is there- 
fore accessible to ‘scientific’ treatment through it alone, 
so the numbers which the Diophantine problems are sup- 
posed to yield are available to the “scientific” grasp only 
in their “eidetic” nature; and this is precisely because in 
each eidos a completely determinate number of monads 
is always intended. Different as the Diophantine Arith- 
metic may seem when contrasted with the Neoplatonic 
“arithmetical” science, on this point it is altogether com- 
parable; it too deals with the multitude of monads essentially 
only in the medium of the eide (cf. Pp. 13 ff.; 32 ff; 
59 f.). 

What distinguishes the Diophantine eide from those others 
is, aside from the fact of their being limited to a few “ figur- 
ate’ ones, such as arise by multiplication and correspond to 
the “figurate’’ numbers,'54 their purely instrumental 
significance. Within the calculating procedure itself the eide 
are used as special units of calculation exactly in the same 
sense in which units of a higher order occur in Archimedes 
and Apollonius (cf. P. 131) and in which the myriad is used 
in other places (cf. in Diophantus himself, 332, 8 f.: “1 
second-degree myriad, and 8-thousand 7-hundred 4-ty and 
7 first-degree myriads and 4-thousand s-hundred and 60 
monads 185 — p’ Ma net o’ msl rot Msb& = Sevrépwv 
uvpicdwv & Kal mpwTwr nibul Kai povadwy $é). So also the 
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sion for the ordinary unit, M, is introduced as a complete 
parallel for the sign s: “and its [i.e., the number’s] sign is s. 
There is also another sign, the invariant sign of determinates, 
the monad...M”’ (... €oTw adroo [sc. cp.B.08 | OnNLEtOV TO S. 
Eat S€ Kal ETEPOV ONLELOV TO GpEeTADETOV TOV WPLOLEVWY 7 LOVaS... 
M — 6, 5-8); and the “classes of unlike multitude” (€i8y p7) 
éuomdn 67), that is, the classes not “present” and “lacking” in 
equal number, e.g., 4’j44’B (eight “squares” less two 
““squares’) are spoken of in the same sense as elsewhere 
the different numbers of ordinary monads (14, 5 f. and 12). 
This is possible precisely because every eidos means, in 
every single case, just like the myriad, a definite number of 
units. 

But we must not forget that all the signs which Diophantus 
uses are merely word abbreviations. This is true, in particular, 
of the sign for “lacking,” 4 (12, 21), and of the sign for the 
unknown number, s, which (as Heath has convincingly 
shown) represents nothing but a ligature for ap (= dp.Opds; 
cf. Heath, Diophantus of Alexandria, pp. 32-37;18© on 4, see 
ibid. pp. 42 f.). For this reason Nesselmann (Algebra der 
Griechen, p. 302) called the procedure practiced by Dio- 
phantus a “syncopated algebra’’ which, he said, forms the 
transition from the early “rhetorical” to the modern 
“symbolic” algebra (according to Nesselmann even Vieta’s 
mode of calculation belongs to the stage of syncopated 
algebra). Léon Rodet (Sur les notations numériques et algébri- 
ques antérieurement au XVI siécle |1881]|, p. 69) has, with some 
justice, opposed this tripartite division with the thesis that 
only two types of algebra should be recognized, namely 
“Talgébre des abbréviations et des données numériques”’ and 
“Talgébre symbolique.” It is to the first type, that of the 
algebra of abbreviations and numerically given constituents, 
that the Diophantine “ Arithmetic’ unquestionably belongs. 
Of the second type Rodet says that “it was not born be- 
fore someone had had the idea of representing what is given 
in a problem in a general form by means of a symbol, and of 
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similarly symbolizing each of the operations by a special 
sign. In this way, he says, general solutions may then be 
achieved, be they numbers, figures, or natural phenomena. 
But in a historical study this should itself be the true prob- 
lem; How was it possible at all that in the face of a conceptu- 
ally self-sufficient and complete calculating procedure, such as 
the Diophantine Arithmetic is par excellence, the “idea” of a 
symbolic algebra was conceived? Or, more exactly: What 
transformation did a concept like that of arithmos have to undergo 
in order that a“ symbolic” calculating technique might grow out of 
the Diophantine tradition ? The Arithmetic of Diophantus may, 
to be sure, itself refer back to a pre- and non-Greek, perhaps 
even a symbolic,” technique of counting (cf. P. 127). The 
ease with which Diophantus carries out the multiplication of 
expressions which are composed of numbers of different 
“kinds,” the matter of-course fashion in which he handles 
such expressions in general, the way, furthermore, in which 
he teaches multiplication with “lacking’’ magnitudes, 
without, however, considering negative numbers possible as 
such,!87 and, finally, the purely instrumental use he makes 
of the eidos concept — all this does indeed show an inner 
tension between the “‘ material’ treated and the character of 
the concepts forced on it. But for the origin of modern 
aleebra and its formal language it was precisely the direct 
assimilation of Diophantus’ work and of its concepts which 
was crucial. The indirect route over the Arabs, by which the 
origin of modern algebra can also be traced, does, to be sure, 
likewise lead back to Greek sources, namely to Diophantus 
and Anatolius,!®8 but the tradition advancing along this 
route includes an independent pre-Greek element. From 
Leonardo of Pisa (beginning of the thirteenth century), via 
the “‘cossic’’ school and up to Michael Stifel (1544), Cardano 
(1545), Tartaglia (1556-1560), and Petrus Nonius (Pedro 
Nufiez, 1567), “algebra,” maintaining itself apart from the 
traditional disciplines of the schools, struggles for a place 
in the system of western science. While, however, the 
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“algebra” which has Arabic sources is continually elaborated 
in respect to techniques of calculation, for instance by the 
introduction of ‘negative,’ “irrational, and even so-called 
“imaginary magnitudes (numeri “absurdi’ or “‘ficti,”’ 
“irrationales” or “surdi,’ “impossibiles’’ or “sophistici’’), 
by the solution of cubic equations, and in its whole mode of 
operating with numbers and number signs, its seif-under- 
standing fails to keep pace with these technical advances. 
This algebraic school becomes conscious of its own “scien- 
tific’ character and of the novelty of its “number”’ concept 
only at the moment of direct contact with the corresponding 
Greek science, i.e., with the Arithmetic of Diophantus. Under 
the influence of the impression made by a reading of the 
Diophantine manuscript, Bombelli changes the “technical” 
character of his manuscript, which was probably already 
written by 1550.189 The third book of his Algebra, which 
appeared in a new version in 1572, now contains also (in a 
modified, partly “generalized” form) the majority of the 
problems in the first five books of Diophantus. Here the 
original verbal “cloaking” of the problems, which had been 
the practice in previous “algebraic” works, is abandoned in 
favor of a “pure” form taken over from none other than 
Diophantus.!9° In place of the term “censo,’”’ which renders 
the Arabic word for “means’’ corresponding to the Greek 
dynamis, the expression “ potenza’’!9! is used; for the term 
“cosa” (Latin: res, icc, “the [unknown] thing”), the 
expression “tanto” (corresponding to the Greek arithmos: 
“so and so many ’) is substituted.19? In 1575 there appears 
the first Latin translation of Diophantus by Xylander, which 
contains also the scholia of Maximus Planudes; in 1577 the 
algebraic work of Gosselin, which includes a treatment of the 
equations of Diophantus. Finally Diophantus is put into 
modern “symbolic” form in 1585 by Stevin and in 1591 by 
Vieta. Although Stevin, who depends directly on Bombelli 
for his terminology and symbolism, already makes the new 
“number” concept which is the basis of the “symbolic”’ 
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procedure completely explicit, it is Vieta who, by means of 
the introduction of a general mathematical symbolism, 
actually realizes the fundamental transformation of the 
conceptual foundations. We shall therefore now turn to the 
latter. 


Il 


The formalism of Vieta and the 
transformation of the arithmos concept 


A 
The life of Vieta and the general characteristics 
of his work 


‘Tue MATHEMATICAL investigations of Vieta (1540-1603) are 
in every respect characteristic for the situation of the “new” 
science at the turn of the sixteenth century. This is especially 
true of the place which these investigations take within 
Vieta’s own life. Born a Catholic, but personally unengaged 
in questions of faith, by profession a jurist, he entered the 
service of the Huguenot Antoinette d’Aubeterre (who held 
the seigniory of Soubise) at age twenty-four, and,as her legal 
adviser, became involved in the dispute between the 
Catholics and the Calvinists!93 which shook France to the 
foundations. On the side he supervised the education of 
Catherine of Parthenay, later of Rohan (the daughter of 
Antoinette d’Aubeterre), whose loyal friend and adviser he 
remained all his life. Of the lectures designed for her use 
(1564-1568), which comprehended all areas of knowledge, 
only one has come down to us. It appeared for the first time 
in 1637 in a French translation under the title Principes de 
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cosmographie!9* and indicates Vieta’s special interest in 
cosmological and astronomical questions. His chief work, 
Harmonicum coeleste (Harmonic Construction of the Heavens), 
which never appeared in print, was still available in manu- 
script in the nineteenth century (Libri is responsible for its 
later disappearance)!95 and seems to have been an outgrowth 
of these first didactic essays.1961!97 All the mathematical 
investigations of Vieta are closely connected with his cosmological 
and astronomical work. The Canon mathematicus, seu ad 
triangula (Mathematical Canon, or About Triangles, 1579), which 
is based on the works of Regiomontanus and Rheticus,!98 
was intended to form the preparatory “trigonometric’’ part 
of the main work.!99 The second part of the Canon, the 
Universalium Inspectionum ad Canonem mathematicum liber 
singularis (A Book of General Tables attached to the Mathematical 
Canon), gives, among other things, the computational methods 
used in the construction of the canon (constructio Canonis), 
and teaches, in particular, the computation of plane and 
spherical triangles with the aid of the general trigonometric 
relations which exist between the different determining 
components of such triangles. These relations are collected 
by Vieta in the form of tables which allow one to read off 
directly the relevant proportion (analogia) obtaining between 
three “known” and one unknown component of the 
triangle.2°° This work is directly related to problems in the 
formulation of equations as treated in the contemporary 
“algebraic” works of Cardano, Tartaglia, Nonius, Bombelli, 
and Gosselin. References by Peletier and Petrus Ramus,?°! 
as well as Xylander’s translation, must certainly have 
introduced Vieta to Diophantus’ Arithmetic,2°2 which he 
undoubtedly came to know also in the original.2°3 And 
from this study of the Diophantine work eventually grew 
his symbolic algebra, whose fundamental characteristics he 
sketched out programmatically in his work In artem analyticen 
Isagoge (Introduction to the Analytical Art), which appeared in 
1591. [For a translation of this work see the Appendix, 
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Pp. 315-353.] Of the writings announced there, only a part 
appeared during Vieta’s lifetime. Called to high official 
positions, adviser of Henry III and Henry IV,?% he hardly 
found time, aside from occasional writings,2°> to give his 
mathematical works the final form suitable for publica- 
flere’ 

It is important to be clear about the fact that modern 
mathematics is guided from the outset by cosmological- 
astronomical interests. This is true not only of Vieta, but of 
Kepler, Descartes, Barrow, Newton, etc. In this respect the 
“new ’ science repeats the course of ancient science (cf. Part I 
Section 7A). But the manner in which the founders of 
modern science set about attaining a mathematical compre- 
hension of the world’s structure betrays, from the outset, a 
different conception of the world, a different understanding 
of the world’s being, than that which had belonged to the 
ancients. They were not, for the most part, themselves aware 
of their own conceptual presuppositions; thence came the 
tension within the science which they founded: Eventually, 
the ancient legacy came into conflict with the modern mode 
of cognition which rests upon a new ontological under- 
standing. In the nineteenth century, this conflict then led toa 
new © formalized” foundation of infinitesimal analysis, and 
today its effects are seen in the struggle to fix the principles of 
mathematical physics. In germ it is already present in Vieta. 

In contrast to many of his contemporaries, for instance, 
Petrus Ramus and Bacon, Vieta’s comprehensive humanistic 
education does not lead him into open and explicit opposition 
to the traditional science. But he resembles them in turning, 
by preference, toward the neglected or unknown sources of 
ancient literary tradition. He wishes to be in every respect 
the loyal preserver, rediscoverer and continuator of our 
ancient teachers.2°7 The Harmonicum coeleste, whose time of 
origin coincides with Kepler’s Mysterium cosmographicum 
(1596), has the task of renewing in Ptolemy's spirit, his 
Mathematical Composition (Me@Onpari ovvragéis), the Alma- 
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gest. Vieta seems to accept the Copernican thesis because 
it retains the methods of Ptolemy's science.2% 299 Similarly, 
in his remaining mathematical writings he is always con- 
cerned not only with borrowing his terms directly from 
ancient terminology (or at least, when he must invent new 
terms, to match it as closely as possible) but also with inter- 
preting all ‘innovations,’ once they have been introduced, 
as a mere development of the tradition. All “innovation ’’ is 
for him, as for so many of his contemporaries, “ renovation’ 
(renovatio, restitutio; cf. L. Olschki, Galilei und seine Zeit 
[1927] P. 147; so also in the writings of Tartaglia, Comman- 
dinus, Galileo, Viviani). In the Letter Prefatory to the Isagoge 
(Appendix, P. 318), which is addressed to Catherine of 
Parthenay, he says characteristically : ‘Those things which are 
new are wont in the beginning to be set forth rudely and 
formlessly and must then be polished and perfected in 
succeeding centuries. Behold, the art which I present is new, 
but in truth so old, so spoiled and defiled by the barbarians, 
that I considered it necessary, in order to introduce an 
entirely new form into it, to think out and publish a new 
vocabulary, having gotten rid of all its pseudo-technical 
terms, lest it should retain its filth and continue to stink 
in the old way....’ (Quae nova sunt solent a principio 
proponi rudia et informia, succedentibus deinde seculis 
expolienda et perficienda. Ecce ars quam profero nova est, 
aut demum ita vetusta et a barbaris defaedata et con- 
spurcata, ut novam omnino formam ei inducere, et able- 
gatis omnibus suis pseudo-categorematis, ne quid suae 
spurcitiel retineret, et veternum redoleret, excogitare necesse 
habuerim et emittere nova vocabula. . . .) Thus in the edition 
of 1591 the Isagoge is described as a part of the “Opus 
restitutae Mathematicae Analyseos’ (Opus of the restored 
Mathematical Analysis) or of the “ Algebra nova.”2!° The very 
expressions “algebra” or “algebra et almucabala”’ clearly 
belong for Vieta to this barbarian “ pseudo-terminology. 
Descartes, incidentally, later follows him in this, speaking in 
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his Regulae of that “art which they by a barbaric name call 
algebra” (ars quam barbaro nomine Algebram vocant — 
Adam-Tannery, X, 377).2!! Passing over this “Ars 
magna, #!2 which is surrounded by mystery and recalls the 
dark art of the alchemists, Vieta claims to have been the first 
to have discovered the “previously buried genuine gold” 
(aurum fossile et probum) of the ancient mathematicians, 
which they had guarded jealously, and whose possession 
allows Vieta to solve not only, as people did before him, 
“this and that problem” singly, but precisely to manage 
problems of this kind in any desired amount — “by tenths 
and twenties’ (decadas et eicadas). The severe and pedantic- 
ally learned sobriety of his thinking?!3 is complemented by a 
consciousness of the immense power which this discovery 
gives to mankind and which he, anticipating centuries to 
come, expresses in the proud parole at the end of his Isagoge: 
“To leave no problem unsolved” — “Nullum non problema 
solvere.”’ 


B 
Vieta’s point of departure: the concept of synthetic 
apodeixis in Pappus and in Diophantus 


In order better to understand Vieta’s relationship to the 
ancients, a relationship typical for the sixteenth and seven- 
teenth century, we turn to his presentation of it in the 
Isogoge itself. The two main Greek sources on which Vieta’s 
work draws appear immediately in the opening chapter: 
(1) Pappus seventh book, which was destined to continue to 
play so significant a role in the development of modern 
mathematics,?!4 and (2) Diophantus Arithmetic.215 There is 
in mathematics, Vieta says, a special procedure for discovery, 
“a certain way of investigating the truth”’ (veritatis inquiren- 
dae via quaedam) which, so it is claimed, was first discovered 
by Plato.2!© Theon of Alexandria gave this procedure the 
name of “analysis’’ and defined it precisely, namely as a 
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process beginning with “the assumption of what is sought as 
though it were granted, and by means of the consequences 
[proceeding to] a truth [which was in fact already] granted ” 
(adsumptio quaesiti tanquam concessi per consequentia ad 
verum concessum), just ““as in converse’ (ut contra) he 
defined “synthesis” as a process beginning with ‘the 
assumption of what is granted and by means of the con- 
sequences [proceeding to] the conclusion and comprehension 
of what is sought”’ (adsumptio concessi per consequentia ad 
quaesiti finem et comprehensionem). These definitions,?!7 
which are here ascribed to Theon, also occur in Pappus in a 
modified and clarified form, namely at the beginning of his 
seventh book (Hultsch, I, P. 634, 11 ff.).218 In a scholium to 
Euclid?!7 it is shown with reference to the first five theorems 
of the thirteenth book how the “synthesis”’ results in each 
case from the preceding “‘analysis’’ by means of conversion 
(analysis and synthesis both proceeding “without drawing 
the figure” — dvev xaraypadis — Heiberg-Menge, Pp. 366, 
4; 368, 16). And Pappus, who mentions the aforesaid pro- 
cedure with reference to the so-called Treasury of Analysis 
(dvadvopwevos té70s), emphatically stresses the relationship of 
conversion. Now according to the application to be made of 
the “analysis” — whether it is to be applied to the discovery 
of the proof of a’ theorem’ or to the solution (i.e., construction) 
of a problem” — Pappus distinguishes two kinds, two gene, of 
analysis: “‘the one is for searching for the truth [i.e., zetetic, 
from ¢nréw, to search|, which is called theoretical, and the 
other is for supplying what is required |i.e., poristic from 
mopitw, to supply’], which is called problematical (76 pév 
Cntntikov TaAnBods, 6 Kadetras Dewpnrixdv, TO O€ TroptaTiKOV TOD 
mporabevros, 6 KaAetrae mpoBAnpariéov — Hultsch, II, P. 634, 
24-26). Thus in the first case the conversion of the analysis, 
the “synthesis,” represents a direct apodeixis, while in the 
second case it consists first of a geometric construction 
(xarackeuvy), Or sometimes a porism (zopicpds, i.e., the 
production or finding of something already implicit in the 
figure; Hultsch, II, p. 650, 16 ff.; cf. Note 46), upon which 
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the apodeixis then follows.2!9 However, in elucidating the 
difference between “‘theoretical” and “problematical” 
analysis, Pappus at both times calls the synthesis simply an 
“apodeixis’’: “ And in reverse, the proof is the converse of 
the analysis. (636, § f.: Kai 1) dmddeuEts avriorpodos 7H avadvcen, 
also 636, 12 f.: Kat wceAw 7 andderkis avtiatpodos TH &vaddcer.) 
So also in Diophantus—and this was clearly crucial for Vieta’s 
terminology — the conversion of each solution, namely the 
“test proof” which is intended to show that the numbers 
found do, indeed, fulfill the conditions, that they “do the 
problem” (mrovodat TO TpoPAn.x Ve is called apodeixis ; the 
words © and the proof is clear”’ (kai 4 émdderéis davepe) form 
the conclusion of a whole series of his problems (cf. second 
volume of the Tannery edition, Index, see dd8etEts).22° On 
the other hand, we must recall that it is, after all, particularly 
characteristic of the Diophantine procedure to operate with 
the quaesitum, namely with the number sought in each case, 
as with something already given or “granted” (concessum). To 
construct an equation means nothing but to put the conditions 
of a problem into a form which enables us to ignore whether 
the magnitudes occurring in the problem are “known” or 
“unknown.” The consequences (consequentia) to be drawn 
from such an equation, that is, its stepwise transformation 
into a canonical form2?! (its standard form, as we would say), 
finally lead, by means of computation, to the finding of the 
number sought, i.e., to the “true’’ number which is only 
then, at the end, “‘granted’’ (verum concessum). Should an 
“impossible” number (see P. 138) result from the final 
computation, the problem itself is taken to have been badly 
posed, that is, impossible; as Pappus says: “If we come on 
[a solution] agreed to be impossible, the problem will also be 
impossible.” (é€av d€ advvarw opodoyoupéevw evTiywpev, cdUVVaTOV 
EoTaL Ka’ TO TPOPAN LA — Hultsch, P. 636, 13 f.) In that case it is 
in need of a condition of possiblity (S:opucuds), or in Pappus’ 
words (636, 15 f.), an © additional specification for when, and 
how and in how many ways the problem will be possible’ 
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(mpoduaorToAn TOU MOTE Kal TWs KaL TOOAYWS SUVATOV EOTaL [cet | TO 
7poBrAnua); Diophantus calls this condition a prosdiorismos (cf. 
Peaaigigpelzenrig since 

The point of departure for Vieta’s “renovation” is then 
this: He conjoins these facts, which are presented by Pappus 
only in reference to geometric theorems and problems (such as 
are found in Euclid, Apollonius, and Aristaeus), with the 
procedure of the Diophantine Arithmetic. On the basis of 
Pappus’ exposition, Vieta calls this procedure “analysis,” “ars 
analytice’ — “‘analytic art.” He is completely aware of the 
purely geometric character of the analysis intended by 
Pappus. In the Appendicula I to Apollonius Gallus (ed. van 
Schooten, pp. 339 ff.), confronted with certain problems 
which Regiomontanus?*3 could solve “algebraically, as 
he says’ (algebrice, ut loquitur) but not geometrically, he 
provides their geometric construction and notes by way of 
introduction that these geometric constructions are also of 
importance: “But algebra, as Theon, Apollonius, Pappus 
and the other ancient analysts passed it down, is generally 
geometrical and always exhibits the magnitudes which are 
sought either as an object |1.e., in a visible construction] or 
in number, or else it will be an ‘irrational or absurd problem’ 
[which here simply means ‘impossible’ — é8vvarov??4}.” (At 
Algebra, quam tradidere Theon, Apollonius, Pappus et alii 
veteres Analystae, omnino Geometrica est, et magnitudines, 
de quibus quaeritur, sive re, sive numero statim exhibet, 
aut erit &épnrov 7) é&Aoyov mpdBAnpwa.) He is, then, of the 
opinion that the geometric failure of Regiomontanus is in 
this case due to the fact that he did not know the genuine 
“algebra”’ at all. At the end of his work “Ad Problema, quod 
omnibus mathematicis totius orbis construendum proposuit Adrianus 
Romanus, Responsum(An Answer to the Problem in Construction 
which Adrianus Romanus Proposed to All the Mathematicians of 
the Whole World — 1595), he sets himself a problem which | 
he takes from the seventh book of Pappus, solves it under 
the name of “ Apollonius Gallus”’ (cf. Note 214), and notes 
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in conclusion: “But the problems which Regiomontanus 
solved algebraically he confesses he could sometimes not 
construct geometrically. But was that not because algebra was 
up to that time practiced impurely? Friends of learning, 
embrace a new algebra; farewell, and look to the just and 
the good.” (Sed quae problemata Algebrice absolvit 
Regiomontanus, is se non posse aliquando??3 Geometrice 
construere fatetur. An non ideo quia Algebra fuit hactenus 
tractata impure? Novam amplectimini, dArouabeis, valete, 
et aequi bonique consulite — van Schooten, p. 324). This 
“new” and “purified” algebra, which is represented by the 
“ars analytice,” is for Vieta quite as much “ geometric’ as 
“arithmetical.” Thus he conjectures that a generalized 
procedure which is not confined to figures and numbers lies 
not only behind the geometric analysis of the ancients but 
also, as we shall see, behind the Diophantine Arithmetic — 
although for Vieta the ultimate aim of this procedure is 
indeed to find geometric constructions and numbers; in the 
latter case, this means finding “possible” numbers, that is, 
according to the passage from Apollonius Gallus, such num- 
bers as have a direct geometric interpretation. 

Vieta’s conception of a “pure, “general” algebra which 
will be equally applicable to geometric magnitudes and 
numbers is met half-way by the general theory of proportions 
of Eudoxus as transmitted in the fifth book of Euclid. 
Aristotle had already used the Eudoxian theory of propor- 
tions, together with the “common notions” (xowai évvorae), 
as the classical example of a discipline which has a “general 
object’’ and is not bound to a specific realm of objects: 
“Among the mathematical [sciences]... geometry and 
astronomy deal with a nature of a certain kind, while the general 
science is common and about all things.” (. . . év rats woOnparicats 
12.9 fev yewmeTpia Kal aotpodAoyia rept Twa dvow eiciv, 7 bé 
Kabdrov racdv kowi — Metaphysics E 1, 1026 a 25-27.) So also 
in the Posterior Analytics: “Just as it used to be proved 
separately that a proportion can be alternated [cf. Euclid V, 
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Def. 12 and Prop. 16] insofar as it is a proportion of numbers 
and lines and solids and times [the last with reference to 
astronomy, cf. the previous quotation and Metaphysics M 2, 
1077 a I-43 12], so it now can be shown for all in one demon- 
stration; but because all of these — numbers, lengths, time, 
solids — did not have any one name and differed from one 
another in species they were taken separately, but now [using 
the model of Eudoxus| it is proved generally; for it belongs to 
them [to be alternable] not insofar as they are lines or num- 
bers, but insofar as they are in general supposed to have this 
property. (... Kal 70 avadoyov Tt evadAcE, 7} apiOpol Kal 4 ypappoet 
KaL H OTEPEA KAT XPOVOL, WaTTEp EOELKVUTO TTOTE YWPLS, EVOEYOMEVOV 
ye Kare mavrwv pd arodelEer SevyOAvar’ aAAG Sia TO p71) Ebvo 
WVOUACLEVOV TL TaVTAa TabTA Ev, apiBuol UAKN XpoVvos OTEpEe, Kal 
eloet duadépew adAnAwv, ywpis €AauBavero. viv de KaBddrov 
detKvuTat ov yap 7 ypappo 7 7 apiOuot bafpyev, aad’ 4 Todi, 6 
KaOdrov droribevtar imdpyew — A 5, 74 a 17-25; cf. P. 162.) 
Proclus, likewise (in Euclid., p. 7 ff.; 18 ff.), speaks of the “one 
science’ (pia émoriun) which gathers all mathematical 
knowledge into one, and of its “common theorems” (ré 
kowd Sewphuara) which can, it is true, be studied “in num- 
bers and magnitudes and motions ” (év &pOpots Kat ev peyebect 
Kal ev KWwhoeat), but which are identical neither with arith- 
metical nor with geometric nor with astronomical theorems. 
To this science belong, above all, the theorems of the theory 
of ratios and proportions (cf. Euclid V, Defs. 14, 15, 16, 12, 
Props. 17, 18, corollary of 19, 16; and Nicomachus IJ, 17-II, 
4; II, 21-29; see also Pp. 26 f.): “the [theorems] about 
proportions, their compositions and divisions, their conver- 
sions and alternations, furthermore [theorems] about all 
ratios, such as about their multiples, their superparticulars, 
their superpartients and their opposites, and the theorems 
established generally and in common for the equal and the unequal 
simply "(ra Te TOV avadoytav Kal Ta TOV ovvOdcewr Kat Sioupecewv 
Kal TOV avactpop@v Kat evadAdAnydv, err d€ Ta TOV Aoywv TaVTWwY 
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auTLKELevY Kal amAds TO wept TO loov Kal a&vicov KaBddov 
Jewpovpeve. kai kowds — Proclus, in Euclid., 7, 22-27). Proclus 
means theorems which are not tied to “figures or numbers 
or motions [of heavenly bodies]” (é cyjpacw 7) &puors 7 
KWHOEOLW y but in which “‘a certain common nature” ( gvots TLS 
Kown ) 1S grasped as such, “itself by itself” (adro Kal? odrd). 
In just this connection Proclus also mentions the procedure 
of “analysis” and “synthesis” common to all mathematical 
disciplines: “‘the road from things better known to things 
sought and the reversal [of the process, so as to go] from the 
latter to the former, which they call analysis and synthesis” (7 
ATO TOV yvwPLLLWTEPwWY OdOS ET Ta CNTOVPEVa Ka y EK TOUTWY ET 
éxeiva pereBaors, as KaAodaw avadvoes Kal avvbécers — 8, 5-8). 
With this tradition in mind Vieta maintains (in the 
conclusion of the second chapter of the Isagoge) that every 
“equation” (aequalitas) is a “solution of a proportion” 
(resolutio proportionis), and correspondingly, every propor- 
tion is the “construction of an equation” (constitutio 
aequalitatis). Therefore he always speaks of “equations”’ and 
“proportions” together, e.g., in Chapter II, end: “A propor- 
tion can be called the construction of an equation, and an 
equation the solution of a proportion.” (Proportio potest dici 
constitutio aequalitatis: aequalitas, resolutio proportionis.) 
That is to say, “pure” algebra is for him not only a “general 
theory of equations, but at the same time a © general theory 
of proportions. 225 That is why he amalgamates some of the 
“common notions’ enumerated in Euclid’s Elements Book I 
with some definitions and theorems of the “generalized” 
Book V, of the geometric Books II and VI, and of the 
“arithmetical” Books VII and VIII to form his “stipulations 
for equations and proportions’ (Symbola aequalitatum et 
proportionum — Chap. II),??© which are to serve as the 
general and firm foundations (firmamenta) “by means of 
which the equations and proportions are obtained as con- 
clusions”’ (quibus aequalitates et proportiones concluduntur 


— Chapter I).227 
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Here Vieta does indeed prove himself the faithful pre- 
server and interpreter of the traditional doctrine. But the 
crucial difference with respect to the ancient “general 
treatment’ (xaOdAov mpaypareia) appears in the conception 
which Vieta has of its object, although here too he refers 
directly to the tradition. His point of view is (1) suggested by 
the comparison which can be drawn between the role of 
“analysis’’ in geometry on the one hand and in the Dio- 
phantine Arithmetic on the other, (2) most strongly supported 
by the use of the eidos concept in Diophantus, (3) extensively 
influenced by Proclus’ position on the general theory of 
proportion; yet it can be thoroughly understood only on the 
basis of the fundamental reinterpretation which the ancient 
mode of intentionality experiences in modern mathematics 
and which reaches its most characteristic expression in the 
transformed understanding of “arithmos.”’ 


C 


The reinterpretation of the 
Diophantine procedure by Vieta 


I 


The procedure for solutions “in the indeterminate form” 
as an analogue to geometric analysis 


For ancient science, the existence of a “general object’’ is 
by no means a simple consequence of the existence of a 
“general theory.” Thus Aristotle says: “The general pro- 
positions in mathematics [namely the ‘axioms,’ ie., the 
‘common notions, 228 but also all theorems of the Eudoxian 
theory of proportions] are not about separate things which 
exist outside of and alongside the [geometric] magnitudes and 
numbers, but are just about these; not, however, insofar as 
they are such as to have a magnitude or to be divisible [into 
discrete units]. (... Kal Ta KaBodAou év Tots pabwaow ov rept 
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KEYWPLOLLEVWY EoTL Tapa Ta pLeyeOn Kat TOUS aptOjovs, aAAX TEpL 
ToUTWY [LEeV, OvY H OE TOLADTa ola eye péyeBos 7 elvoee Succuperet 
...— Metaphysics M 3, 1077 b 17-20.) There cannot be a 
specific mathematical object which is “neither a [determi- 
nate] number [of monads] nor [indivisible, geometric} 
points, nor an [arbitrarily divisible geometric] magnitude, 
nor a [determinate period of | time’ (ove apiOuds eorw ovre 
oTuypal ovTe péyebos ovTE ypovos — Metaphysics M 2, 1077 a 
12). This is, moreover, not some special Aristotelian dogma 
but rather a generally granted premise of Aristotelian argumen- 
tation: “and if this is [granted to be] impossible...” (ei 8¢ 
robro ~aévvarov... — 1077 a 12 f.; see also Posterior 
Analytics A 24, 85 a 31—-b 3). And the Platonic tradition like- 
wise, as it makes itself heard one last time in Proclus, assigns 
no special mathematical object to the “ general study’ (xaOéAov 
mpaypareiz). This may, to be sure, be seen as an attempt 
to understand the possibility of any “ratio,” “proportion, ” 
and “harmony” on the basis of a “common property”’ 
(xowdv) of a primordial kind (cf. Pp. 98 f£.), but as soon as 
this attempt is realized the realm of the properly “ mathe- 
matical” has been far superseded. This same fundamental 
conception of the objects of mathematics certainly obtains in 
Diophantus, namely insofar as in his problems and solutions 
he admits, as we have seen (Pp. 134; 144 f.), only determinate 
numbers of monads. But it is precisely on account of this 
that the relationship between (“ problematical’’) analysis and 
synthesis which is traditional in geometry undergoes a 
significant change in the Arithmetic of Diophantus. In the 
solution of geometric problems the required construction forms 
the first part of the synthesis (ct. P. 155); the apodeixis which 
follows has to use the relations between the “given” 
magnitudes, relations which are themselves “given” from the 
beginning, together with those brought to light by the 
construction, to prove that this construction satisfies the 
conditions of the problem. In the “arithmetical” problems of 
Diophantus, however, the last step of the analysis, namely the 
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final computation which produces the number sought, is 
at the same time also the first step of the synthesis — the 
final computation actually corresponds to the geometric “‘con- 
struction.” The conversion of the process of solution in 
Diophantus thus corresponds only to the second part of the 
~ problematical” synthesis in geometry (cf. Pp. 155 f.).229 
Now if the “analytical” manner of finding solutions in 
Diophantus and geometric (“ problematical’’) analysis are 
understood as completely parallel procedures, as Vieta 
indeed understands them, then a sharper line must be drawn 
between the transformations of equations and the computation 
of the numbers sought than that which Diophantus generally 
does draw. In other words, the calculation ending “in the 
indeterminate’ (the solution év r@ dopiorw, cf. Pp. 134 f.), which 
Diophantus himself uses only as an auxiliary procedure, must be 
understood as the true analogue to geometric (“ problematical ”’) 
analysis. Such an ‘indeterminate’ solution then permits an 
arbitrary multitude of “determinate” solutions on the basis 
of numbers assumed at will. But for Diophantus there are 
only limited possibilities for the use of this procedure, because 
he still associates it with the assumption of determinate 
numbers. Here the comparison with geometric analysis causes 
Vieta to go beyond Diophantus. 


2 


The generalization of the eidos concept and its transformation 
into the “symbolic” concept of the species 


When Hankel (Zur Geschichte der Mathematik ..., p. 148) 
complains of the “Greek ethnic peculiarity’ which loads 
down every analytical solution in geometry with the “use- 
less ballast” of a “completely worked out synthesis which 
says everything over again in reverse order, he misses the 
essential difference between analysis and synthesis. Analysis 
merely shows the possibility of a proof or a construction. A 
theorem has been “ proved” only when the facts in question 
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have actually been “derived” from the “given” relations 
between the “given’’ magnitudes. The construction of a 
figure determined by certain definite conditions has taken 
place only when this figure has actually been drawn using 
the magnitudes “given” with just these determinate dimen- 
sions. The “ giveness” of which analysis makes use should, by 
contrast, be understood only as a “possible givenness.’’ 
Thus, while analysis is immediately concerned with the 
generality of the procedure, synthesis is, in accordance with 
the fundamental Greek conception of the objects of mathe- 
matics, obliged to “realize” this general procedure in an 
unequivocally determinate object (cf. Pp. 122 f.). This “ possible 
givenness’ appears in geometric analysis in the fact that the 
construction which is regarded as already effected (the 
“quaesitum tanquam concessum’’) does not need to use 
the “given”? magnitudes as unequivocally determinate but 
only as having the character of being “given” (cf. Aristotle, De 
Memoria 450 a 1 ff.). How can this situation be transferred to 
“arithmetical” analysis? Clearly in this way — that the 
numbers “given” in a problem are also regarded only in 
their character of being given, and not as just these determi- 
nate numbers. In other words, to assimilate the arithmetical 
to the geometric analysis completely, the “given” numbers 
must likewise be allowed a certain indeterminateness which 
should, in fact, be limited only by the “condition of 
possibility” (Svoptouds) of the problem. Thereupon a solu- 
tion “in the indeterminate form’ would be possible for 
every case, and three stages could always be distinguished in 
the process of solution: (1) the construction of the equation, 
(2) the transformations to which it is subjected until it has 
acquired a canonical form which immediately supplies the 
“indeterminate” solution, and (3) the numerical exploitation 
of the last, i-e., the computation of unequivocally determi- 
nate numbers which fulfill the conditions set for the prob- 
lem. Here only the first two stages represent the properly 
“analytic’’ procedure. The last stage actually already belongs 
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to the synthesis, since it corresponds to the geometric “‘con- 
struction. But how is it possible to allow “given”’ and 
therefore “determinate” numbers to play an “indetermi- 
nate’ part? At this point the Diophantine model may be 
appealed to: Just as Diophantus represents the unknown 
number — although it is ““in itself” likewise “ determinate ’”’ 
(cf. Pp. 140 f.) — by its eidos, its “species,” which leaves the 
question “how many ?’’ provisionally indeterminate, so every 
number can be expressed by its “ species.” As soon as the eide of 
the unknown and its powers appear in Diophantus (cf. Pp. 
143 ff.) as new units of calculation, while the real computa- 
tion takes place in terms of determinate numbers, the 
“calculation,” which is performed exclusively with number 
“species, ought to be entirely shifted into the domain of the 
“indeterminate. This crucial last step is also taken by Vieta. 
He takes it in the consciousness of merely confirming a 
practice long in use among the ancients (and found especially 
in Diophantus), although not sufficiently clarified by them. 
In the course of taking this last step he is forced to reinterpret 
the tradition at essential points. 

Having established geometric (“problematical’’) analysis 
as a parallel to the Diophantine procedure in the manner 
shown, Vieta arrives at the conception of a mode of calcula- 
tion which is carried out completely in terms of “species” of 
numbers and calls it “ logistice speciosa’ (in contrast to calcula- 
tion with determinate numbers, which is “logistice numer- 
osa’’; cf. Isagoge, Chap. IV, beginning).?3° Consequently 
“‘logistice speciosa ’ is originally very closely connected with 
the Diophantine procedure, which, in turn, forms the “ arith- 
metical”’ analogue to geometric analysis. But at the same 
time — and this is of symptomatic significance for the 
concept formation of modern mathematics — Vieta devotes 
the “logistice speciosa” to the service of “ pure’ algebra, 
understood as the most comprehensive possible “‘analytic ” 
art, indifferently applicable to numbers and to geometric 
magnitudes (cf. Pp. 158-161). In the course of this, the eidos 
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concept, the concept of the “species, undergoes a universaliz- 
ing extension while preserving its tie to the realm of numbers. In 
the light of this general procedure, the species, or as Vieta also 
says, the “forms of things’’ (formae rerum: — Chapter IV, 
beginning) ,23! represent “ general’ magnitudes simply. 

This extension of the Diophantine eidos concept has an 
immediate effect on the new organization of the “‘analytic”’ 
art which Vieta undertakes (Chap. I).232 To the two kinds of 
analysis mentioned by Pappus, the “theoretical”’ and the 
“ problematical,’ Vieta adds still a third which he calls rhetic 
(pnrixy),1.e., telling,’ or sometimes exegetic(éénynruny),1.€., 
“exhibiting, analysis. For the first two kinds he significantly 
borrows from Pappus’ text not the expressions “theoretical” 
(Oewpyntixdv) and “ problematical” (mpoBAnparixdv), but zetic 
(CnrntiKov Isc. tad Bobs)), ee ~ seeking [the truth], and 
portst IC ( TOPLOTLKOV [sc. TOU mporabévros | ) ; ror “productive lof the 
proposed theorem]. While for Pappus the difference 
between “‘theoretical’’ and “problematic” analysis is a 
difference in the kind of object presented in a “theorem”’ 
and in a “problem” (cf. P. 155), Vieta is able to distinguish 
only very externally between “zetic” and “poristic’’ 
analysis, because in concentrating his reflections on 
procedure he no longer differentiates between “theorems © 
and “problems,” or, more exactly, because he sees all 
theorems as problems. He is interested less in the “truths” 
themselves which are to be found than in the finding of 
“correct finding.” This is also the source of his general 
definition of the “analytic art” as the “theory for finding 
[what is sought] in mathematics [in general].”’ “‘ Zetetic’ and 
“ poristic’ — Vieta explicitly notes that properly speaking 
these alone are intended in Theon’s definition of analysis (cf. 
Pp. 154 £.) — both represent those two first, properly analyt- 
ical, stages of the process of solution mentioned previously. 
“Zetetic’’ is defined by Vieta as the procedure “through 
which the equation or the proportion is found which is to be 
constructed by the aid of the given magnitudes with a view 
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to the magnitude sought’; “‘poristic’ is defined as the 
procedure “through which by means of the equation or 
proportion the truth of the theorem [!] set up [in them] is 
investigated. 233 In both cases “ magnitude’ (magnitudo) is 
spoken of in the most general sense. Now the new kind of 
analysis introduced by Vieta is defined as the procedure 
~ through which the magnitude sought is itself produced out 
of the equation or proportion set up [in canonical form].”’ 
This required magnitude “itself” is either an unequivocally 
determinate number, and therefore communicable in speech, 
or a visible geometric magnitude, unequivocally measurable. 
Hence arises the double name of this third kind of analysis 
whose business it is to effect the computation of “arithmetical” 
as well as the construction of “ geometric’ magnitudes starting 
from canonically ordered equations; it is called rhetic (pnre«7) 
with respect to the numbers to which it leads and which can 
be expressed by the ordinary number names of our language; 
it is called exegetic (€€nynrixy) in respect to the geometric 
magnitudes which it makes directly available to sight.234 
“Rhetic” or “exegetic’’ thus represents the third (and final) 
stage in the solution of an equation, which, as we have seen 
(Pp. 164 f.), is actually already a part of the synthesis and 
which is nevertheless understood by Vieta as an analytical 
procedure.?35 In this last stage the “analyst’’ must become 
either a ‘“geometer’ ora“ logistician, ’’ i.e., calculator, in the 
ordinary sense.23© As geometer he does his work by finding 
the “solution” of “another, though similar’ problem, 
insofar as he “repeats” in his construction in reverse order, 
~ synthetically,” that analysis (resolutio) which is performed 
on other “given” magnitudes (cf. P. 164), namely the 
“purely” algebraic analysis. In doing this he may “hide” 
the purely algebraic “analytic” work which preceded, and 
pretend to have solved the problem immediately by a 
“synthetic” process, attacking it analytically only later (to 
assist those interested in the calculations, as it were) by starting 
from the equation obtained in the synthetic construction.?37 
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The “geometric solution” (effectio Geometrica) is thus 
effected in such a way that “‘it does not derive and justify the 
synthesis from the equation but the equation from the 
synthetic construction — while the very synthesis speaks for 
itself’ (compositionem operis non ex aequalitate, sed 
aequalitatem ex compositione arguit, et demonstrat: ipsa 
vero compositio seipsam — Chapter VII).23° As logistician 
he finds numerical solutions — be it exactly, be it by approxi- 
mation procedures — which may be either simple equa- 
tions (resolutio potestatum purarum — analysis of pure 
powers, i.e., simple equations whose unknown has the same 
exponent everywhere), or composite equations, or any others 
desired (resolutio potestatum adfectarum — solution of 
conjoined powers, i.e., impure equations whose unknown has 
different exponents for different occurrences).239 In no case 
must he forget to make clear, by means of a specimen, the 
artful device employed.24° “Rhetic” or “exegetic’’ thus 
comprises a series of “rules”’ (praecepta) and is therefore to 
be considered the most important part of “analytic” — for 
these rules first confer on the “analytic art’’ its character as an 
“art — while “zetic’’ and “poristic’’ consist essentially of 
‘examples’’ (exempla): ““Rhetic and exegetic ... must be 
considered to be most powerfully pertinent to the establish- 
ment of the art, since the two remaining [parts of analytic] 
provide examples rather than rules, as we must by rights grant 
the logicians.” (pyri 7 éénynriny ... censenda est... 
potissimum ad artis ordinationem pertinere, cum reliquae 
duae |sc. partes Analytices] exemplorum sint potius quam 
praeceptorum, ut logicis iure concedendum est.)?4! 

This organization of “analytic” by Vieta shows that 
“general analytic” is understood as nothing more than the 
indispensable auxiliary means to the solution of geometric 
and numerical problems, but not as a complete and self- 
sufficient discipline. “General analytic” is first of all a 
“technique, to use a modern expression — its aim is neither 
to open up a domain of truths of fairly manageable extent 
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nor to solve a certain number of problems; rather it intends 
to be an instrument for the solution of problems in general. Its 
“material” is not a single problem or a series of single 
problems but, as Vieta himself says (cf. Pp. 154 and 185), the 
problem of the general ability to solve problems; it is the 
“ problem of problems” (problema problematum), the art of 
finding, or the finding of finding. Vieta’s “ general analytic’’ is an 
‘organon, an instrument in the realm of mathematical 
finding in the same sense as the Aristotelian “logical” works, 
above all, the (Prior and Posterior) “ Analytics”’ are an Organon 
in the realm of all possible knowledge whatever. But when 
with Descartes the “general analytic” takes over the role 
of the ancient fundamental ontological discipline, an effort is 
made to let it supersede the traditional logic completely, as 
we shall see later. The battle between the proponents of 
Peripatetic syllogistic and mathematical analysis?42 about the 
primacy of their respective views concerning the framework 
of the world, which is thus initiated in the seventeenth 
century, is still being waged today, now under the guise of 
the conflict between “formal logic’’ and “mathematical 
logic’ or “ logistic, ’ although its ontological presuppositions 
have been completely obscured. In Vieta himself, the 
“analytic art’ as a whole, that is, all three “kinds,” stands in 
the service of his cosmological and astronomical investiga- 
tions, which are concerned mainly with the numerical 
exploitation of solutions and therefore with “rhetic”’ and 
“exegetic. Hence arises his effort to develop an approxima- 
tion procedure, which may well claim a place within the 
framework of an art that is considered a “‘tool”’ for “ find- 
ing.’ 243 This is the reason also for the priority of “rhetic’’ or 
“exegetic’ over the two other “kinds” of analysis (cf. P. 
168). If, for the reasons just given, we disregard “ poristic, 
only “‘zetetic’’ employs the “logistice speciosa” ; therefore, 
strictly speaking, it alone represents “general analytic,” the 
“new algebra.’ But we have already seen (P. 165) that 
Vieta’s “‘logistice speciosa’ has a double function: It is 
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understood on the one hand as the procedure of general 
“pure’’ algebra and on the other as the proceduré analogous 
to geometric analysis and directly related to the Diophantine 
Arithmetic. The two interpretations are simultaneously 
possible only because the “ general” algebra has the role of a 
merely auxiliary procedure. Connected with this fact is 
Vieta’s assumption that Diophantus solved his “‘arithmeti- 
cal” problems with the aid of “zetetic’ as understood by 
Vieta himself, but that he considered it better to “hide” this. 
Thus at the end of the fifth chapter of the Isagoge, “On the 
Laws of Zetetic”’ (De legibus Zeteticis), Vieta says: “* Zetetic 
was employed most subtly of all by Diophantus in those 
books which were written on the subject of arithmetic. But 
he exhibited it as though it were founded only on numbers and not 
also on species — although he himself used them — so that his 
subtlety and skill might be more admired, since things that appear 
very subtle and abstruse to one who calculates in numbers 
[i.e., practices logistice numerosa| appear very familiar and 
immediately obvious to one who calculates in species [i.e., 
practices logistice speciosa|. 244 The art of the “ancient 
analysts” appears (Chap. I) as “tedium ”’ (oscitantia) because 
it pretends to work with numbers instead of proceeding 
“with the skill proper to it” (ex arte propria) and calculating 
throughout in species. When Vieta speaks of the “species 
calculation which is to be newly introduced” (logistice sub 
specie noviter inducenda — ibid.), he means only the re- 
activation of an art known and approved in antiquity.245 He 
finds support for this not only in the instrumental use of the 
eidos concept in Diophantus but also in the “indeterminate ”’ 
solutions which the latter used as an auxiliary procedure (cf. 
Pp. 134 and 163) and in which Vieta apparently sees the 
traces of the true Diophantine art, namely of a “pure”’ 
analytic conceived as a ° general’ mathematical auxiliary 
technique.?*6 

With this interpretation of the Diophantine Arithmetic, 
which views it exclusively as an “artful” procedure, and has 
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but a small interest in the determinate results of the solutions 
which (to speak with Descartes) are “‘sterile truths,” Vieta 
prescribed to historical research the approach which governs 
it to this very day (cf. P. 135). This view comes to expression 
in the matter-of-course acceptance within modern conscious- 
ness of the revolution in the ancient mode of forming 
concepts and of interpreting the world, which first took 
tangible shape when Vieta founded his “general analytic.” 

Now what, precisely, are the conceptual presuppositions 
which make such an interpretation of Diophantine “ logistic’ 
possible ? What does Vieta understand by the species which 
form the object of the “general analytic” and in which way 
does he understand them? Moritz Cantor (II?, pp. 631 and 
519) was of the opinion that the ‘species’ are “signs of 
spatial structures which render them perceptible to the 
senses, 1.¢€., magnitudes, not numbers.’ He appealed for 
support to Vieta's linguistic usage, for in the fourth chapter 
of the Isagoge he designates the operations to be performed 
on the species, namely those of “multiplication” and 
‘ division’’ (mentioned in the same words in the second 
chapter) by “‘ducere’ (sc. magnitudinem in magnitu- 
dinem — “to compose a magnitude with a magnitude’) and 
“adplicare” (sc. magnitudinem magnitudini — “‘to apply a 
magnitude to a magnitude’). But these terms, Cantor 
observed, originate in geometric representations, and hence 
Tartaglia in his General trattato di numeri et misure (1556-1560) 
stil] assigned the terms “ multiplicare” and “partire” to the 
numerical but “ducere”’ and “‘misurare’’ to the geometric 
realm (the latter being intended to apply also to “fractions, ° 
because continuous division is possible only in geometric 
objects). Now unquestionably the “species” have for Vieta 
their traditional geometric implications, since their nomen- 
clature is (as it was indeed already in Diophantus, cf. Pp. 142; 
145) reminiscent of the ancient doctrine of “figurate” 
numbers, a fact which was of course known to so great an 
expert on ancient mathematical literature as Vieta was from 
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his reading of Nicomachus and Theon of Smyrna.?47 (Here 
too we should remember the relationship of the Diophantine 
concept to the corresponding geometric concept of the “‘tri- 
angle given in figure’ — rpiywvov SeSopévov 7 cider, cf. 
P. 136.) This may have been one reason the more for him to 
conjecture that behind geometric analysis lurked precisely 
the same “general” analytic art which, in his opinion, lay at 
the basis of the Diophantine Arithmetic. But far more essential 
for the structure of the species concept than these geometric 
reminiscences are: (1) the generalization which the eidos 
concept undergoes at Vieta s hands, a generalization through 
which the species become the objects of a “general’’ 
mathematical discipline which can be identified neither with 
geometry nor with arithmetic, and (2) the direct connection 
with the “logistice numerosa,” i.e., with “calculation,” 
which is nevertheless retained by Vieta; in its original sense 
the logistice numerosa presupposed a homogeneous field of 
monads (cf. Pp. 41; 46; 49; 53) and was consequently 
dependent on “‘arithmoi’’ and their relations. After Vieta has 
given the “most venerable and significant’ ladder of 
“genera” of unknown magnitudes, “a venerable series or 
scale of magnitudes ascending or descending from genus to 
genus by their own power in [continuous] proportion”’248 
(solemnis magnitudinem ex genere ad genus vi sua propor- 
tionaliter adscendentium vel descendentium series seu scala 
— Chap. I, end), and has complemented it, in the third 
chapter, with the corresponding series of known magnitudes 
to be related to the unknowns,?49 he goes on in the fourth 
chapter to lay down the fundamental rules, “the canonical 
rules of species calculation” (logistices speciosae canonica 
praecepta). These correspond to the rules for addition, sub- 
traction, and multiplication used for instruction in ordinary 
calculation.25° Every species is represented by a letter (the 
vowels being assigned to the unknown, the consonants to the 
known magnitudes; cf. Chap. V, 5),25! to which are joined 
the designation of the degree or genus, beginning with the- 
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second degree. A calculation carried out in species in the 


“general analytic” of Vieta then looks, for example, like 
this: 


A cubus—B solido 3, read: A cubed minus 3 times B 


C in E quadratum solid divided by C times E 
squared 
( . ee =) 
in modern notation: ———— }. 
cy* 


The fundamental “law of homogeneity’ (lex homogen- 
eorum), says Vieta (Chap. III, beginning), according to which 
only magnitudes of “like genus” can be compared (i.e., can 
appear in the same equation) with one another, must be kept 
in mind throughout; we must be careful “to compare 
homogeneous with homogeneous [magnitudes]’’ (homo- 
genea homogeneis comparari). This law represents the “first 
and eternal law of equations or proportions’ (prima et 
perpetua lex aequalitatum seu proportionum) and says, in 
modern terminology, that all the numbers of an equation 
must have the same dimension. According to it, only such 
magnitudes can be related by way of addition or subtraction 
as belong to the same or the corresponding “rung, al- 
though this does not hold for multiplication and division.252 
Vieta’s “law of homogeneity” has therefore no immediate 
connection with Adrastus 253 explication of Euclid V, Def. 3, 
which Vieta quotes, for according to this definition a ratio 
can exist only between “homogeneous” magnitudes: “A 
ratio is a sort of relation between two magnitudes of like 
kind with respect to size. (Aoyos €att d00 peyebOv opoyevav 
Wy Kara mHAiKdTHTa mow axéors.) It is certainly not unusual 
for ancient mathematicians to “compare, for instance, a 
ratio of lengths with a ratio of planes, and to bring both into 
one “ proportion. 254 Vieta's law of homogeneity is concerned 
rather with the fundamental fact that every “calculation, ” 
since it does, after all, ultimately depend on “counting off” 
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the basic units, presupposes a field of homogeneous monads. For 
Diophantine “‘logistic’’ this demand 1s fulfilled as a matter of 
course, because it already operates within such a field of 
“pure” monads — the known and unknown “ magnitudes ”’ 
which are there united in an equation represent, each and 
every one, an “arithmos of monads”’ (cf. Pp. 130 f. and 139 
f.).255 For the “logistice speciosa’ this fundamental pre- 
supposition needs to be especially stressed; hence the em- 
phasis with which Vieta, in contrast to the “ancient analysts” 
(veteres Analystae), expounds the “lex homogeneorum ™ as 
the foundation of the “analytical art” (cf. also Chap. I, end, 
and Chap. V, 4). Thus it appears that the concept of the 
species is for Vieta, its universality notwithstanding, 
irrevocably dependent on the concept of “‘arithmos.” He 
preserves the character of the “‘arithmos’’ as a “number of...” 
in a peculiarly transformed manner. While every arithmos 
intends immediately the things or the units themselves whose 
number it happens to be, his letter sign intends directly the 
general character of being a number which belongs to every 
possible number, that is to say, it intends “number in 
general’ immediately, but the things or units which are at 
hand in each number only mediately. In the language of the 
schools: The letter sign designates the intentional object of a 
“second intention’ (intentio secunda), namely of a concept 
which itself directly intends another concept and not a being. 
Furthermore — and this is the truly decisive turn — this 
general character of number or, what amounts to the same 
thing, this “general number’ in all its indeterminateness, 
that is, in its merely possible determinateness, is accorded a 
certain independence which permits it to be the subject of 
“calculational” operations. This is achieved by adjoining the 
“rung’’ designations, whose interconnection according to 
precise rules indicates the particular homogeneous field 
underlying each equation which is constructed.25° The 
“rung” designation, which taken independently corresponds 
to the Diophantine eidos, thus transforms the object of the 
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intentio secunda, namely the “ general number” intended by 
the letter sign, into the object of an intentio prima, of a “first 
intention, namely of a “being” which is directly apprehen- 
sible and whose counterpart in the realm of ordinary calcula- 
tion is, for instance, “two monads,” “three monads.” But 
this means that the “being’’ of the species in Vieta, i.e., the 
“being” of the objects of “general analytic,” is to be under- 
stood neither as independent in the Pythagorean and 
Platonic sense nor as attained “by abstraction”’ (e d&datpé- 
gews), 1.€., as reduced” in the Aristotelian sense, but as 
symbolic. The species are in themselves symbolic formations — 
namely formations whose merely potential objectivity is understood 
as an actual objectivity. They are, therefore, comprehensible 
only within the language of symbolic formalism?57 which is 
fully enunciated first in Vieta as alone capable of representing 
the “finding of finding,’ namely “zetetic.”’ Therewith the 
most important tool of mathematical natural science, the 
“formula,” first becomes possible (cf. Note 239),258 but, above 
all, a new way of “understanding, inaccessible to ancient 
episteme is thus opened up. 

When we look back to the Pythagorean and Platonic 
concept of the eidos of an arithmos as that which first makes 
the unified being of each number possible (cf. Pp. 55 f.) and 
compare it with the concept of the species developed above, 
we may say that the ontological independence of the eidos, 
having taken a detour through the instrumental use made of 
it by Diophantus (cf. Pp. 143 f. and 170), here finally 
arrives at its symbolic realization. This heralds a general 
conceptual transformation which extends over the whole of 
modern science. It concerns first and foremost the concept of 
arithmos itself. 

Assoonas ‘general number ’ is conceived and represented 
in the medium of species as an “object” in itself, that is, 
symbolically, the modern concept of “number” is born. 
Usually its development is explained by a reference to its 
ever increasing “abstractness.” But this facile and easily 
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misunderstood manner of speaking leaves its true and com- 
plicated structure completely in the dark. The modern 
concept of “number,” as it underlies symbolic calculi, is 
itself, as is that which it intends, symbolic in nature — it is 
identical with Vieta’s concept of species. This appears most 
clearly in the species of the first degree, where the designa- 
tion of the “rung” is not appended to the letter sign and may 
therefore be said to coincide with it. But it is obviously 
impossible to see “numbers” in the isolated letter signs “A” 
or “B,” except through the syntactical rules which Vieta 
states in the fourth chapter of the Isogoge, contrasting them 
with the operational rules of the “logistice numerosa.”’ 
These rules therefore represent the first modern axiom 
system; they create the systematic context which originally 
“defines”’ the object to which they apply. And yet — and 
here lies the germ of future difficulties — these rules are 
directly derived from “calculations” with numbers of 
monads. This means that a species can ultimately retain a 
numerical character even in its transformed mode and hence 
is able to become a “number, namely an object of “‘calcu- 
lational” operations, only because the ancient “numbered 
assemblages of monads”’ are themselves interpreted as “ numbers,” 
which means that they are conceived from the point of view 
of their symbolic representation. This reinterpretation has to 
this day remained the foundation of our understanding of 
ancient “arithmetic” and “logistic.” 259 

That is why after Vieta and under his immediate influence 
(as indeed already before him) the “numeri algebraici”’ (or 
“algebrici’’, or “‘cossici’) are posited along with the 
“numeri simplices” (or “vulgares’’).26° We shall have to 
investigate this further, especially in Stevin. In this respect, 
the position of Bachet de Meéziriac, the first editor of Dio- 
phantus, is characteristic: In his commentary on “Defini- 
tions’ II-VI of the proemium of the Diophantine 
Arithmetic (cf. Note 179) he attacks the opinion of Xylander 
and his model, the scholiast Maximus Planudes (cf. Pp. 142 


VIETA: REINTERPRETATION OF DIOPHANTUS 177 


and 148). According to Bachet (edition of 1621, p. 6), 
Diophantus is here speaking not of “absolute numbers and 
fractions’ (de numeris et fractionibus absolutis), “ which is 
completely beyond his design” (quod a scopo illius prorsus 
alienum est), but only of the species as such, or of “ frac- 
tiones algebricae.’’ ““ Definition VI,” in particular, according 
to which an eidos remains the same eidos when multiplied by 
one, since multiplication by the unit leaves every number and 
consequently also its eidos unchanged (cf. Pp. 142; 144), 1s 
interpreted by Bachet to the effect that the species in each 
case does not change in the course of multiplication with 
arbitrarily many units, that is, with ordinary numbers. He 
adds an elucidation supported by a cautious appeal to 
Diophantus himself: Just as the multiplication of ordinary 
number by one produces that very same number, so the 
multiplication of a species with arbitrarily many units, that 
is, with an ordinary number, produces just the same 
species.2°! It is clear that Bachet is dealing with two realms of 
“numbers, for he assigns the role of the unit in the realm of 
ordinary “numbers” to the ordinary “numbers’’ in the 
algebraic realm. But this means that for Bachet the unit itself 
is not so much an elementary component of every number 
as a “numerical coefficient. 262 No less significant for this 
new conception of “number” and “unit”’ is the way in 
which Bachet declares the Diophantine sign M for known 
numbers (cf. P. 130) superfluous: “Who, in fact, when he 
hears the number 6 does not at once think of six units? Why 
then is it necessary to say ‘six units when it suffices to say ‘six’ ?” 

(Ecquis enim cum audit numerum 6. non statim cogitat sex 
unitates? Quid ergo necesse est sex unitates dicere, cum 
sufficiat dicere, sex ? — ibid., p. 4.)2©3 This distinction between 
the “dicere”’ (saying) and the “‘cogitare’’ (thinking), which 
antiquity knows well enough in practice but never as 
a principle,26+ is expressed in the symbolic notation, and | 
holds both for the formal language of algebra and for the 


representation of the numbers themselves: The “numbered 
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assemblages” are now conceived as “ordinary numbers, ’ 
and for the everyday understanding, which in effect deter- 
mines the formation of concepts, these coincide with the 
“number” sign as such, especially in the course of calcu- 
lational operations. 

The new “number” concept which already controlled, 
although not explicitly, the algebraic expositions and 
investigations of Stifel, Cardano, Tartaglia, etc.,2°5 can now 
also be used to justify speaking of “fractions” as “non- 
integral rational numbers,” of “irrational” numbers, etc.?® 
Finally this “number” concept is able to obliterate the 
distinction, so fundamental for antiquity, between “con- 
tinuous’ geometric magnitudes and numbers divisible into 
“discrete’’ units (cf. Pp. 10 and 53); this permits, for the 
first time, a “scientific” understanding of the approximation 
methods handled so masterfully by Vieta.2©7 In the last 
section we shall have to look further into these consequences 
of the symbolic number concept. 


3 


The reinterpretation of the katholou pragmateia as Mathesis 
Universalis in the sense of ars analytice 


The species conceived as algebraic ““numbers”’ thus forms 
the object of the “logistice speciosa’ which “zetetic’’ has to 
employ. A specimen of “logistice speciosa”’ is offered in the 
Zeteticorum libri quinque (Five Books on Zetetics, 1593); Vieta 
contrasts them directly with the Diophantine Arithmetic 
which, as we saw, in his opinion stays only too much within 
the limits of the “logistice numerosa.” In order to stress the 
parallelism of the two works Vieta concludes the fifth book 
of his Zetetics with the same problem which forms the 
conclusion of the fifth book of the Diophantine Arithmetic: 
“ Diophantus presented this in the last problem of Book V. 
Therefore let the fifth book of our Zefetics also have this 
end.” (...Retulit Diophantus quaestione ultima libri V. 
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Quare et Zeteticorum quintus noster finem hic accipito.) In 
other parts of the book, too, he takes series of problems from 
the Diophantine work, and in the solutions of IV, 1-3 he 
appeals explicitly to the “analysis Diophantaea.” But we 
must not forget that zetetic analysis includes the “ general” 
analytic art which transcends the opposition of “geometry ” 
and “‘arithmetic’’ and is therefore superior in rank to the 
Diophantine Arithmetic. We must not forget that the species 
serve as the objects of this “general” analytic, as well, 
namely in their numerical character. This is precisely what 
constitutes the crucial difference between Vieta’s conception 
of a “general” mathematical discipline and the ancient idea 
of a katholou pragmateia, a “general treatment’? (xaOdAov 
mpayporeic). The “numerical” character of the species, 
while preserving the position of this pragmateia within the 
system of “‘science, lends it a completely new sense. 

In the context of ancient science, the “general”’ proposi- 
tions — the axioms on the one hand and the propositions of 
the general theory of proportions on the other — have the 
closest possible connection with the theme of the ‘highest’ 
discipline, be this characterized with Plato as “dialectic” or 
with Aristotle as “ first philosophy.” For Aristotle they form 
not only the stock examples of the manner in which “ first 
philosophy” (zpary ¢urocodia) treats of the theme peculiar 
to it (cf. Pp. 158 f. and 161), but they form a part of that very 
theme. He poses, and answers affirmatively, the question 
whether the examination of “ being’ and the examination of 
the mathematical axioms are to be referred to one single 
science, namely to “first philosophy’: “We must say 
whether concern with the so-called axioms of mathematics 
[cf. Posterior Analytics A 10, 76 b 14 f.] and with ‘being’ 
belongs to one or to different sciences. It is clear that the 
examination of these things belongs to one [science], which is that 
of the philosopher too,” and also: “these too are the study of 
him who comes to know ‘being’ insofar as it is ‘being.’ ” 


a av ¢ / ? / , = > “~ 
(Aexréov d5€ moTEpov pits 7 ETEPUS ETLOTHUNS TEPL TE TMV EV TOtS 
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Uabyuwaor KaAoupevwv CEL LOTWY KOLL TEpL THS ovatus. Pavepov 07) 
OTL plas TE KAL THS TOU dirocdpov Kat 7) TEPL TOUVTWY éarl oKéedis — 
Metaphysics T. 3, 1005 a 19-22; rod mepi ro dv H dv 
yuwpltlovTos Kal Trepl TOUTwWY eaoTW 7 Bewpia — ibid. a 28 f.) 
Whereas the mathematician makes use of “general” 
propositions with reference to those objects which happen 
to be before him, the “philosopher” deals with them as 
primary, that is to say, not as they can be derived from lines or 
angles or numbers but as they are common to all that is 
countable or measurable in general and consequently as they 
determine the generic character of countable, measurable, 
and weighable things insofar as they are ‘quantitative’ 
beings: “Since even the mathematician uses the common 
notions in a special way it should belong to first philosophy to 
investigate their origins.” (éet 5é kai 6 waOnwarixds yphrae Tots 
KOWOLS LOlwS, Kal TaS TOUTWY apyas av Elin Dewphaau THS TPWTNS 
pirocodias — Metaphysics K 4, I061 b 17 ff.) This is here 
illustrated by the axiom: “If equals are subtracted from 
equals the remainders are equal” (amd rév tcwv tewv 
adhapebevrwy lox TH Newtroprever ), which represents this sort of 
“common notion applicable to all that is quantitative” 
(Kowov emt ravtwv tev moadv, Cf. Posterior Analytics A 10, 76 b 
20 f.; A 11, 77 a 30 f.; Euclid 1, Common Notion 3). 
Similarly Proclus, referring to this Aristotelian doctrine and 
stressing the general theory of proportion, asks who would 
be the man that would, in contrast to a“ geometer” and an 
“arithmetician, demonstrate, for instance, the proposition 
“that alternation [of the middle members] again produces 
proportion (dru d&vdAoyov Kai 76 évaddcé, cf. P. 159) using 
either geometric magnitudes or numbers (in Euclid. 9, 2-8), 
i.e., what man might study alternation and the like in 
“general” and “in itself”: “Who then comes to know 
alternation, be it in magnitudes, be it in numbers, in his own 
behalf . oe ci ( Tis ovv 0 Kal” eavTrov yuwptlwv TO evardrAné ELTE 
ev pevyebeow ELTE EV aptb wots »205—9, 8 f.) His answer is that 
this manner of inquiry belongs to an independent science 
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which is far superior in rank to geometry and arithmetic: 
“the knowledge of these things belongs to a science prior 
by far’ (70AAG apdrepov % exetvav yrdars eotiv émoriun — 9, 
14 ff.; cf. 8, 24-26); and the “ascent from more partial to 
more universal understandings " (cvodos amo TOV pepiKwréepwv 
[sc. yvdcewr | émi tas dAukwrépas) is that by which “we climb 
up to the very science of ‘being’ insofar as it is “being ’”’ 
(Ews av er adrny avadpapwuev TV Tob dvTos, 7 Ov eoTW, emaTHunY, 
cf. Republic 534 E). In the sixteenth and seventeenth century 
these words of Proclus acquired tremendous significance, 
since, as they came to be widely known, first through 
Grynaeus edition of the Euclid commentary (1533), and then 
chiefly through Barocius’ translation (1560), they were 
normally understood as a reference to the Mathesis universalis. 
For Proclus is referring precisely to this superior science 
when he mentions ““common theorems which are both 
general and have arisen from one science which comprehends 
all mathematical knowledge together in one.” (r& Kowe... 
Gewphuatra Kat amrAG Kal THS plas EmLoTHUNS Eyyova THs TraCUS 
Suod Tas pabnuarinas yruidces ev évi eexovons...— 7, 18 £.; 
Barocius translates: ““communia . . . Theoremata, et 
simplicia, et ab una scientia orta, quae cunctas simul 
Mathematicas cognitiones in unum continet...”; cf. P. 159) 
Barocius adds here, as in other places, the marginal note 
“ Divina Scientia,’ clearly basing himself on the subsequent 
Proclus passage: “It reveals in the reasonings proper to it the 
truth about the gods and the vision of things that are.’’28 
(... nv trept Gedy aAnberav Kat Thy TrEpt TOV OvTwy Dewptiay ev Tots 
olkelots expaiver Aoyropots — 20, § 9) Now it is significant 
that as early as 1577, Gosselin (De Arte magna, p. 3") had 
called algebra the “queen of sciences’’ (regina scientiarum) 
and a“ divina ars.’*©9 And even Descartes, pursuing those 
reflections which lead him to recognize in Pappus and 
Diophantus the traces of a “‘true science’ (cf. Note 215), is 
still reminded of Proclus’ thinking in the Euclid commentary. 
In the Regulae (IV, Ad.-Tann., X, 377 f.), he inquires “what 
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precisely it might be that all understand by that name, |i.e., 
“Mathesis”] and why not only those just mentioned itch 
metic and geometry], but also astronomy, music, optics, 
mechanics, and many other sciences |[cf. the enumeration in 
Proclus, 38, 11 f.] are said to be parts of mathematics” 
(quidnam praecise per illud nomen omnes intelligant, et 
quare non modo iam dictae |sc. Arithmetica et Geometria], 
sed Astronomia etiam, Musica, Optica, Mechanica, aliaequae 
complures, Mathematicae partes dicantur; cf. Proclus 35, 
17-42, 8, where he speaks of the “parts of mathematics’ — 
méepn THS wabnwaTiKhs, in particular 38, 13 fi 41,4 and 24 fe: 
42, 6-8). He continues, clearly attacking Proclus or Barocius: 
“Here it is certainly not sufficient to look at the origin of the 
word.” (His enim vocis originem spectare non sufficit — cf. 
Barocius’ heading of Proclus 44, 25 ff.: Chap. XV. ““ Whence 
the name of mathematics arose’ — Mathematices nomen unde 
sit ortum.) “For since the name “Mathesis’ means no more 
than [scientific] discipline, these might indeed, with as good 
a right as geometry itself, be called mathematical.” (Nam 
cum Matheseos nomen idem tantum sonet quod disciplina, 
non minori iure, quam Geometria ipsa, Mathematicae 
vocarentur ; cf. Barocius: “* When the Pythagoreans had seen 
that all that is called mathesis, that is, discipline, is recollection 
” — cum perspexissent [sc. Pythagorei] quidem, quod 
omnis quae Mathesis, hoc est disciplina appellatur, reminis- _ 
centia est... = Proclus ef COP, ITv@ayopetwv KQTEL— 
ddoTwy pev OTe maou 7 KaAovpéevyn pwaOyoLs avapvnols €oTw....) 
Yet anyone with even the slightest schooling can easily 
distinguish the mathematical aspect of any problem from 
that relating to the other sciences, and after attentive study it 
becomes clear that all those things and only those things in 
which “order and measure’ (ordo et mensura) can be 
observed form the object of mathesis, but that it is not of 
importance whether one deals with numbers, figures, 
heavenly bodies, tones, etc. As Descartes says: ‘““ And thence 
it became clear that there ought to be some general science 
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which would explain everything that could be investigated 
in respect to order and measure when these are not ascribed 
to any special material, and that this same science was named 
— using a word not newly appropriated but old and of accepted 
usage — Universal Mathematics, since in it was contained 
everything on'account of which other sciences are called 
parts of mathematics.” (Ac proinde generalem quamdam 
esse debere scientiam [innotuit], quae id omne explicet, quod 
circa ordinem et mensuram nulli speciali materiae addictam 
quaeri potest, eamdemque, non ascititio vocabulo, sed iam 
inveterato atque usu recepto, Mathesim universalem 
nominari, quoniam in hac continetur illud omne, propter 
quod aliaé scientiae et Mathematicae partes appellantur; cf. 
P. 181, Barocius translation of Proclus 7, 18 f.)27° “A few 
men of outstanding gifts” (quidam ingeniosissimi viri) have, 
says Descartes, already “tried to bring it to life’ (suscitare 
conati sunt). This “general discipline”’ is no other than the 
“true science’ of which vestiges can be traced in Pappus and 
Diophantus: “‘for that art was seen to be nothing else than 
that which is called by the barbaric name of algebra.” (Nam 
nihil aliud esse videtur ars illa, quam barbaro nomine 
Algebram vocant....) Descartes is, no doubt, thinking 
primarily of Cardano, Tartaglia, Bombelli, furthermore of 
Clavius (whose Algebra [1608] he probably?7! became 
acquainted with in his school days), and possibly also of 
Ghetaldi,?72 Cataldi,?73 and Stevin.?74 About his relationship 
to Vieta violent controversy had arisen already during 
Descartes’ lifetime.278 This much, at least, is clear: Even if 
Descartes in no way consciously continues Vieta’s work, yet 
the “general algebra” he has in mind?7® is precisely that 
“new” and “pure” algebra which Vieta first established as the 
“general analytic art.’ The universal character of Vieta’s 
analysis was therefore quite rightly emphasized by van 
Schooten in his notes to the Isagoge (cf. his Vieta edition of . 
1646, pp. 545 f.). He understands it as the general “doctrina 
quantitatis,”” the “universa Mathesis’ in Descartes’ sense: 
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“Everything which comes within the scope of ‘mathesis’ 
always enjoys the name of quantity and is precisely that which 
becomes apparent only through equations and proportions. 
Thus also Vieta’s Analysis must come under this name as being 
of the greatest possible universality.’’277 (Id omne, quod sub con- 
templationem Matheseos cadit, quantitatis nomine semper 
gaudet, illudque demum per aequalitatem aut proportionem 
elucescit. Ita ut hoc ipso nomine Vietaea Analysis habenda sit 
quam maxime universalis.) But this universal science of Vieta, 
which is in his own eyes, as in those of his contemporaries, 
the complete realization of the ancient katholou pragmateia, of 
the “‘general theory of proportion, has, as we have seen, 
inherently numerical characteristics. Its objectis, its generality 
notwithstanding, “‘arithmetically ’ determined. As Plato had 
once tried to grasp the “ highest’’ science “‘arithmologically”’ 
and therewith exceeded the bounds set for the logos (cf. Part 
I, Section 7C), so here the “arithmetical” interpretation of 
“ general magnitudes ’’ leads to a special — an “‘algebraic’’ — 
mode of cognition or, more exactly, to the conception of a 
symbolic mathematics, although success in fixing the frame of 
reference and in establishing the internal completeness which 
is still lacking even in Descartes’ “ Mathesis universalis’’ is yet 
to come. For Descartes too sees the “ Mathesis universalis’’ 
first and last as an “‘art of finding’ (ars inveniendi) and thus, 
above all, as a “ practical”’ art.278 He does, however, already 
ascribe to it an internal and an external independence not yet 
possessed by Vieta’s “Analytic” (cf. P. 168). But above 
all — and it is this which gives him his tremendous role in the 
history of the origin of modern science — he was the first to 
assign to “algebra, to this “ars magna, a fundamental place 
in the system of knowledge in general.279 From now on the 
fundamental ontological science of the ancients is replaced by 
a symbolic discipline whose ontological presuppositions are 
left unclarified. This science, which aims from the first at a 
comprehension of the totality of the world, slowly broadens 
into the system of modern mathematical physics. Within 
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this discipline the things in this world are no longer under- 
stood as countable beings, nor the world itself as a taxis 
determined by the order of numbers; it is rather the structure 
of the world which is grasped by means of a symbolic 
calculus and understood as a “lawfully” ordered course of 
“events. The very nature of man’s understanding of the 
world is henceforth governed by the symbolic “number” 
concept, a concept which determines the modern idea of 
science in general. 

In Vieta’s “general analytic’ this symbolic concept of 
“number” appears for the first time, namely in the form of 
the species. It lies at the origin of that direct route which 
leads, via the “‘characteristica universalis” of Leibniz,28° 
straight to modern theories of “logistic” (1.e., that branch of 
symbolic logic dealing with the foundations of mathematics). 
The condition for this whole development is the transforma- 
tion of the ancient concept of arithmos and its transfer into a 
new conceptual dimension. The thoroughgoing modifica- 
tion of the means and aims of ancient science which this 
involves is best characterized by a phrase, previously quoted, 
from the end of the Isagoge, in which Vieta expresses the 
ultimate problem, the problem proper, of his “analytical 
art’: ‘‘ Analytical art appropriates to itself by right the proud 
problem of problems, which is: TO LEAVE NO PROBLEM 
UNSOLVED” (fastuosum problema problematum  §ars 
Analytice .. . iure sibi adrogat, Quod est, NULLUM NON 
PROBLEMA SOLVERE). 


12 


The concept of “number” in Stevin, 
Descartes, and Wallis 


A 
The concept of “number” in Stevin 


In CONTRAST to Vieta, who is on principle conservative, 
Simon Stevin (1548-1620)?8! decidedly prefers novel 
approaches and unusual theses. While Vieta retains the 
tradition-bound and involved style of the jurists throughout 
his mathematical and astronomical writings, labors to 
preserve the spirit of the newly resurrected ancient world, 
and publishes his works in Latin, Stevin consciously breaks 
with the traditional forms of science and puts his “ practical” 
commercial, financial, and engineering experience? into 
the service of his “theoretical” preoccupation — as, con- 
versely, his ““theory”’ is put to use in his “ practical activity ”’ 
— and as a Fleming, publishes his works first in Flemish and 
thereupon parts also in his own French translation.?°3 This 
contrast in their personal ways, in the “‘style’ of their 
activity, attaches also to their appraisal of their ancient 
models, although Stevin too, is possessed by the idea of a 
“renewal.” He casts it into the special image of a “ wise age, 
the “siécle sage,’ which once existed and which must be 
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brought back. In the first book of the Geographie,284 Def. VI 
(ed. Girard, 1634, II, pp. 106-128), Stevin treats of this second 
“wise age at great length. He “defines’’: “We call the 
wise age that in which men had a wonderful knowledge of 
science which we recognize without fail by certain signs, 
although without knowing who they were, or in what 
place, or when.” (Nous appellons siecle sage, celuy auquel 
les hommes ont eu une cognoissance admirable des sciences, 
ce que nous remarquons infailliblement par certains signes, 
toutesfois sans scavoir qui ce sont esté, ou a quel lieu, ny 
quand — p. 106, col. 2.) In the observations which follow 
Stevin sketches out the horizon within which the science of 
the seventeenth century develops and sets down the pre- 
suppositions which form the basis of modern science in 
general: “...It has become a matter of common usage to 
call the barbarous age that time which extends from about 
900 or a thousand years up to about 150 years past, since men 
were for 700 or 800 years in the condition of imbeciles 
without the practice of letters and sciences — which condi- 
tion had its origin in the burning of the books through 
troubles, wars, and destructions; afterwards affairs could, 
with a great deal of labor, be restored, or almost restored, to 
their former state; but although the afore-mentioned 
preceding times could call themselves a wise age in respect to 
the barbarous age just mentioned, nevertheless we have not 
consented to this definition of such a wise age, since both 
taken together are nothing but the true barbarous age in comparison 
to that unknown time at which we state that it i.e., the wise 
age] was, without any doubt, in existence. (...Cvest une 
chose venue en usage d’appeller siecle barbare ce temps 1a 
[qui] depuis 900 ou mille ans en ¢a jusques a environ 150 ans 
passez, pource que les hommes avoient esté 7 ou 8 cens ans 
comme idiots, sans exercice des lettres et sciences: ce qui a 
pris son origine alors que les livres ont esté bruslez, par les 
troubles, guerres, et ruines; ce qui puis apres non sans grand 
travail, a esté remis en premier estat ou peus en faut; or ledit 
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temps auparavant se pouvant nommer siecle sage au regard 
du susmentionné siecle barbare, toutesfois nous n’avons 
entendu A la definition d’un tel siecle sage, car les deux 
compris ensemble ne sont autres, que le vray siecle barbare, a 
comparaison de ce temps incogneu auquel nous remarquons 
iceluy [sc. le siécle sage], avoir esté sans aucune doute . . . — 
ibid.) The ‘“‘barbarous age,” accordingly, extends “ trom the 
beginning of the Greeks to the present ’ (du commencement 
des Grecs jusques 4 present — p. 108, col. 2). For Stevin the 
“sions” that in earlier times a “golden age” (aurea aetas) of 
science actually existed are these: 


1. The traces of a perfected astronomical knowledge 
found in Hipparchus and Ptolemy, whose writings he 
understands as mere “ vestiges’ of primeval knowledge, as 
remains of that which came before’ (reliques de ce qui avoit 
esté auparavant — p. 107, col. 1). For in their time that 
“great experience and understanding of the course of the 
heavens’ (grande experience et cognoissance du cours du 
ciel) “came near to extinction” (est presque venue a 
s esteindre — p. 106, col. 2). So also “certain writings in the 
Arabic tongue’ (quelques escrits en langue Arabique — 
p. 107, col. 1), which Stevin considers to have been current 
already before Ptolemy, point in this direction.285 The 
heliocentric theory in particular is said to have had an origin 
of great antiquity; even Aristarchus of Samos, he thinks, 
hardly understood it anymote. 

2. Algebra, as we have become acquainted with it through 
Arabic books and which represents one of the strangest 
“ vestiges’ of the “wise age.’ No trace of it is to be found in 
the writings of the Chaldaeans, the Hebrews, the Romans, 
and even the Greeks, for, as Stevin expressly adds, “‘ Dio- 
phantus is modern” (car Diophante est moderne — p. 108, 
col. 1). Stevin has a very definite opinion about the reasons 
for this want of algebra, especially among the Greeks, which 
will be more closely dealt with later. 
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3. Evidence of the foreign origin of Greek geometry. In 
this branch of study tradition is, according to him, indeed 
most reliable. The books of Euclid pass on to us “something 
admirable and very necessary to see and to read, namely the 
order in the method of writing on mathematics in that afore- 
mentioned time of the wise age’’ (quelque chose d’admirable 
et fort necessaire 4 voir, et a lire, nommément |’ordre en 
methode d’escrire les Mathematiques en ce susdit temps du 
siecle sage — p. 109, col. 2). 

4. Information concerning the height of clouds, which 
appears in an Arabic work and which Stevin does not hesitate 
to trace back to the science of the “ wise age. ’286 

5. Alchemy,’ which was unknown to the Greeks and 
whose most expert representative Stevin sees in Hermes 
Trismegistos !287; 288 


On the presupposition that the human ability to know has 
not changed since that time, Stevin projects a general plan 
for the gradual recovery of the knowledge of the “ wise age. 
This plan comprises four articles and represents the first 
project for ““organized research’”’ (II, p. 110 ff.): 


1. Many observations (especially in astronomy, © alchemy, » 
and medicine) must be made, and this must be done by 
many people living at many different points of the earth and 
belonging to nations as different as possible (cf. Bacon, The 
Great Instauration, Part 3, Preparative toward a Natural and 
Experimental History, beginning). 

2. The last is possible only if for the communication and 
the (primarily mathematical) exploitation of observations 
there is used not learned Latin, which is accessible to few, but 
each man’s own mother tongue — something which has not 
occurred since the days of the Greeks. 

3. However, not all languages are fit for this purpose.?89 
Therefore we must first of all determine in what the virtue 
of a language consists. Greek was very appropriate for the 
mathematical sciences, which is why even now so many 
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mathematical terms of Greek origin are in use.29° The reason 
for this is that in Greek words are very easily compounded. In 
this respect, however, Greek is far surpassed by Flemish, 
since the number of words which contain one syllable and 
are consequently especially fit for making compounds is 
greatest in this tongue; Stevin undertakes to supply statistical 
proof of this assertion.?9! 

4. In every scientific presentation and in all teaching 
activity the right order must be preserved (le bon ordre en la 
description et instruction des arts). Here the procedure of the 
mathematical disciplines is exemplary: “I have not noted 
any better [order] for the matter of mathematics than that of 
the wise age’ (je nen remarque de meilleur pour le faict des 
Mathematiques, que celui du siecle sage — p. 110, col. 2); 
Stevin means the mode of presentation of the Euclidean 
Elements (see P. 189, the third “sign’’), which he calls the 
MOL emmaEUrcl! (p22 55 Col) 2). 


Stevin lightly pushes aside the science of the schools and 
has little respect even for the authority of the Greeks, while, 
on the other hand, he is forever drawing on his own practical 
experience; thus he is just the man to see in the notion of a 
wise age, once a fact and now to be reestablished, the basis 
for the necessity of a thorough investigation of traditional 
views both for the sake of the primeval truths which might be 
contained in them and also to test the conventional concepts 
for their reliability and usefulness. Now it is characteristic of 
his bias that he always draws invidious comparisons between 
Arabic and Greek science. The basic reason for this is the 
Arabic digital and positional system, which he 1s inclined to 
view as the heritage of the “ wise age, 29? since it appears to 
him to be immeasurably superior to the Greek notation. On 
the basis of this Arabic digital system he undertakes a 
fundamental critique of the traditional concept of ““num- 
bered assemblage” (arithmos), beginning with the concept, 
crucial indeed, of the “one,” the “monad,” the “ unitas.”’ 
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Definition I of his Arithmetique (p. 1°) states: ““ Arithmetic 
is the science of numbers.” (Arithmetique est la science des 
nombres.) Definition II: “Number is that by which the 
quantity of each thing is revealed.” (Nombre est cela par 
lequel s’explique la quantité de chacune chose — ibid.). This 
definition is followed by a precise explication in which the 
symbolic character of the new “number” concept fully 
appears. Stevin’s main thesis is: “ that the unit is a number’’293 
(que l'unité est nombre). He declares (p. 2") that he has read 
all the “old and new philosophers’ who have pronounced 
on this question and has spoken with many scholars, not 
because he had any doubts with respect to this assertion — 
“no, definitely not, since I was as assured of this as if nature 
herself had told me with her own mouth” (non certes, car 
1 en estois ainsi asseuré, comme si la Nature mesme me |’eust 
dict de sa propre bouche) — but in order to be armed against 
all objections. It is generally claimed that the unit is not 
“nombre,” but only “its principle or beginning’’ (son 
principe, ou commencement). This is completely false, for, 
as Stevin argues: the part is “of the same material” (de 
mesme matiere) as the whole; the unit is a part of a multitude 
of units; consequently the unit is “ of the same material” as a 
multitude of units; “but the ‘material’ of a multitude of 
units is ‘number’ ”’ (mais la matiere de multitude d unitez 
est nombre); therefore the “material” of the unit, and thus 
the unit itself, is “number.” He who denies this last step can 
be compared to someone who denies “that a piece of bread is 
bread”’ (qu une piece de pain soit du pain). 

What is happening in this syllogism? How must the 
concepts used in it be interpreted, of what kind must they 
be, if the argument is to be sound? The decisive premise is 
the one in which the “material of a multitude of units’’ is 
equated with “number.” Stevin here simply accepts the 
classical definition of numerus as ““a multitude consisting of 
units” (cf. P. 51), but he understands this conceptual 
determination itself as the “material” of the thing to be 
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defined,29+ in the same sense in which one speaks of the 
material (materia) of water or of bread. [For just as that which 
is the “stuff” of bread is understood by Stevin as identical 
with “what it is,’ namely bread, so the object intended by a 
concept is understood by him as a “ piece’ of the conceptual 
content taken as a ‘stuff,’ a material, which is, in turn, 
identical with the concept itself, namely with “what the 
object is.’’] Only on the basis of such an interpretation is the 
first premise of the syllogism, according to which the “ part”’ 
is of the same material as the ““ whole,” relevant. This does 
not mean that Stevin commits a paralogism. The funda- 
mental presupposition which underlies his understanding — 
although he hardly recognizes it as such — is precisely the 
identification of the mode of being of the object with the 
mode of being of the concept related to the object. This means 
that the one immense difficulty within ancient ontology, 
namely, to determine the relation between the “being” of 
the object itself and the “being” of the object in thought, is 
here (and elsewhere) accorded a “ matter-of-course ’’ solution 
whose presuppositions and the extent of whose significance 
are simply bypassed in the discussion. The consequence of this 
solution is the symbolic understanding of the object intended, 
an understanding in which its actual objectivity is posited as 
identical with the mode of being of a “ general object,” or, in 
other words, in which the object of an “‘intentio secunda”’ 
(second intention), namely the concept as such, is turned into 
the object of an “‘intentio prima’’ (first intention). Such a 
symbolic understanding of numerus or quantitas is precisely 
what is presupposed in this syllogism. Again Stevin himself 
confirms this, namely in the first book of his Geographie (II, 
p. 108). 

The true reason for the assertion that the unit is not 
“number” but the principium, the arche of ““number”’ (cf. 
Pp. 53 and 108)?95 — an assertion in his opinion deeply 
false and fatal in its consequences — was the absence of a real 
symbolic notation among the Greeks, the “absence of the 
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necessary equipment, namely of ciphers” (faute d’appareil 
necessaire, nommément des chiffres), which explains im- 
mediately why they were not arithmeticians. Misinterpreting 
a sign called a “point” (“.”’) which they had inherited from 
the :“wise age” and which was identical with the present 
day sign “o,’ they had understood the “points” as — 
“units” and consequently represented the latter with the aid 
of such points.29® Now as the geometric point is indeed the 
principium of the line and not itself “‘line,” they, misled by 
their false interpretation of the arithmetic sign “.” (the 
~ poinct Arabique’’), were led to conceive of “‘one’’ as the 
principium of “number” and not itself “number,” thereby 
giving the whole “barbarous age’ its characteristic “un- 
arithmetical”’ stamp. In truth, not the unit but the nought is 
the principium of “number”? — it, and not the unit, is the 
true analogue to the geometric point. The sign “o,”” nowa- 
days used for nought (in place of the primeval “ Arabic”’ sign 
“.”’), was, he says, chosen only in order to avoid all con- 
fusion with the period sign at the conclusion of a sentence. 
But in order to retain at least a nomenclature consonant with 
the “wise age,’ Stevin calls the nought “‘poinct de nombre” (in 
analogy to and in distinction from the “poinct Geo- 
metrien ’’).297 

That the unit itself must be ““number”’ is, then, for Stevin 
so essential because he transfers the role of arche, which had 
hitherto been assigned to the unit, to the nought: “zero is the 
true and natural beginning” (le o est le vrai et naturel 
commencement — Arithmetic, p. 4"). What determines him 
to do this is his regard for the sign notation, for he completely 
identifies the nought with the sign “‘o,’ whose full significance 
can be conceived only within the sign-system as a whole. This, 
however, holds not only for the nought, but for all “ quanti- 
ties” represented by “‘ciphers.”298 As “‘arithmetician”’ 
Stevin no longer deals with numbers of units which are. 
determinate in each case but with the unlimited possibility of 
combining ciphers according to definite “rules of calculation.” 
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But this means that he conceives the “quantities’’ with 
which he is dealing in a symbolic way; he no longer knows 
“numbers of units”’ but only “numbers’’ directly expressed 
in ciphers. | 

Now the symbolic understanding makes “number, ’ as 
we have seen, appear as a © material’’ comparable to the 
material of bread or water. In the traditional conception, by 
which Stevin is here governed, such “material” is character- 
ized by ever-continuing divisibility, by “continuity.” This 
immediately leads to a far more complete assimilation of 
“numbers” to geometric formations than was ever possible 
for the “numbered assemblages’ and “magnitudes” of 
antiquity: ““The community and similarity of magnitude 
and number is so universal that it almost resembles identity” 
(la communauté et similitude de grandeur et nombre, est 
si universelle quil resemble quasi identité — Arithmetic, 
p. 3°).299 Thus one of Stevin’s supports for his thesis that not 
the unit but the nought is the principle of “number’”’ is 
the following characteristic argument: Just as a line is not 
lengthened by the addition of a point, so also “number,” 
e.g., 6, is not increased by the addition of zero, for 6+ 0=6; 
therefore neither can infinitely many points “taken to- 
gether’ form a line, nor can infinitely many zeros “‘to- 
gether’ forma “number,” while as few as two units can do 
this. If; however, one admits that a line AB is continuously 
lengthened by the addition of a point C in such a way that a 
new line AC results, then, by the same right, one may say 
that the number 6, by the “ addition” of 0, continuously increases 
to the number 60 139° Here, then, the continuous extension of a 
line is compared to an arbitrarily continuable lining up of 
ciphers which yield continually new “numbers. This means 
precisely that numbers too are continuous structures and 
not “discrete, as the “barbarous age” asserted. Stevin 
formulates this thesis explicitly: “that number is not at all 
discontinuous quantity’ (que nombre nest poinct quantité 
discontinue — Arithmetic, p. 4°). The ancient view of the 
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“ discreteness’ of numbers was based on an insight into the 
indivisibility of the “unit” (cf. Pp. 53 and 108). According 
to Stevin the unit is divisible as a matter of course, an opinion 
for which he, incidentally, appeals to the authority of 
Diophantus, the “prince des Arithmeticiens,’ who de- 
manded just such a division of the unit in certain problems 
(cf. P. 132) contained in his work (Arithmetic p. 3" f.). The 
unit is as much “part’ of a “number,” and thus itself 
“number” (see P. ror), as a smaller line is part of a 
larger and is certainly itself “line,” while neither the nought 
nor a point are “parts” of a “number” or a line. The 
‘parts’ of the unit are, in turn, also “numbers,” namely 
“fractional numbers, 3°! which decrease infinitely. Thus 
arises the complete correspondence of geometric magnitudes 
and ‘numbers’: “As to a continuous body of water 
corresponds a continuous wetness, so to a continuous 
magnitude corresponds a continuous number. Likewise, as the 
continuous wetness of the entire body of water is subject to 
the same division and separation as the water, so the con- 
tinuous number is subject to the same division and separation 
as its magnitude, in such a way that these two quantities 
cannot be distinguished by continuity or discontinuity.” (Comme 
4 une continue eau correspond une continue humidité, ainsi 
4 une continue grandeur correspond un continue nombre: 
Item comme la continue humidité de l’entiere eau, souftre la 
mesme division et disioinction que son eau, Ainsi le continue 
nombre souffre la mesme division et disioinction que sa 
grandeur; De sorte que ces deux quantitez ne se peuvent 
distinguer par continue et discontinue ... — Arithmetic, 
p. 5".) The “units” of a “number”’ are not “‘disioinctes’’ but 
“ conioinctes’’ (p. $’). 

Basing himself on the new “number ’’ concept, Stevin now 
attacks the traditional appellations of “absurd” or “surd” 
or “irrational’’ (i.e., un-speakable) numbers, a mode of. 
speaking which resulted from the schism between the actual 
understanding of “‘number”’ and the traditional concept 
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of “number” which is nevertheless retained. His thesis 
is that there are no absurd, irrational, irregular, inexplic- 
able, or surd numbers” (qu il n'y a aucuns nombres absurdes, 
irrationels, irreguliers, inexplicables, ou sourds — Arithmetic, 
p. 33 and p. 202, Thesis IV).302 For “incommensurability 
does not cause the incommensurable terms to be surds” 
(l'incommensurance ne cause pas absurdité des termes in- 
commensurables), which is immediately obvious for in- 
commensurable lines and planes. For example, 4/8 is a 
“root (racine). “Every ‘root is a number’ ” (racine 
quelconque est nombre — p. 30; cf. p. 25).3°3 He therefore 
rejects the Diophantine (or Anatolian) terms “‘side, ’ 
“square, “cube’’ (latus, quadratum, cubus), etc., but still 
retains the distinction between “arithmetical” and “geo- 
metric’ numbers; Definition IV states: “An arithmetical 
number is one expressed without an adjective of size.” 
(Nombre Arithmetique est celuy qu on explique sans adjectif 
de grandeur — p. 6°; cf. Pp. 172 f.) In contrast, “roots,” 
“ quadratic’ numbers, “cubic’”’ numbers, etc., are called 
“nombres Geometriques’ (p. 6”; 9 ff.), although it should be 
added “that any arithmetic numbers whatsoever can be squared 
or cubed numbers, etc.’ (que nombres quelconques |sc. 
arithmétiques| peuvent estre Nombres quarrez, cubiques, 
etc. — p. 30). But insofar as their “absolute,” i.e., numerical, 
value is not known, the “geometric numbers’ enter 
aleebraic computations as indeterminate “quantities’’ and 
are designated in the following way: © @@@®@ ete. 
(corresponding to our symbols x, x2, x3, x4, etc.). Now just 
as o is the “beginning” of “arithmetic” numbers, so any 
‘arithmetic’’ number you please is the “beginning” of 
these algebraic “quantities’’ — Def. XIV: “The beginning 
of quantity is every arithmetic number or any radical what- 
soever. (Commencement de quantité, est tout nombre 
Arithmetique ou radical quelconque.) It is thus designated by 
©, insofar as its “absolute” value is not known (p. 15).3% 
Stevin is also the first mathematician who understands the 
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subtraction of a “number’’ as the addition of a “negative 
number ’’ (cf. Bosmans, p. 899). In every one of these theses 
Stevin is merely assimilating the concept of “number” to 
operations on “numbers” already long established (cf. 
Pp..147 £.; P. 178; Note 260; Note 302). He thus once and for 
all fixes the ordinary understanding of the nature of number, 
for which being able “to count” is tantamount to knowing 
how to handle “ciphers.’’3°5 It is an open question how 
much particularly Descartes owes to him.3 In any case, 
Descartes conception of ““numbers”’ is far more tradition- 
bound than Stevin’s, although, on the other hand, he sees 
through their conceptual structure with much more clarity. 
In the following section we shall therefore try to 
confront the “number” concept of Descartes, using as a 
guide the early Regulae ad directionem ingenii (Rules for the 
Direction of the Mind, ca. 1628), because it is apparently here 
that the original intentions of Descartes and the specific 
characteristics of his conceptual mode receive their clearest 
expression. 


B 


The concept of “number” in Descartes 

Descartes thinking, as he himself points out in the 
Regulae, presupposes the fact of symbolic calculation, namely 
in the form of contemporary “ algebra.3°7 As we have seen, 
he understands this “new” discipline not as “some kind of 
arithmetic” (genus quoddam Arithmeticae — Rule IV, 
373, 16) but as the general “art” simply, an art of which he 
finds indications in Proclus (i.e., Barocius) and which had, 
albeit without his knowledge, already been realized by 
Vieta. Descartes’ great idea now consists of identifying, by 
means of “methodological” considerations, the “general” 
object of this mathesis universalis — which can be represented. 
and conceived only symbolically — with the “substance’’ of 
the world, with corporeality as “extensio.’3°8 Only by 
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virtue of this identification did symbolic mathematics gain 
that fundamental position in the system of knowledge which 
it has never since lost (cf. Pp. 184 f.), even though Descartes 
may have failed subsequently in working out completely his 
original conception. It was, at any rate, on the basis of this 
beginning that Descartes chose a symbolism of figures for the 
Regulae, which he restricts only later (cf. Discours, Ad.- 
Tann., VI, 20) to lines.3°9 For Descartes this conception of a 
figure-symbolism connects two different trains of thought: 
(1) the conception of algebra as a “general” theory of 
proportions, whose object, only symbolically comprehen- 
sible, acquires its specific characteristics from the numerical 
realm (cf. Pp. 171 ff. and also Pp. 204 f.), and (2) the identifi- 
cation of this “symbolic” mathematical object with the 
object of the “true physics.” The connection of these two 
trains of thought is made possible by the “methodical” 
concept of “certain and evident knowledge’ (cognitio certa 
et evidens).3!° This Cartesian concept of knowledge is un- 
mistakably Stoic in origin: to it corresponds “apprehension” 
(xarcAnis), that is to say, the “assent (cvyxarcbears) given 
to an ~ apprehensional image” (davracia. KataAdnmriun )31i For 
Descartes this concept is so essential because, and only 
because, it allows him to assign a fundamental role to the 
imaginatio (=phantasia). Thus the imaginatio is, in the 
Regulae, always in the foreground. 

In Rule XIV (444 ff.), while treating of the role of the 
imagination, Descartes includes a discussion of the equivo- 
cality of certain concepts. In reference to the assertion that 
“extension is not body”’ (extensio non est corpus) he claims 
that in this case “no special idea corresponds to this word 
‘extension’ in the imagination” (nulla illi [sc. extensionis 
vocabulo] peculiaris idea in phantasia correspondet), that 
rather “this whole assertion is effected by the pure intellect 
which alone has the ability of separating abstract beings of that 
sort (tota haec enuntiatio ab intellectu puro perficitur, qui 
solus habet facultatem ejusmodi entia abstracta separandi). 
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This holds also for the assertion “number is not the thing 
enumerated’ (numerus non est res numerata)3!2 and “‘a unit 
is not a quantity  (unitas non est quantitas)! “All of these 
and similar propositions must be altogether divorced from 
the imagination in order to be true.’ (Quae omnes et similes 
propositiones ab imaginatione omnino removendae sunt, 
ut sint verae.) If one were to try to ‘represent’ them to one- 
self by means of the imagination, one would necessarily 
arrive at contradictions — for in the imagination the “idea” 
of extension cannot be separated from the “idea”’ of body, 
nor the “idea” of number from the “idea” of the thing 
enumerated, nor the “idea” of unity from the “idea” of 
quantity. There are propositions, however, in which the 
words mentioned are used with the same meaning and in the 
same way (namely as referring to structures which have been 
“abstracted” by the “naked intellect” from the “ideas” 
accessible to the imagination), but in which they are not 
explicitly separated from the actual content of these “ideas” 
— for it is this very content which, in accordance with the 
actual thing (1.e., the thing as it appears in the “imagina- 
tion’’), is intended by them. In such propositions it 1s 
allowed and even necessary to call to aid the imagination: “ We 
must carefully note that in all other propositions in which 
these terms — although they retain the same meaning and 
are asserted in the same way as when abstracted from their 
subjects — do not [explicitly] exclude or deny anything 
from which they are not really distinct, we both can and 
ought to call our imaginations to aid.” (Notandum est diligenter, 
in omnibus alijs propositionibus, in quibus haec nomina, 
quamvis eamdem significationem retineant, dicanturque 
eodem modo a subjectis abstracta, nihil tamen excludunt vel 
negant, a quo non realiter distinguantur, imaginationis 
adjumento nos uti posse et debere. . . .) When we speak of 
““numerus,’ for instance, we shall have to “represent” to 
ourselves an object which can be measured by “a multitude 
of units” (per multas unitates). And even if the (“naked”) 
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intellect intended the “mere multitude” (solam multitu- 
dinem), namely multitudinousness as such, yet we should 
not make the error of believing that the concept (conceptus) 
of the numerus (to which corresponds the “idea”’ of the 
numerus in the “imagination ’’) excludes the res numerata, the 
“enumerated thing”’ itself. For if one does this, one eventu- 
ally begins to ascribe deep secrets to “numbers” and to hunt 
after phantoms.3!3 Even proponents of the genuine arith- 
metic and calculational art commonly cling to this erroneous 
view: For what master-calculator does not think that the 
numbers with which he calculates are separated [abstracted] 
not only by the [naked] intellect from any content-bearing 
subject but can also be actually distinguished by the imagina- 
tion?” (Quis enim Logista numeros suos ab omni subjecto, 
non modo per intellectum abstractos, sed per imaginationem 
etiam vere distinguendos esse non putat ?) But this is exactly 
what is not, and indeed cannot be, the case, in Descartes’ 
opinion.3!4 In these formulations Descartes, therefore, 
postulates — with an explicitness perhaps novel in the history 
of science — a new mode of “abstraction” and a new 
possibility of “understanding.” The “abstract beings” (entia 
abstracta) of which he speaks here are the products of the 
“naked” or “pure intellect” (intellectus purus), which is 
called “‘pure”’ only insofar as the “cognitive power” (vis 
cognoscens) which it represents is free of all admixture of 
“images” or “representations, is “divorced from the aid of 
any bodily image” (absque ullius imaginis corporeae 
adjumento) and “‘acts alone”’ (sola agit — Rule XII, 416, 4 
and 419, 10). For under those circumstances the intellectus or 
“mind” (mens) is dealing only with itself, and only in this 
case can one speak of an “‘intellectio” and “‘intellegere,” “in 
that the mind, when it thinks, in a way turns itself toward 
itself” (. .. quod mens, dum intelligit, se ad seipsam quodam- 
modo convertat; cf. Meditations VI, Ad.-Tann., VII, 73, 15 
ff.; see also the Passions de l’dme I, art. XX) and thereupon 
“beholds some one of the ideas which are within itself”’ 
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(respiciatque aliquam ex ideis, quae illi ipsi insunt — ibid.). 
These are: “simple things purely intellectual” (res simplices 
pure intellectuales — Rule XII, 419, 8 ff.), such as ““‘cognitio,”’ 
“dubium,” “ignorantia,” “volitio,” etc. (cf. Rule Ill, 368, 
21 ff.), and furthermore the “res simplices” which belong to 
the “spiritual” as well as to the “bodily” realm and must 
therefore be called “communes,” such as “existentia,”’ 
“unitas,’ “duratio,” etc. (According to Descartes, the 
traditional “communes notiones’ — xowd éfubparae OF 
évvorae — such as, for instance, the assertion that “two 
magnitudes which are equal to a third are equal to each 
other, Euclid I, Common Notion I, also belong among 
these).3!5 Now this “pure’’ intellect, which refers only to 
itself, is also able to turn (or “apply ’) itself to the “ideas” 
which the imagination offers it, and can even “separate single 
constituents of these ideas. In this “turning toward’ the 
imagination, the intellect has, strictly speaking, already 
ceased to be “pure,” but it retains the ability proper to it — 
and foreign to the imagination — of carrying out this kind of 
a ““separating’’ operation. However, within the “realm” of 
this “‘alien’’ imagination, it must make use of this very imagina- 
tion. When, for instance, the “naked” or “pure’’ intellect 
separates from a multitude of units “represented’’ in the 
imagination (a number of units, that is), their “multitudi- 
nousness’’ as such, i.e., the ““mere multitude” (sola multi- 
tudo), the “naked” indeterminate manyness to which simply 
nothing “true, nothing truly in “being,” and hence no 
“true idea” of a being corresponds, it must employ the 
imagination in order to be at all able to get hold of the thing 
separated. Thus the imaginative power, which ordinarily 
allows us to envisage, for instance, “five units’ (perhaps as 
points’), here enters the service of a faculty directed 
precisely toward something not “perceptually clear,” 
namely the “pure intellect,” which, being bare of any 
immediate reference to the world, comprehends “ fiveness’’ as 
“something separated” from “five” counted points or other 
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arbitrary objects — as mere “multiplicity in general,” as 
“naked” multiplicity. Thus the imaginative power makes possible 
a symbolic representation of the indeterminate content which has been 
“ separated”’ by the “naked” intellect — this is what Descartes 
must emphasize. The “abstraction” which is here intended 
we may therefore call a “symbol-generating abstraction.” It 
alone gives rise to the possibility of contrasting “intuition ”’ 
and “conception, and of positing “intuition” as a separate 
source of cognition alongside reason. The ancient mode of 
separation (&atpecis) appears from this point of view as a 
“direct’’ or “imaginative” abstraction: The insights of the 
ancient mathematicians “pertain more to the eyes and the 
imagination than to the intellect’’ (magis ad oculos et 
lmaginationem pertinent, quam ad intellectum — Rule IV, 
375, 18 f.); this is exactly why the ancient concept of number 
can now be described as having ‘intuitive’ character 
(“ Anschaulichkeit,”’ cf. Pp. 62 f.). Here the constant pre- 
supposition is that the “ pure’ intellect in itself has no relation at 
all to the being of the world and the things in the world. What 
characterizes it is not so much its “incorporeality " as just this 
unrelatedness. But this implies immediately that the separation 
between it and the“ corporeal” is itself conceived completely on the 
analogy of corporeal separateness. Descartes’ examples are 
characteristic of this. ““We must comprehend,” he says, 
“that that power through which we properly know things 
is a purely spiritual one and no less distinct [separate] from all 
body than blood from bone or hand from eye.’ (. .. Concipien- 
dum est, vim illam, per quam res proprie cognoscimus, esse 
pure spiritualem, atque a toto corpore non minus distinctam, 
quam sit sanguis ab osse, vel manus ab oculo...— Rule XII, 
415, 13 ff.) The “‘pure’’ intellect, in order to be at all able to 
come into “contact’’ with the objects of the corporeal world 
“which are without us and very much foreign” (quae extra nos 
sunt, et valde aliena — Rule VIII, 398, 13) — that is to say, 
in order to come in contact with the “world” in general 
— needs the mediation of a special faculty, namely precisely 
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that of the imagination: “If the pure intellect places anything 
before itself to be examined, such as can be referred to a 
body, its idea must be formed as distinctly as possible in the 
imagination. (Si... intellectus [sc. purus] examinandum 
aliquid sibi proponat, quod referri possit ad corpus, ejus idea, 
quam distinctissime poterit, in imaginatione est formanda — 
Rule XII, 416 f.) Furthermore: “Nor, in general, do we 
recognize those beings of the philosophers which really 
cannot come before the imagination.” (...Neque in 
universum nos agnoscere ejusmodi entia philosophica, quae 
revera sub imaginationem non cadunt — Rule XIV, 442, 
26-28.) How this mediation, that is to say, the relation 
between “body” and “soul,” is to be understood is, as is 
well known, the insoluble problem of Cartesian doctrine.3!® 
For Descartes himself this difficulty is not a crucial one only 
because he meets it originally in the realm of mathematics, namely 
at that moment when it becomes important to reconcile the 
traditional determinateness of the numerus, which Descartes, 
in contrast to Stevin, perfectly appreciates, with the in- 
determinacy of the new “algebraic” quantities.3!7 

This reconciliation is achieved by means of symbolic 
figural representation. Everything depends on understanding 
that the “figures” with which the “mathesis universalis’’ 
deals, namely “rectilinear and rectangular planes’’ as well as 
“straight lines” (cf. Note 309), have, as far as their mode of 
being is concerned, no longer anything to do with the 
“figures” of what had up till then been the ordinary 
“geometry”: ~ We easily conclude: here propositions must 
be just as much abstracted from those very figures with which 
geometers deal, if the inquiry involves these, as from any other 
subject matter; and for this purpose none need be retained 
besides rectilinear and rectangular plane surfaces, or straight 
lines, which we also call figures because by means of them we 
can imagine a subject which is in truth extended [namely in 
three “‘dimensions’’]3!8 just as well as by means of a plane 
surface.” (... Facile colligitur: hic non minus abstrahendas 
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esse propositiones ab ipsis figuris, de quibus Geometrae 
tractant, si de illis sit quaestio, quam ab alia quavis materia; 
nullasque ad hunc usum esse retinendas praeter superficies 
rectilineas et rectangulas, vel lineas rectas, quas figuras quo- 
que appellamus, quia per illas non minus imaginamur 
subjectum vere extensum quam per superficies ... — Rule 
XIV, 452, 14 ff.) As © continuous and undivided magnitudes » 
(magnitudines continuae et indivisae), ““lines”’ and “ planes” 
permit us to set up proportions (and thus equations) only 
insofar as their “common measure’ (communis mensura), 
namely their particular “unit” (unitas), is known for each 
case. But if that condition is met, these continuous magni- 
tudes can, in turn, immediately be understood as ‘‘numbers”’ 
“We must also understand that continuous magnitudes can, 
by the help of the unit that has been assumed, sometimes be 
reduced entirely to multitude.” (Sciendum etiam, magnitu- 
dines continuas beneficio unitatis assumptitiae posse totas 
interdum ad multitudinem reduci... — Rule XIV, 451 f.) 
“Multitude” here means one of those numbers with which 
“algebra’”’ deals in setting up proportions among “A,” “B,”’ 
anramen@ea(Et: Rule VII, beginning) ; these need no longer be 
referred to the “common measure’ because measuring 
(mensura) is no longer our concern, but only “arrangement” 
(ordo): “[We must understand], too, that we are able 
afterwards to arrange the multitude of units in such an order that 
the difficulty which before was one of solving a problem of 
measurement now depends only on observing an order, and 
that the aid which our art gives us in this process is very 
great. (Atque multitudinem unitatum posse postea tali 
ordine disponi, ut difficultas, quae ad mensurae cognitionem 
pertine<b at, tandem a solius ordinis inspectione dependeat, 
maximumque in hoc progressu esse artis adjumentum — 
Rule XIV, 452, 2-6.) Thus a plane or linear “figure” repre- 
sents no less and no differently a “ multitude or number” 
(multitudinem sive numerum) than a “continuous magni- 
tude.’’ Whatis more, it is the primary task and the truly proper 
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function of such “ figures’’ to ““image”’ the “true idea”’ (vera 
idea) of a number. Confronted with an indeterminate 
multitude, i.e., with any algebraic quantity, which we, mis- 
led by the pure intellect, want to understand as a “mere 
multitude’ (sola multitudo), that is, as a structure separated 
from all “enumerated things” (res numeratae), we must, in 
order not to make mistakes, indeed “represent’’ to ourselves 
“some subject measurable by many units’’ (subjectum ali- 
quod per multas unitates mensurabile) — we must keep 
before our eyes a picture of the “countable in general.’ Each 
“figure” is therefore not a representation of a determinate 
number of units of measurement (as are the straight lines of 
Euclid’s arithmetical books) but the “symbol” of an in- 
determinate multitude obtained by “symbol-generating ab- 
straction ; in other words, it is exactly the same as the letter 
(together with its “degree” designation) which occurs in 
“algebra, ’ especially in Vieta’s analytic (cf. Pp. 174 f.).3!9 This 
“symbolic”? character of Cartesian “figures’’ first makes 
possible that mutual correspondence of “lines’’ with letters 
or “‘ciphers’’ which obtains in Cartesian mathematics (cf. 
Discours, Ad.-Tann., VI, 20). Descartes himself says ex- 
plicitly: “It should be noted... that we... here abstract no 
less from numbers themselves than we did just before |cf. P. 203] 
from geometric figures or from anything else you like.” 
(... Advertendum est, ... nos... hoc in loco non minus 
abstrahere ab ipsis numeris, quam paulo ante a figuris 
Geometricis, vel quavis alia re — Rule XVI, 455 f.) The 
symbol-generating abstraction which leads from the ordi- 
nary numbers to “‘letter-signs’’ (notae) or “termini gener- 
ales’’ (457, 20), also called “ puri et nudi’ (455, 21),32° needs 
the imagination in exactly the same way as when it leads to 
figures. In the former case, however, it is the retentive 
ability of the imagination, the “ memoria,’ which is being 
aimed at (cf. Rule XII, 414, 23 f. and 416, 1 f.) ;32! this is why | 
the place of “whole figures” (integrae figurae) is taken by 
‘sions as short as possible” (brevissimae notae — Rule XVI, 
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454, 10 ff.).322 The mode of being of these “figures” is 
therefore, to repeat, none other than that of the algebraic 
“numbers” — of Vieta’s “species.” Precisely the same re- 
interpretation which the traditional concept of arithmos 
undergoes at the hands of Vieta, Stevin, and the other 
contemporary algebraists, is effected by Descartes — and 
this is his original achievement — in the realm of traditional 
geometria. The essential difference between Descartes and 
Vieta is notin the least that Descartes unites ‘arithmetic’ and 
“geometry” into a single science while Vieta retains their 
separation. As we have seen, both have in mind a universal 
science: Descartes’ “ mathesis universalis’’ corresponds com- 
pletely to. Vieta’s “zetetic,”’ by means of which is realized, 
with the aid of “‘logistice speciosa,” the ““new”’ and “ pure”’ 
algebra, interpreted as a general “analytic art’’ (cf. Pp. 157 
f.; 168 f.; 183 f.). But whereas Vieta sees the most important 
part of analytic in “rhetic” or “exegetic’”’ (cf. Pp. 168 f.), 
in which the numerical computations and the geometric 
constructions indeed represent two different possibilities of 
application (so that the traditional conception of geometry 
as such is here preserved), Descartes begins by understanding 
geometric ‘figures’ as structures whose “being’”’ is deter- 
mined solely by their “symbolic” character. The truth is that 
Descartes does not, as is often thoughtlessly said, identify 
“arithmetic” and “geometry” — rather he identifies 
“algebra” understood as symbolic logistic with geometry 
interpreted by him for the first time as a symbolic science.3?3 
We are now able, by using Descartes’ assertions as a basis 
and taking into account the contemporary literature of the 
schools, to fix yet more exactly that conceptual character of 
algebraic symbols which has already been variously out- 
lined. We saw that Descartes designates the “sola multitudo” 
which the intellect ““separates’’ from the “idea” of number 
it finds available in the imagination as an “‘abstract being”’ 
(ens abstractum), also called an ens rationis in the language of 
the schools. In the Summa of Eustachius a Sancto Paulo, IV, 
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17-19 (quoted after Gilson, Index, p. 107) three kinds of 
“entia rationis’ are enumerated: “Beings of reason are 
either negations, or privations, or second intentions.’ (... Entia 
rationis aut sunt negationes, aut privationes, aut secundae 
intentiones. . . .) ‘The two first kinds appertain to things in 
their own mode before any operation of the intellect” (duo 
priora |sc. genera] rebus suo modo conveniunt citra omnem 
Operationem intellectus); only the third kind owes its 
“being’’ to the operation of the intellect alone: “But the 
last kind does not belong to things unless a certain operation of 
the intellect is presupposed, wherefore these beings of reason 
are said to depend on the intellect for their existence and 
connection; ... this is why a ‘being of reason’ in its proper 
and strict sense is agreed to be only that last kind.” (Postre- 
mum vero genus non nisi praesupposita aliqua intellectus 
Operatione rebus competit, unde illa [sc. entia rationis| 
dicuntur pendere ab intellectu quoad existentiam et con- 
venientiam...quo fit ut ens rationis proprie et presse 
sumptum pro isto postremo duntaxat genere accipiatur.) 
Thus “mere manyness’ (sola multitudo), multitudinousness 
as such, which has its “being’’ by grace of the “pure 
intellect”’ is truly an ens abstractum or ens rationis in the sense 
of a “second intention” (cf., Pp. 174 and 192, furthermore, 
Note 319). Now Eustachius, appealing to established usage, 
defines “second intention’’ more narrowly as an ens rationis 
~ which is conceived as belonging to a thing known by virtue 
of its being known, and which cannot exist except as some- 
thing present in the intellect, since it is conceived [not originally 
but] secondarily and by a reflexive operation of the mind” (quod 
concipitur accidere rei cognitae, ex eo quod cognita est, 
quodque non aliter potest existere quam objective in 
intellectu, cum secundario et per reflexam mentis opera- 
tionem concipitur). That process of “separating” in the 
course of which the “ pure intellect’”’ ventures into the “alien _ 
realm” of the “imagination”’ (cf. P. 201) could thus be 
described more exactly as follows: The intellect, when 
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directed to the “idea” of a number as a “ multitude of units” 
(multitudo unitatum — 7AjOos povdSwv) offered to it by the 
imagination (cf. P. 51), turns, as its nature requires, toward 
its own “‘directedness,’ its own knowing (cf. Pp. 200 f.). 
Consequently it sees the multitude of units no longer 
“directly,” no longer in the “performed act” (actus exer- 
citus; cf. P. 49), but “indirectly,” “secondarily” (secun- 
dario), or, in terms of another scholastic expression, in the 
“signified act” (actus signatus |i.e., an act the object of whose 
intention is already an expressly signified concept, as 
opposed to the object of the first intention which is a being 
on which the actus exercitus is immediately exercised]). Its 
immediate “object’’ is now its own conceiving of that 
‘multitude of units,” that is, the “concept” (conceptus) of 
the number as such; nevertheless this multitude itself appears 
as a “something, namely as one and therefore as an “ens, 
a “being.” This is precisely what the abstraction which the 
intellect undertakes consists in: It transforms the multitude 
of the number into an apparently “independent” being, 
into an ens, if only an “ens rationis.’ When now—and 
this is of crucial importance—the ens rationis as a “second 
intention’ 34 is grasped with the aid of the imagination in such 
a way that the intellect can, in turn, take it up as an object 
in the mode of a “first intention,’ we are dealing with 
a symbol, either with an “algebraic” letter-sign or with a 
“ geometric’ figure as understood by Descartes. This is the 
sense in which we spoke earlier of ‘“‘symbol-generating 
abstraction. ” 

But how is the imagination a bridge to the world of 
“bodies”’ for Descartes? How can the mathesis universalis 
turn, with its aid, into the “‘true physics” as well ? In respect 
to the intellect, the imagination is defined by its “service” 
function, which insures the possibility of symbolic knowl- 
edge in general and, in particular, of the mathesis universalis 
as a general theory of proportions and equations. Only that 
kind of thing can be made the subject of proportions and 
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equations, Descartes argues in Rule XIV, “which accepts the 
more or less’’ (quod recipit majus et minus), that is, all such 
things and none but such things as can be called “magni- 
tudes’ (cf. the concept of magnitude — péyeOos in Euclid 
V). In this sense the mathesis universalis deals only with 
“ magnitudes in general”’ (magnitudines in genere), which, we 
may add, are conceived by the intellect as “‘entia abstracta.”’ 
But since we need, as we already know, the “aid” of the 
imagination, we shall have to deal with “special” magni- 
tudes, which we may at least so choose that they are as easily 
handled as possible. This demand is fulfilled by the real 
“extension” of bodies, i.e., by their corporeality as such, of 
which we disregard everything but its “figurality.” But this 
very same corporeal nature belongs, according to Descartes, to the 
imagination (or phantasia) with all the ideas present “in” it: “In 
order to imagine something even then |i.e., in the treatment 
of general magnitudes] and so as not to use the intellect 
purely but with the aid of specific |i.e., particular] forms depicted 
in the image-making organ, we must finally note that nothing 
can be said of magnitudes in general which cannot also be 
ascribed to some specific form or other. From this we easily 
conclude that there will be no little profit in transferring that 
which the intellect allows us to say about magnitudes in general to 
that specific form of magnitude which is depicted most easily 
and distinctly of all in our imagination; this is indeed the real 
extension of a body abstracted from everything else, except 
that it has figure, as follows from what was said about it in the 
twelfth rule, where we conceived of the image-making organ 
itself, with the ideas existing in it, as being nothing but a true 
body, really extended and having figure.” (Ut vero aliquid etiam 
tunc imaginemur, nec intellectu puro utamur, sed speciebus 
in phantasia depictis adjuto: notandum est denique, nihil dici 
de magnitudinibus in genere, quod non etiam ad quamlibet 
in specie possit referri. Ex quibus facile concluditur, non 
parum profuturum, si transferamus illa, quae de magnitu- 
dinibus in genere dici intelligemus, ad illam magnitudinis 
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speciem, quae omnium facillime et distinctissime in imagina- 
tione nostra pingetur: hanc vero esse extensionem realem 
corporis abstractam ab omni alio, quam quod sit figurata, 
sequitur ex dictis ad regulam duodecimam, ubi phantasiam 
ipsam cum ideis in illa existentibus nihil aliud esse concepi- 
mus, quam verum corpus reale extensum et figuratum — 
Rule XIV, 440 f.)325 Everything which we receive from the 
‘“world’’ with the aid of the “ outside senses’ (sensus externi), 
is transferred by way of the sensus communis to the imagina- 
tion by a series of ““seal impressions ’ (impressiones), and this 
occurs in such a way that the parts of the body affected by 
these “impressions, including the imagination, take on the 
shape, the “figure,” which belongs to that part of the world 
which is making the impression (cf. Rule XII, 412 ff.). “This 
must not be thought to be said metaphorically’’ (neque hoc 
per analogiam dici putandum est), as Descartes explicitly 
emphasizes. Exactly as happens in a seal impression, the 
contours of the part of the world in question are “im- 
_ printed” “‘realiter’’ on the receptive parts of the body, up to 
and including the imagination. (Here “ part of the world” must 
be understood to mean everything which comes into immedi- 
ate “touch” with the “organs” of our body by means of 
locomotion, “ motus localis’’.)32© The “service’’ rendered by 
the imagination depends, therefore, on a “‘real,” and not a 
“figurative, ““rendering’’ of the corporeal world; the 
imagination always represents precisely that within the 
corporeal world which really constitutes its true nature, its 
“substance, its “corporeality’’ — namely “figurate”’ 
extension as such. (Although here the intellect in effect 
makes use only of its planar and linear extension.)327 This 
and nothing else explains why the imagination can guarantee 
the ability of the mathesis universalis to grasp the structure of 
the “true world” and so to prove itself a “wonderful 
science’ (scientia mirabilis) indeed. 

Extension has, accordingly, a twofold character for Des- 
cartes: Itis “symbolic” — as the object of “general algebra, 
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and it is “real’’ —as the “substance ’ of the corporeal world. 
More exactly, in Descartes’ thinking, the dignity of repre- 
senting the substantial “being’’ of the corporeal world 
accrues to extension precisely by reason of its symbolic 
objectivity within the framework of the mathesis universalis. 
Only at this point has the conceptual basis of “‘classical”’ 
physics, which has since been called “Euclidean space,” been 
created. This is the foundation on which Newton will raise 
the structure of his mathematical science of nature.328 


C 


The concept of “number” in Wallis 

The final act in the introduction of the new “number ’”’ 
concept is due to Wallis (1616-1703). On the one hand, 
Wallis belongs to the tradition founded by Vieta and medi- 
ated by Harriot’s Artis analyticae praxis (cf. Note 275) and 
Oughtred’s Clavis mathematicae,3?9 while, on the other, he 
succumbs to the influence chiefly of Descartes, but also of 
Stevin. Since he is in the habit of combining his mathematical 
presentations with thorough (although not always reliable) 
historical and philological discussions and is therefore much 
better able than his predecessors to do justice to the ancient 
conceptions, he presents to us, for the last time and with the 
greatest distinctness, a clear picture of the reinterpretation 
which these conceptions undergo within the framework of 
symbolicintentionality. He makes a continual effort to adhere 
to ancient terminology, and when forced to depart from it he 
always supplies a precise justification, introducing distinc- 
tions in the “’scholastic’’ manner, which are intended to 
enable the traditional concepts to co-exist with those that are 
new. 
In Chapter II of his Mathesis universalis (1657)33° the. 
“‘unitas” is still introduced as “‘principium numeri,’ corre- 
sponding to the “numerus” understood as “ unitatum multi- 
tudo,” but this is done explicitly only to save the “usual” 
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definitions: “As far as principles are concerned, the point is 
that of magnitude, while the unit is that of number, a 
principle commonly proposed ...since number is commonly 
defined as a multitude of units.” (Principia quod attinet: 
Punctum quidem magnitudinis, Unitas autem numeri, 
principium vulgo perhibetur...; cum numerus vulgo 
definiatur, Unitatum multitudo — p. 20.) Thereupon, in 
Chapter IV, the question “whether the unit isa number’ (an 
Unitas sit Numerus — pp. 24-27) isdiscussed at length, and in 
conjunction with it the problem of the “nought” is treated. 
Wallis does not omit to point to the crucial significance of 
the question concerning the true “principle of number.” 
Here the guiding notion, by now accepted altogether as a 
matter of course, is the complete parallelization of “arith- 
metical” with “geometrical” procedure: “The usefulness 
of this matter is remarkable, especially in analytic, 1.e., alge- 
braic investigations, since through it the coincidence of 
arithmetical operations with geometrical constructions 1s 
better seen.” (Insignis enim est hujusce rei utilitas, praesertim 
in Analytices sive Algebrae speculationibus; quo melius 
operationis Arithmeticae cum Geometricis constructionibus 
congruentia percipiatur.) He refers in this connection to 
Descartes and Francis van Schooten,?3! although, as we have 
seen, the chief role here should be assigned to Stevin (see 
Pp. 191 ff.). The problem of the ™ principle of number”’ must, 
according to Wallis, be decided as follows: “One” is a 
number, for “one’’ answers the question “How many are 
there?’ (Quot sunt). More precisely: “When I assert that 
‘four’ has the same force as ‘four units,’ then ‘units’ [here] 
are neither number nor a [constituent] part of a number, but 
either the denomination |i.e., the number-name] of the 
number or the term giving the denomination, or the thing 
numbered itself. However, ‘four’ is indeed the number of 
these units. Thus also, when I assert that “one’ has the same 
force as ‘one unit,’ “one monad,’ then ‘unit’ is the denomina- 
tion of the term giving the denomination of the number, but 
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‘one is a number, namely the multitude of units (the word 
multitude being taken in a loose sense, . . . [cf. P. 52]), for 
‘one says how many’ or ‘how many units’ are asserted to 
be present, namely a single one.” (Dum... Quatuor dico 
tantundem valere ac quatuor unitates; +6 unitates nec numerus 
est, nec pars numeri, sed vel numeri denominatio seu 
denominator, vel ipsum numeratum. Est autem 76 Quatuor 
earum unitatum numerus. Ita cum Unum tantundem valere 
dico ac unam unitatem, pilav poveda, Unitas, est numeri 
denominatio, seu denominator. Una, numerus est, seu 
unitatum multidudo | Multitudinis nomine laxius accepto . . .| 
dicit enim Quot vel quam multae unitates adesse dicuntur, 
ninurum unicam.) Therefore one might, he says, deny that 
the “unitas’’ or monas is ‘““number,”’ but the “unum” or hen 
cannot possibly be denied a numerical character. 

Here we see in what the difference between “thinking” 
(cogitare) and “saying (dicere), as Bachet formulates it (cf. 
P. 177), really consists. By “four” or “‘six,’’ we do, indeed, 
mean four or six “units, but indirectly, by way of a detour 
through “number,” which alone can be directly expressed 
and addressed, since it is understood precisely as such, namely 
asa ‘number’ apart from the things counted, and consequently 
only as “symbol” (cf. above, Pp. 199 ff.). This “indirection” 
in apprehending the “numbered assemblage,’ which 
characterizes the modern understanding, becomes apparent, 
however, only if the conceptual mode of ancient arithmetic 
is kept in mind; for within the latter, the concept of the 
“four” or the ‘six,’ or even of the “unit,” refers immediately 
to the particular unit or units, be they objects of sense or 
purely noetic structures of either the independent or the 
merely “abstracted” type. So much is clear: The whole 
complex of ontological problems which surrounds the 
ancient concept of number loses its object in the context of the 
symbolic conception, since there is no immediate occasion for 
questioning the mode of being of the “symbol” itself. This 
state of affairs is, of course, completely distorted if it is sumply 
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asserted that the modern number concept possesses a 
remarkably high degree of “abstractness,’ and no inquiry 
into the real nature of this “‘abstractness” is made. 

The true “principle of number,” for Wallis as for Stevin, 
is the ‘‘nought.” It is the sole numerical analogue of the 
geometric point (just as the “instant” is its temporal ana- 
logue): “As can be ascertained with certainty by anyone 
who looks [into the matter] more deeply as soon as the 
arithmetic operations [i.e., calculations] are compared with 
the [accompanying] geometric constructions.’ (Ut ex 
operationibus Arithmeticis cum constructione Geometrica 
comparatis liquido constare possit penitius intuenti.) Wallis 
expressly rejects the accusation that he is relinquishing the 
unanimous opinion of the ancients and the moderns, who all 
saw the unit as the element of number.332 What he does, he 
says, is not done lightly, and besides, the traditional opinion 
can be brought into accord with his own if the following 
distinction is taken account of: Something can be a “‘prin- 
ciple” of something (1) which is the “first which is such” 
(primum quod sic) as to be of the same nature as the thing itself 
and (2) which is the “last which is not’’ (ultimum quod non) 
such as to be of the same nature as the thing itself. In the first 
sense the unit may indeed be called the “principle of num- 
ber,’ while the nought is a “ principle’’ in the second sense. 
True, the point can be a “ principle’ only in the second sense, 
since in the case of “ magnitude” (i.e., extended and infinitely 
divisible magnitude) a primum quod sic cannot be found.333 
The ancients happened to have overlooked the fact that the 
analogy which exists is not between the “point” and the 
“unit, but between the “point” and the “nought.” For this 
reason, as is shown in Chapter XI (p. 53), they were able to 
develop their algebra only for “geometric magnitudes’’ 
(quantitates Geometricae)334 and, worse yet, only for 
“heterogeneous” geometric magnitudes: “‘for lines, and 
planes compared with solids, and also other, imaginary, 
quantities of still more dimensions ’’335 (nempe per lineas, et 
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superficies, simul cum solidis, aliisque etiam plurium adhuc 
dimensionum imaginariis quantitatibus comparatas); these 
are the structures to which correspond the expressions 
“latus,’ “quadratus,” “cubus” (side, square, cube), and 
furthermore the “ quantitates imaginariae,” i.e., magnitudes 
which are biquadratic, quadratocubic, etc.: “But why did 
they resort to geometric (rather than arithmetic), and also to 
heterogeneous (rather than homogeneous) quantities ? I see 
no reason more likely than that they chose the ‘one’ (and not, 
as they ought to have, the ‘nought’) among arithmetical 
objects to equate with the geometric ‘point’. 336 (Cur autem 
illi ad Quantitates Geometricas [potius quam Arithmeticas] 
et quidem Heterogeneas |[potius quam Homogeneas| 
confugerint; nullam ego rationem video verisimiliorem, 
quam quod Arithmeticorum Unum |non vero, ut oportuit, 
Nullum] cum Puncto Geometrico comparabant.) But this, he 
says, is just the crucial point — to understand “ Algebra or 
Analytic” as an “ Universal Art” and yet to confine it within 
the bounds of the realm of arithmetic: “ What they tried to 
explain by many geometric dimensions, we contain within 
the bounds of arithmetic.” (Quod illi per plurium dimen- 
sionum Geometricarum suppositionem conantur explicare, 
nos inter Arithmeticae fines continemus.) But if we wish to 
exhibit algebraic facts in geometric structures, we should use 
only “homogeneous magnitudes,” “either only lines, or 
only planes, or only solids’’337 (nempe vel per solas lineas, 
vel per solas superficies, vel per sola corpora). In any case, in 
Wallis’ opinion, which he considers in agreement with that 
of the ancients (cf. Note 268), the purely “arithmetic 

treatment of algebra deserves priority, “since, in truth, the 
objects of arithmetic are of a higher and more abstract 
nature than those of geometry (cum. . . revera res Arith- 
meticae altioris sint et magis abstractae naturae, quar 
Geometricae; cf. Note 314): ‘‘ Universal algebra is in truth 
arithmetic, not geometry, and must therefore be explained 
rather on arithmetic than geometric principles.” (Universa 
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Algebra est vere Arithmetica, non Geometrica; ideo potius 
Arithmeticis quam Geometricis principiis explicanda — 
p. 56.) The fact that within geometry many solutions can be 
found algebraically does not mean that algebra is funda- 
mentally a “geometric’’ discipline; rather “this comes about 
because of the intimate relationship of arithmetic to geom- 
etry” (ob intimam Arithmeticae Geometriaeque affini- 
tatem illud evenit); or, more exactly: “Since geometry is, as 
it were, subordinated to arithmetic, it makes to that extent a 
special application of the universal assertions of arithmetic to its 
[special] objects” (... quoniam Geometria sit Arithmeticae 
quasi subordinata, adeoque universalia Arithmetices effata 
rebus suis specialiter applicet); algebraic assertions in the 
narrower sense also fall under these universal assertions of 
arithmetic: “And the same general account holds for all 
operations, whether arithmetic or specifically algebraic.” 
(Atque eadem omnino ratio est operationum omnium sive 
Arithmeticarum sive speciatim Algebricarum.) 

We saw how in Vieta the twofold character of the art of 
calculating with species, the logistice speciosa, which produces 
a“ general analytic,’ on the one hand, and an art immediately 
related to the Diophantine Arithmetic on the other, also lent 
a twofold character to its object: The species was a “ general”’ 
magnitude, which, at the same time, displayed a nature essenti- 
ally “arithmetic” (cf. Pp. 172 ff.). In Vieta the emphasis was 
undoubtedly on the universality of the species. Now the 
same twofold character is displayed by the algebraic magni- 
tudes, the “symbols or species”’ (symbola seu species) in 
Wallis (p. 58), only that here their “arithmetic” nature 
comes out more strongly — they are unambiguously 
“numeri — “numbers.” Therefore the requirement of 
“homogeneity,” which is that “all comparisons [i.e., all 
relations expressed in equations] of quantity with a view to 
their equality must be made only among quantities of the 
same degree’ (omnes... quantitatum comparationes quoad 
aequalitatem, inter Homogeneas tantum sunt faciendae), is 
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fulfilled, as it were, automatically (pp. 56 f.); since algebraic 
equations are in themselves homogeneous, “‘it often happens 
that equations are made among various powers not of the 
same height [of degree]; this, although acceptable enough for 
arithmetic degrees, is by no means acceptable for geometric 
dimensions’ (saepissime . . . contingit aequationes fieri inter 
varias potestates non ejusdem altitudinis; quod quamvis satis 
conveniat Gradibus Arithmeticis, Geometricis tamen dimen- 
sionibus neutiquam convenit). For equations between powers 
of various “height” Wallis gives as examples: 2a?= 6a and 
2a3= 6a, The “arithmetic degrees” (Gradus Arithmetici) 
are nothing other than “numbers in continuous proportions ” 
(numeri continue proportionales; cf., P. 172, and especially 
Notes 248 and 249) ;338 all numbers, however, Wallis argues, 
are “homogeneous: “Since all numbers [properly so-called] 
are constituted out of units, they are in fact homogeneous 
quantities 339 (cum...numeri omnes [proprie dicti] ex 
unitatibus constituantur [...] sunt vere Homogeneae |sc. 
quantitates] . . .); consequently the algebraic magnitudes are, 
as numbers, “homogeneous” with each other. This argumen- 
tation, however, apparently fails to do justice precisely to the 
universal character of the “algebraic numbers,” for it holds 
only if the algebraic “numbers” are conceived also as 
‘numbers properly so-called’”’ (numeri proprie dicti). In 
other words, it makes the algebraic ““numbers’’ appear as 
“numbers of units,” entirely in the Diophantine mode (if, in 
this context, we disregard “‘fractions,” and “numeri surdi, 
and “‘irrational numbers”’). But actually the argumentation 
itself already presupposes a “symbolic” understanding even 
of the ordinary “numbers of units,” i.e., of the ‘numbers 
properly so-called” (cf. Pp. 212 f. and Pp. 175 f.).340 The 
homogeneity among all “ordinary” as well as all algebraic 
“numbers” is for Wallis, in effect, the result of their member- 
ship in one and the same “genus, namely the genus of 
“number” as such. The unity of this “genus ”’ is immediately 
manifested in the fact that all its members have their character 
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as signs in common; this and only this makes them appear 
homogeneous. Homogeneity is here no longer, as it was in 
Vieta, a requisite condition for operating with “algebraic 
magnitudes,” but characterizes their very nature; they are 
essentially homogeneous and just for this reason “universal.” 
Thus Wallis can say, in speaking of algebraic nomenclature 
(p. 57): “Let it suffice at any rate to point out that the various 
algebraic powers, by whatever name they may be called, are 
nothing else than numbers or lines or also other mutually 
homogeneous quantities in continuous proportion.” (Sufficiat 
saltem monuisse, varias Potestates Algebricas, quocunque 
appellentur nomine, nil aliud esse quam Numeros sive 
Lineas sive alias etiam quantitates invicem homogeneas, 
continue proportionales.) On the other hand, this univer- 
sality of the “potestates algebricae’’ excludes them neither 
from having a “numerical” character attributed to them nor 
from having an “‘arithmetic’’ or “logistic’’ interpretation 
attached to them. In other words, they are not seen as mere 
(reference) signs but as symbols — they do not only “repre- 
sent, they “are’’ in themselves, mathematical objects. 

As symbols they are both “general magnitudes’ and 
precisely also — “numbers.” Therefore Wallis no longer 
needs special “rung”’ (i.e., degree) designations for each 
single algebraic “number.” The dimension, more exactly, 
the “altitude” or height of an algebraic magnitude no longer 
changes its “genus” (cf. Pp. 172 f.). All possible “numbers” 
now belong to one and the same, dimensionless, “genus” — 
their homogeneity is identical with their symbolic character as 
such,34! 

This may be confirmed in the following way. The crucial 
difference between the “methodus symbolica” and the 
ancient procedure lies, as we have seen, in the conception of 
the “unit”: For the ancients it was (as a “pure” unit) the 
“ principle of number” and, as such, simply indivisible (cf. 
Pp. 53, 39 ff. and 109); for the “moderns” it is, “as 
something continuous” (ut quid continuum), divisible into as 
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many (equal) parts as you please: “ When arithmetic wishes 
to imitate in some way the infinite divisibility of geometry, 
It supposes a unit or a one which is something whole, as it 
were, but divisible into as many parts as you please.” 
(...Infinitam Geometriae divisibilitatem, cum quodam- 
modo imitari velit Arithmetica; supponit Unitatem sive 
Unum, quasi jam quid integrum, in quotvis Partes divisibile 
— Chap. XII, p. 60; cf. also Chap. XLI, p. 210.) Accordingly, 
the moderns now have to understand “‘number” otherwise 
than did the ancients. Of the ancients it is true that “they 
allowed almost no numbers other than integers; nor did they 
allow the material of arithmetic to be infinitely divisible like 
that of geometry, but they required [division] to stop at the 
unit’ (vix alios numeros quam Integros admiserint [nec 
enim materiam Arithmeticam sicut Geometricam, in 
infinitum divisibilem admiserunt, sed in unitate sistendum 
voluere] — Chap. XXXV, p. 183, cf. P. 42). Therefore, 
“for Euclid and others none but integers were designated by 
the term number” (apud quos [sc. Euclidem aliosque] 
numerorum apellatione non nisi Integri insigniuntur — 
Chap. XLI, p. 210). “Euclid speaks only of true numbers and 
properly so-called (meaning integers) which are composed of 
units; correspondingly he considers the unit as always 
indivisible, that is, as among numbers ‘the last which is of 
the same sort’ [as they are]. ([Euclides] de veris tantum 
numeris et proprie dictis [integros intellige] verba facit, qui 
ex Unitatibus componuntur; adeoque Unitatem semper 
habet pro indivisibili, quodque est, in numeris, minimum 
quod sic... — Chap. XIX, p. 93; cf. Note 333). The 
moderns, on the other hand, are entitled, on the basis of the 
internal “continuity” of the unit as well as of the whole 
numerical realm, to speak of fractional numbers (numeri 
fracti), of irrational numbers (numeri surdi), and also of 
“algebraic numbers. But we should not forget that 
numbers, and especially the unit itself, can, in turn, be 
characterized as continuous only by reason of being symbolic 
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or, more exactly, by reason of being symbols produced 
by abstraction (cf. Pp. 194 ff. and 201 f.). Consequently, 
Wallis, who makes a continual effort to remain as true as 
possible to tradition and to retain the ancient terminology, 
has, on the one hand, great doubts whether fractions, for 
instance, can be understood “‘as numbers’’: “ But ‘fractions, 
or ‘broken numbers’ are not so much numbers as ‘fragments of 
the unit’.”” (Sunt autem Fractiones seu Numeri fracti, non tam 
numeri, quam Unitatis fragmenta — Chap. XII, p. 60.) “I 
admit that the numbers which are called ‘broken’ or 
‘fractions’ are, as it were, inbetween ‘one and ‘nought’ [cf. 
above, P. 137]. But I add that we have now passed ‘into 
another genus’...so that the “broken number’ is not so 
much a number as an index of the ratio numbers have to one 
another.’ (Concedo etiam numeros quos Fractos vocant, sive 
Fractiones, esse quidem Uni et Nulli quasi intermedios. Sed 
addo, quod jam transitur «’s do yévos . . . adeoque 
numerus Fractus non tam Numerus est, quam numerorum 
ad invicem Rationis indictum — Chap. IV, p. 27.) But, on 
the other hand, this last remark itself shows that “fractions ’’ 
are, in fact, nothing but “numbers.” For, according to 
Wallis, a “ratio,” a “‘relation,’ underlies every “number "as 
such. In his discussion of the fifth book of Euclid’s Elements 
(that is, of the “general theory of proportions’’), whose 
propositions Wallis undertakes to prove “arithmetically, © 
i.e., algebraically (Chap. XX XV),342 he says: “For this fifth 
book of the Elements is, like the whole theory of propor- 
tions, arithmetical rather than geometric. And so also the 
whole of arithmetic itself seems, on closer inspection, to be nothing 
other than a theory of ratios, and the numbers themselves 
nothing but the ‘indices’ of all the possible ratios whose 
common consequent343 is 1, the unit. For when 1 or the unit 
is taken as the [unique] reference quantum, all the rest of the 
numbers (be they whole, or broken or even irrational) are the 
‘indices’ or “exponents’344 of all the different ratios possible in 
relation to the reference quantum.”’ (Est autem illud Ele- 


THE CONCEPT OF NUMBER: WALLIS 221 


mentum quintum, ut et tota rationum Doctrina, Arithmetica 
potius quam Geometrica ... Quid quod et ipsa Arithmetica 
tota, si strictius spectetur, vix aliud videatur quam Rationum 
doctrina. Ipsique Numeri rationum totidem indicia quarum 
communis consequens est 1, Unitas. Ubi enim 1, sive 
Unitas, habetur pro quantitate exposita; reliqui omnes 
numeri [sive integri, sive fracti, sive etiam surdi] sunt 
rationum totidem aliarum ad expositam quantitatem indices 
sive exponentes — p. 183.) Here “number” no longer 
means a number of ...”; rather a number now indicates a 
certain “ratio, a logos in the sense of Euclid V, Defs. 3-s, 
and can be designated as a “ whole’ or a “broken” or an 
“ irrational’’ — more briefly: as a “rational” or “irrational” 
— number only with reference to this ratio. However, the 
real reason for this interpretation of “number becomes 
evident only in the following argument. 

In Chapter XXV of the Mathesis universalis, “ comparatio, ’ 
the relating of magnitudes to one another, is discussed for the 
first time. According to the requirement of homogeneity 
(Euclid V, Def. 3), only magnitudes of “the same kind” can 
be “compared” with one another, can have a relation to one 
another: “Quantities cannot be related unless “homo- 
geneous, and only in so far as they are homogeneous. ” 
(Quantitates non nisi homogeneas comparandas esse, et 
quidem prout sunt homogeneae.) But there are two possible 
ways of ‘comparing’ such magnitudes: We may ask either 
whether, or by what “part,” or by “how much,” one 
exceeds the other, i.e., what the “difference” between them 
is; of we may ask how many times one magnitude contains 
the other, or how many parts of one the other represents, 1.e., 
what their “relation,” in the narrower sense of ratio, is 
(p. 134). The essential distinction between “difference” 
(differentia) and “ratio” (ratio) is the following (pp. 
135-136): The “difference,” which is found by “subtrac- 
tion” (subductio), is always of the same kind as the magnitudes 
compared, from which it follows that the differences 
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themselves cannot simply be “compared’’, i.e., related to one 
another. On the other hand, the “ratio”’ is always the result 
of a division of one magnitude by another; in other words, 
it can be read off the “quotient” which is the result of this 
division; every such “quotient” is, however, itself a 
“number.” For either the dividend and the divisor are “of 
the same kind”’ (homogeneous), in which case they have the 
same number of “dimensions, 345 so that the quotient 
indicates how often or how many times one magnitude 1s 
contained in the other; consequently the quotient itself has 
no dimension, since * where any species is divided by another 
of exactly the same dimension, a quantity of no dimension 
arises’ (ubi species aliqua per aliam totidem praecise 
dimensionum dividitur, quantitas nullius dimensionis oritur 
— cf. p. 103). Or the dividend and the divisor are “of a 
different kind” (heterogeneous), i.e., do not have the same 
number of dimensions, in which case division proper is not 
involved but an “application”’ (applicatio),34° although it is 
carried out as if the “quantities were considered as good as 
numbers” (quantitates illae singulae ad instar numerorum 
considerantur); consequently they too produce quotients 
which are a dimensionless number.347 Thus all “quotients ”’ 
(and this means all “ratios,” all relations, no matter of what 
kind of magnitude) are, insofar as they are “‘dimensionless”’ 
structures, quotients “of the same kind” (homogeneous), 
so that they can all be compared with one another: “ And hence 
it is clear that all ratios of whatever quantities taken in turn are 
homogeneous among one another.” (Atque hinc patet, Rationes 
omnes, quarumcunque ad invicem quantitatum, esse inter se 
homogeneas.) ° When a comparison in terms of ratio is made, 
the resultant ratio often [namely with the exception only of 
the ‘numerical genus’ itself] leaves the genus of the quantities 
compared, and passes into the numerical genus, whatever the 
genus of the quantities compared may have been.” (Ubi... 
comparatio fit quoad Rationem, quae emergit ratio com- 
paratorum genus non raro deserit, et transit in genus 
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humerosum, cujuscunque sint generis quac comparantur.) 
But this can only mean that all numbers are homogeneous. 
Their homogencity is identical with their dimensionlessness. This 
dimensionlessness, again, is identical with the “exponential” 
or “indexical”’ role of numbers as “indices of ratios,” a role 
immediately apparent in the sign language, the “notatio.”’ 
The dimensionlessness of numbers is therefore actually 
identical with their symbolic character. This is why Wallis can 
say: And since indeed ‘double’ and ‘half’ and ‘triple’ and 
‘third, etc., are to be taken just as names of ratios, while the 
symbols a the half and the third, i.c., 4, 4, are reckoned 
among the numbers (namely those that are asain _ 
not so reckon the symbols of the double and the triple, i.e., 2, 2 or 
2, 3° (Et quidem cum duplum et dimidium, triplum et 
tricns, etc. perinde pro rationum nominibus habenda sint; 
dimidii autem ct trientis notae 4, 4, numeris (fractis) accen- 
scantur; quidni et dupli, triplive notae 2, 3, vel 2, 3 — ibid. cf. 
p. 103.) Thus, the “notation” itself leads Wallis to call the 
unit a denominator’ (see Pp. 212 f.). And in this very passage 
he adds explicitly: “And this is the chief reason why I assert 
that the whole theory of ratios belongs more to arithmetical 
than to geometric investigations’ (Atque hac potissimum de 
causa, ego totam Rationum doctrinam Arithmeticae potius 
quam Geometricae speculationis autumo.)348 In other words, 
the universality of arithmetic as a © general theory of ratios, » 
. which depends on the homogencity of all ““numbers,”’ can 
be understood only in terms of a symbolic reinterprctation 
of the ancient “numbered assemblage,” of the arithmos. The 
object ‘of arithmetic and logistic in their algebraic expansion 
is now defined as “number, and this means as a symbolically 
conceived ratio — a conception consonant with that of 
algebra as a general theory of proportions and ratios (see Pp. 
179 ff.). The “material” of this universal and fundamental 
science is no longer furnished by “pure” units whose mode 
of being may be subject to dispute, since they can be con- 
ceived cither as independent beings or as obtained by 
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“abstraction” (é&datpeois); the “material” is now rather 
constituted by — “numbers,” whose being no longer 
presents any problem since, as the products of symbol- 
generating abstraction, they can be immediately grasped in 
the notation. 
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Ort apiOpety povov éniorara Tay GAAwy Cawv — ~ that he alone of all 
animals, knows how to count”; cf. also Republic 522 E 4, Laws 
818 C. 

Cf. also Theaetetus 198 A: arithmetike as Onpa émornuav apriov re Kat 
mepittob mavtds — pursuit of the sciences of all of even and odd’; 
see Euthydemus 290 C; also Protagoras 357 A; Epinomis 981 C, 990 
C; furthermore, Laws 818 C. 

E.g., Republic VII, 546 A ff; cf. Laws V, 746 E ff. 

Cf. Archytas, Diels, 13, p. 331, fr. 1. 

This was pointed out by Nesselmann, Algebra der Griechen, p. 195. 
Cf. Iamblichus’ Commentary on Nicomachus, Pistelli, 56, 18 ff, 
where this theory is described as t3:0s rém0s Tod Kab’ atrd rdcov — 
‘the place proper of absolute quantity’; see also 35, 11 ff. 

Ibid. 8, 12 £.:... 76 8€ pds Erepdv mus éxov [Sc. moody] (8 51) mpds te 
moadv tdiws Aeyera)...— ... that quantity which has some relation 
toward another (which is properly called relational quantity)... .” 
Tannery (Mem. Scient., Ill, 27), however, thinks that this is a later 


interpolation, the source of which he sees in the lost Theologoumena 
of Nicomachus. 


But which is probably to be traced back to later Byzantine inter- 
polations; see Tannery, ibid., II, 459 f. 

Cf. Pappus, Hultsch, Il, 636, 24 f. 

Cf. a similar appeal to edydpera in Iamblichus, Pistelli, 35, 16 ff. 
Meém. scient., Ill, 70. It is characteristic of this (“Pythagorean”) 
tradition that it apprehends the numbers themselves directly in the 
visible world (cf. Section 7A) but their ratios in the audible world 
(cf. P. 38). See also Plato, Timaeus 36 E~37 A; Proclus, in Euclid. 35, 
28 ff. 


Cf. also the Gorgias scholium cited in Note 12. 


Anecdota Graeca edited by Boissonade (1832), IV, 413-429. Emenda- 
tions of the text by Tannery, Mém. Scient., I, 213-220, and Hultsch, 
Neue Jahrbiicher fir Philologie und Padagogik, 1897, pp. 07-511. 

Cf. Tannery, Mém. Scient., Il, pp. 105 ff., and III, 266 ff. 

Tannery (ibid., Il, p. 214) and, independently, Hultsch (Neue 
Jahrbiicher, p. 508; Pauly-Wissowa, see “Domninos”’) assume the 
reading ris AoyoriKis ... Oewpias. This 1s plausible especially 
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because the numerical and calculational system of Apollonius, which 
is preserved in Book II of Pappus (ed. Hultsch, I, pp. 2 ff.), was 
probably expounded in the books of Apollonius called “logistic” 
(cf. Heron, Heiberg-Schmidt, V, en ell f.: ’AmoAAduos ev Toy’ 
trav Aoyorixaév — “ Apollonius in the third book of the Logistics”; 
cf. Pappus I, p. 20, 16:...€« tod... Aoporiod Oewphuaros Pp’... 
— “from the twelfth logistic theorem’’), but hardly in the book 
mentioned by Eutocius (in Archim., Heiberg, III', p. 300, 17=IID, 
p. 258, 16 f.), called wxvrdxiov — “good for inducing speedy birth,” 
i.e., for speedy results of calculation (cf. Pappus, Hultsch, II, p. 1212, 
and Nesselmann, Algebra der Griechen, pp. 126, 132). On the 
other hand, the term Aoyuxi Gewpia should probably not be trans- 
lated simply as “logic,’’ as Tannery does. It is worth recalling 
what Hultsch (Pauly-Wissowa, see “Apollonius,” p. 159) says 
about this work of Apollonius, namely that “he [Apollonius] 
proved that numbers whose size far surpasses the human imagina- 
tion can be expressed by such Greek words as are borrowed from 
common language and not coined anew.” Archimedes too attemp- 
ted to show in his Psammites “that even the largest numbers can be 
expressed in words,” though he had to add some expressions which 
diverged from those current in common language. (He is con- 
cerned with the xarovduatis rv d&piOudv — “the nomenclature of 
numbers’; cf. Archimedes, Heiberg, II', 266, 10; 246, 11; 242, 17f.= 
II?, 236, 18; 220, 4; 216, 17 f.) In this connection it should be 
remembered that in ancient times an incomparably greater impor- 
tance was attached to the oral teaching of mathematics than nowa- 
days (cf. Cantor, Vorlesungen, I3, p. 157; Tannery, Mém. scient., I, p. 
83 f.; also Nesselmann, Algebra der Griechen, p. 302, on “ rhetorical 
algebra’). 


On the other hand, the words pros auta in the Platonic definition of 
logistic (see P. 17) can refer only to the inner composition of 
numbers. But since their configuration (which is achieved by 
summation with the aid of the respective gnomon or by multiplica- 
tion of two or three factors) has to be disregarded, precisely because 
it is concerned with their eidetic character (see Note 26 and Pp. 55 
f.), only the “perfect” or “superabundant” or “deficient” 
character of numbers remains for the pros auta (see P. 27). 
Against this is the fact that before Euclid (IX, prop. 36) “perfect” 
numbers are never mentioned in this sense, see Cantor, I3, p. 168. 
But cf. Aristotle, Metaphysics T 2, 1004 b 10 ff., where of the ta 
7é0n, the “characteristics proper” of the arithmos, the following are 
enumerated: mepirrérys, &pridtys, ovpperpla, ladrns, vrepoxr), edAeupus 
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(oddness, evenness, commensurability, equality, excess, defect), and 
Aristotle says expressly : Kal TadTA Kai Kal” avTovs Kai mpdos aAAnAoUS 
Umdpxer rots dpOuots — and these belong to numbers both by them- 
selves and in relation to one another.” Cf. also Cantor, I3, p. 225. It 
should also be noted that Schleiermacher in his translation of Gorgias 
451 A-C (as also elsewhere) renders “logistic” as “ Rechenkunst,” 
i.e., art of calculation,” while in the definition he translates it as 
~ Verhaltnislehre,”’ i.e., “theory of proportions.” 


Cf. Tannery, Mém. scient., I, 106 ff., Cantor, I3, 158 f.; also Nessel- 
mann, Algebra der Griechen, pp. 232 ff., Heath, Diophantus of 
Alexandria, 1, 94 ff. In Iamblichus éxdv@nuc is, incidentally, through- 
out a terminus technicus designating a rule for solving logistic 
problems (cf. Pistelli, Index). 

See Rudolf Fecht, “De Theodosii vita et scriptis,”” Abhandlungen der 
Gesellschaft der Wissenschaften zu Géttingen, Philologisch-historische 
Klasse, new series, Vol. XIX, 4 (Berlin, 1927), especially p. 9; 
furthermore Heath, A History of Greek Mathematics, Il, 245 f. 
“Spheric,”’ the study of celestial spheres, probably goes back to 
Eudoxus (cf. Fecht, p. 7). 

Cf. E. Frank, Plato und die sogenannten Pythagoreer (Halle, 1923), 
especially pp. 163 ff. and 6s ff. I cannot, however, follow Frank’s 
general interpretation. 

Tannery (Mém. scient., Ill, 246 ff.; cf. p. 69) has called attention to a 
fragment of Archytas in Boethius, De institutione musica III, 11, pp. 
285 f. Friedlein= Diels, I3, 329, A 19, which treats a musical problem 
as a purely arithmetical, or, as Plato would say, as a purely “logistic” 
theorem. 

Cf. Stenzel, Zahl und Gestalt! (Leipzig, 1924), pp. 36 f. 

Cf. the Aristotle passage quoted herein (Pp. 109 f.): Metaphysics M 
3, 1078 a 23 Ff. 


_ Cf. Nicomachus, Hoche, 5, 1-5; Iamblichus, Pistelli, 7, 18-22; 


Proclus, in Euclid., Friedlein, 184, 24 f., etc. 

It is a 8An vonrh or davracr} — “thought material” or “imagined 
material,” since within the Neoplatonic framework, which on this 
point goes back to Aristotelian and perhaps to Stoic notions, the 
corresponding faculty of the soul is ¢avracta — “imagination” (cf., 
e.g., Proclus, in Euclid., Friedlein, 53, 1 and 21 f.; 51, 13 ff; 55, 5). 


We here disregard the fact that in Plato’s time a debate arose over 
the question whether “problems,” since they deal with the “con- 
struction” of definite figures and the “computation” of definite 
numbers, in short with the genesis of mathematical structures, can 
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indeed belong to the realm of those sciences which are turned 
toward what always is (cf. Plato, Republic 527 A f.). To be exact, 
they should be called “‘porisms”’ (cf. Proclus, in Euclid., Friedlein, 77 
ff., also 178 f., 201 and 212; also Pappus, Hultsch, II, 650, and 
Heiberg, Literarisch-geschichtliche Studien iiber Euklid [Leipzig, 1882], 
pp. 62 ff.). In this context the original meaning of problema, Le., 
something thrown forward, should be noted; see Plato, Republic 
530 B, 531 C; cf. Sophist 261 A-B, Statesman 279 D1. 


“Sur la constitution des livres arithmétiques d’Euclide et leur 
rapport 4 la question de l’irrationalité,” Oversigt over det Kongelige 
Danske Videnskabernes Selskabs Forhandlinger, 1910, pp. 405 ff, 
especially 419-421. Cf. also Hultsch, Pauly-Wissowa, see “Euk- 


leides,” p. 1014, and Tannery, La géometrie grecque, p. 102, note. 


Cf. Proclus, in Euclid., Friedlein, 68, 20-23: Kat r# mpoapéce dé 
Tharwvirds ore [sc. Evxretdns] cat 7H prdocodia ravrn otretos, dbev 81 Kat 
THS oupmaens aToryetwoews TéAOS TpoEaTHGaATO THY TaY KadovpEevwy ITAc- 
TWULKOY OXYNLATWY BvOTaoLY — “ By inclination Euclid is a Platonist 
and at home in this philosophy, whence also the end which governs 
his whole Elements is the construction of the so-called Platonic 
figures.” In spite of this testimony Euclid should not simply be 
classified among the Platonists. The way in which he fits Theaetetus’ 
work into his Elements by no means proves that he belongs to a 
definite philosophical school. He seems to have been influenced no 
less by Peripatetic notions (cf. Pp. 111 f.; furthermore Heiberg, 
Studien tiber Euklid, p. 27). 


Cf. the scholium to Book XIII, Heiberg-Menge, V, p. 654, 1-10; in 
Suidas, see Ocairnros, with the comments of Tannery, La géométrie 
grecque, p. 101; also Eva Sachs, “ Die ftinf platonischen K6rper: Zur 
Geschichte der Mathematik und der Elementenlehre Platons und der 
Pythagoreer,” Philologische Untersuchungen, eds. A. Kiessling and U. 
v. Wilamowitz-Moellendorff, fasc. 24, 1917, pp. 76 ff. 


Hence, mainly, arises the representation of numbers by means 
of straight lines (cf. P. 111; also Heiberg, Studien iiber Euklid., 
pp. 30 f.). 

This must, incidentally, lead to a discussion concerning the relation- 
ship between d:dornue (interval) and dédyos (ratio); cf. Theon, 
Hiller, 81 f.; furthermore Aristotle, PhysicsT 3, 202 a 18 f.; also B 3, 
1904 b 27 f. and 195 a 31. 


This book, as is well known, goes back to Eudoxus. Cf. Aristotle, 


Metaphysics A 15, 1020 b 26-28 and b 32-1021 a 14, where one of the 
possible meanings of pros ti is exemplified precisely by the arith- 
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metical theory of proportions, which already constitutes a reference 
to its generalization (cf. also Plato, Parmenides 140 B-C). 


Cf. Notes 8 and 36; also Friedlein, Die Zahlzeichen und das elementare 
Rechnen der Griechen und Romer und des christlichen Abendlandes vom 7. 
bis 13. Jahrhundert (Erlangen, 1869), pp. 73 ff.; Tannery, Mém. 
scient., III, p. 331; a new detailed survey can be found in Heath, A 
History of Greek Mathematics, I, pp. 39-64. Friedlein (in Euclid., p. 74) 
gives a quotation from Lucian which shows that in common 
language “‘arithmetic’’ and “logistic,” both being understood in 
their practical sense, may easily coincide (see P. 20). 


Cf. furthermore the title of Archimedes’ Wappirns, by which 
voppirns apiOuds — “the counted sand-heap,” is to be understood 
(Hultsch in Pauly-Wissowa, see “ Archimedes,” p. 515). So too in 
Archimedes, Heiberg, Il?, 244, 18: 6 rod pcupov apiOuds — “ the heap 
of sand.”’ 


Cf. Aristotle, Metaphysics N 5, 1092 b 19 f.: Kai det 6 dpiOpos ds av 
4} twa&v €oriyv ... — © And a number, whichever it may be, is 
always of something. ...” 


Cf. Pp. 107 f. 


Cf. Plato, Theaetetus 204 E: 22. ‘'O 8€ éxaorwv apOucs wav dAdo Tt F 
péon éoriv; OEAI. Ob8é& — ““So.: And the number of each thing is 
nothing other than its parts? Theae.: Nothing other”; Aristotle, 
Metaphysics B 4, 1001 a 26: 6 pev yap dpOuds povddes ...— © for 
number is units. . .”; Alexander, in Metaph., Hayduck, 55, 25 f.: aé 
d€ povades apOuot. 

Cf. the discussion in Plato, Theaetetus 203-206. Its true meaning 
becomes clear only with reference to the Sophist; cf. Section 7 C. 


There is, of course, an especially close connection between the 
nature of episteme and the nature of the object to which Theaetetus’ 
researches are devoted; cf. Section 7 C, especially Pp. 96 f. 


For a possible emendation concerning the term 8vvaus, cf. 
Tannery, Mém. scient., II, pp. 91 ff., and also, on the other side, 
Stenzel, Zahl und Gestalt}, p. 94 (see Note 66). The conclusive 
formulation is probably that of H. Vogt, Bibliotheca mathematica, 3rd 
series, X, 113 f. 

Cf. Domninus, Anecdota Graeca, 413, 13 £.: The odd numbers cannot 
be divided into two equal parts da ro rH povada adiaiperov elvar 77 
abris pce — ‘because the unit is indivisible by its very nature” 
(Nicomachus, Hoche, 15, 9: ... rHv dvce dropov povada ... — 
“the unit [is] by nature... uncuttable”’); cf. Nicomachus, Hoche, 
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13, 13: da rH... THs povddos peortetav — “ because of the inter- 
vention of the unit.” See also Pp. 39 f. and Aristotle, Metaph. M 8, 
1083 b 29 f.; Topics Z 4, 142 b 8; Plato, Phaedo 105 C; finally, 
Euclid VII, Def. 7. 

Cf. Aristotle, Physics [ 7, 207 b, 10 f.: &merpor yap at ScxoTopta rod 
weyébovs — “For the bisections of a magnitude are unlimited.” 
Cf. Heidel, “IZépas and “Azepov in the Pythagorean philosophy, ” 
Archiv fiir Geschichte der Philosophie, XIV (1901), especially pp. 395 f. 
for the passages from Plutarch and Aristoxenus. See Aristotle, Meta- 
physics A 5, 986 a 17: Tod 8’ dpOpos ororxeta 76 7’apriov Kal TO TeEpLTTOV, 
rovTwy 5é TO pev mreTmepacpevor, 76 5¢ &repov —- The elements of num- 
ber are the even and the odd; of these, the former is unlimited and 
the latter limited.” See, above all, Physics T’ 4, 203 a 10 ff., and the 
definition of “one” as the zepaivovca moodrns — “the limiting 
quantity’ — by Thymaridas (Iamblichus, Pistelli, 11, 3, and Theon, 
Hiller, 18, 5). 

Cf. Plato, Critias 119 D, concerning the possible neglect of one of 
these two eide. The appearance of the wepirrdv, the uneven, on the 
“ positive’ side of the Pythagorean table of opposites marks a 
characteristic reversal of the “natural’’ sense of values (cf. especially 


the English word “‘odd”’). 


Cf. Stenzel, Studien', pp. 59, 62 f.; Zahl und Gestalt, p. 21 (see 
Note 66). 


66. J. Stenzel, “Arete und Diairesis,” Studien zur Entwicklung der 


67. 


68. 


69. 


platonischen Dialektik von Sokrates zu Aristoteles (Leipzig, 1917; 2d 
enlarged ed. 1931); Zahl und Gestalt bei Platon und Aristoteles 
(Leipzig, st ed., 1924; 2d ed., 1933); for the present study only the 
first edition was available. 

A list of these studies is to be found in the second edition of Zahl und 
Gestalt, pp. vii f. [This review includes no scholarly literature 


published after 1933.| 


Especially the results of Toeplitz’ work overlap the present study. 
But the difference in the points of departure makes it difficult to 
harmonize the results completely. 


Die Lehre von den Kegelschnitten im Altertum (Copenhagen, 1886); 
‘‘ Hvorledes Mathematiken i Tiden fra Platon til Euklid blev rationel 
Videnskab (Avec un résumé en frangais),” Det Kongelige Danske 
Videnskabernes Selskabs Skrifter, 8 Raekke, Naturvidenskabelig og 
mathematisk Afdeling, I, 5, 1917; “Sur Vorigine de |’Algébre,” 
Det Kgl. Danske Videnskabernes Selskab, mathem.-fys. Medd., Il, 
4, 1919. 
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Cf. Zeller, Die Philosophie der Griechen (7th ed.; Leipzig, 1923), p. 
$74; Burnet, Die Anfange der Griechischen Philosophie, German ed. 
1913, pp. 262 ff. [Early Greek Philosophy (Cleveland, 1961), Ch. VII]; 
J. Stenzel, Metaphysik des Altertums, 1931, p. 46. 


Cf. the two first of the three kinds of Pythagorean ’Axovopara — 
6¢ 7 ° 93 ° \ ‘ ‘ > A 4 ? / 

oral teachings (Diels, 3, 358, 16 f.): TH MEV YAP AVTWY TL EOTL ON[LAL- 
vet, Ta S€ Ti uddora ...— for some of them signify what some- 
thing is, others what it is above all.” 


Namely the relations of numbers (cf. P. 31). 


Cf. the scholium to Gorgias 451 A (Hermann, VI, 300): mévra yap 
gor mpwtws év tots apiOuots — “for everything is primarily in num- 
bers,” (This sentence follows immediately on the text quoted in 
Note 12.) 

Cf. Aristotle, Metaphysics A 5, 986 a 8: eed TéAcLov 7 Sexas elvou 
Soxet Kal macav meprecAndévae THY THY apOuav dvow — * since the decad 
is considered to be perfect and to comprise the total nature of 
number.” 

See A. Delatte, Etudes sur la littérature pythagoricienne (Paris, 1915), 
p. 139. The term “arithmology”’ arose in the seventeenth century 
(cf. Note 313). 

Cf, Note 32, and P. 38. 

Philolaos des Pythagoreers Lehren (Berlin, 1819), p. 60. Heeren had 
already interpreted the morphai in the sense indicated above (cf. also 
Frank, Plato und Pythagoreer, p. 307, note 1). 


We may add that the method of Eurytos as described by Aristotle 
(Metaphysics N 5, 1092 b 8 ff.) and by Theophrastus (Metaphysics 6 a 
19 ff.) is meaningful only with reference to a number eidos which is 
determinate for every case. 

Cf, also Theon, Hiller, 106, 7 ff:= Diels, I3 337, 15 ff. 

Cf. J. Cook-Wilson, Classical Review, XVIII, p. 258. 


The close relation of dianoia to logos is, for instance, shown by the 
following passage in the Sophist (263 E): BE. Ovxody didvouw per Kai 
Adyos TavTdv: TARY 6 pEev EvTos THS PuxTs mpos auTny duadoyos avev Pwvas 
yeyvouevos TobT avTO tiv emwvonaobn, dudvora; GHAI. [lavu pév odv. 
— “Stranger: Are not thinking and reasonable speech the same, 
except that the former, which takes place inside as a voiceless 
dialogue of the soul with itself‘is called by us thinking ? Theaetetus: 
Quite so.”’ Cf. furthermore Theaetetus 206 C, D, where the logos is 
described as 76 rHv adréu Sidvorav eudhavy trovety da Qwvijs wera PNuaTwr 
re Kal 6voueérwy — ‘the making apparent of one’s thinking through 
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the voice using verbs and nouns,” and 208 C: d:avolas ev wv domep 


ciSwAov — “the image in voice, as it were, of thinking.” Cf. also 189 
E f. and Philebus 38 E, 39 A. 


Cf. in reference to this H. G. Gadamer, Platos dialektische Ethik, 
Phénomenologische Interpretationen zuni “ Philebos”’ (Leipzig, 1931), 
pp. 56 ff. 

Cf. Socrates’ role as arbiter in the Laches 184 D. 

Cf. Stenzel, Zahl und Gestalt, pp. 22, 44 £. See also Republic 602 D-E. 
(Hence also the connection between the epi rods dpiBpors dvarpeB7) 
— “occupation with numbers’’ — and the “sharpening” of the 
understanding, cf. Laws V, 747 B; Republic VI, 526 B.) 


The opposition which is mentioned here (as also in the Phaedo 102 B, 
where Simmias appears at the same time as big and as small) is, to be 
sure, easily resolved. For the finger is called “‘one”’ and “many” in 
totally different respects. This is the most elementary form of the 
“one and many” problem (cf. Philebus 14 C, D) which reaches its 
full weight and range only in the realm of the noeta themselves 
(Philebus 14 E ff.). Nevertheless in this elementary and easily 
penetrable form, which immediately reminds Glaucon (as it does 
Protarchus in the Philebus) of the familiar line of questioning, the 
contradiction is palpable enough to spur the dianoia on to activity — 
which is here the sole point (cf. also Parmenides 129 f. and Sophist 
25aeBC). 

It is to be noted that here also, as in the Philebus (16 C-E), the 
arithmos stands “between” one (é) and infinity (éepic); see also 
Sophist 256E 5 f. 

Theaetetus explicitly adds: SiAov 8€ Ste Kal dpridv te Kal mepiTTov 
epwrds Kat T aAAa doa TovToLs EmeTaL — “clearly you are asking also 
about even and odd and whatever else follows on these.’’ (Cf. P. 
69.) The passage at 185 B echoes the formula of Republic 524 B 
(see P. 75): [Starof] xai dr. dudorépw 8vo, éxarepov S€ & — “you think 
also that both are two and each is one.” 

On the connection of the naédrov Kal #rrov and évavriwats (contrariety, 
obstacle) cf. Aristotle, Physics E 2, 226 b 7 f.; furthermore Plato, 
Republic 479 B and 602 D ff. 

Cf. Theaetetus 177 C ff. and 186 A-B. 


See Republic 509 D and 534 A. Cf. furthermore H. G. Gadamer, 
Platos Ethik, p. 77, note 1. 
Cf. Heath, History of Greek Mathematics, 1, 304 f. 


As also in the Republic (476 A), where the ontological methexis 
problem is expressly mentioned alongside the dianoetic one. 


93. 


04. 


95. 


96. 


97. 


98. 


99. 


TOO. 


IOI. 


NOTES TO PART ONE 237 


See Euthydemus 293 C ff. The fact that Euthydemus and Dionysio- 
dorus form a “pair” here points toward the essential nature of the 
sophist in general (cf. 271 A; 296 D.) 
It should not be forgotten that “irrational” magnitudes are explic- 
itly mentioned in Hippias major 303 B(cf. Note 91). And Theaetetus 


is (along with Theodorus, who is likewise present in the Sophist) the 
classical master of the “irrational.” 


Cf. the three possibilities in Aristotle, Metaphysics M 7: 1081 a 5 ff: 
a 17 ff.; b 35 ff. The problem of “mixing ”’ must always, as in the 
case of letters (252 E-253 A) and tones (253 B), be understood from 
the point of view of the genesis of meaningful formations “capable 
of being” (cf. 261 D-E). 

See W. D. Ross, Aristotle’s Metaphysics (Oxford, 1924), II, 427, the 


note on the term dovpPAnros. 


The meaning of the term arithmos eidetikos was clearly recognized by 
O. Becker (“Die diairetische Erzeugung der platonischen Ideal- 
zahlen,’ Quellen und Studien, 1, pp. 483 £f.), who did not, however, 
draw the full consequences of his insight (see P. 62). 

Cf. Aristotle, Metaphysics I 4, 1055 a6f: 7a pev yap yéver Siaddpovra 
ovK Exe. ddov els GAANAa, aA’ aréxer mov Kai &ovuBAntra — “For there 
is no way to one another for things different in genus but they are 
too far apart and not to be thrown together.” 


A list of the sources concerning this lecture is given by Toeplitz in 
his article “Das Verhaltnis von Mathematik und Ideenlehre bei 
Plato,” Section 5, Quellen und Studien, Section B, 1 (1930), p. 18. 
[See the collection of testimonia in K. Gaiser, Platons Ungeschriebene 
Lehre (Stuttgart, 1963), pp. 443-557.] 

Aristotle, Metaphysics B 3,999 a 6 f.: év ols 70 MpOTEPOV KaL UVOTEPOV 
gor, ody oldv re 76 emt TovTwr elvai Te Tapa radra — In respect to 
things in which there is a prior and a posterior it is not possible for 
that which is [said] of them to be something apart from them”; 
furthermore, Nicomachean Ethics A 4, 1096 a 17-19 and Metaphysics 
M 6, 1080 b 11 ff. See also J. Cook-Wilson, Classical Review, XVII, 
pp. 247 f. and 253 ff. 

The dialogues Theaetetus, Parmenides, Sophist, and Statesmen, when 
taken in this order, do, without doubt, form a unity. Their external 
connection is immediately given by the fact that the Sophist is 
expressly tied in with the Theaetetus and that the Theaetetus, in turn, 
refers just as clearly to the Parmenides (Theaetetus 183 E), while the 
Statestnan immediately continues the Sophist. Their inner connection 
is beyond the framework of this study, except to note that in the 
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Theaetetus and the Parmenides the aporiai of episteme are developed on 
very different levels; in the Sophist and the Statesman these are then 
brought as close to resolution as the dianoetic-dialectic procedure 
allows. The true solution should not and cannot be given in this 
way (cf. Phaedrus 277 E ff.; Seventh Letter 342 E ff.; also Cratylus 
438 D f£.). 


This state of affairs is obscured for us by the “symbolic” concept of 
number (see Part II, Sections 11 and 12), but it poses a nearly in- 
surmountable difficulty for Eleatic, Pythagorean, and Platonic 
philosophy. 

Cf. Seventh Letter 342 E: 76 trav Aéywv dobevés — “the weakness of 
speech.” 


On the linguistic “duplicity”’ of the érepov, cf. Stenzel, “Zur 
Theorie der Logik bei Aristoteles,”” Quellen und Studien, Section B, I 
(1930) p. 39. 

Cf. Aristotle, Physics T 2, 201 b 20 f., where the Platonists are 
mentioned as érepdryta kal dnodrnra Kat To un) dv daoKovtes elvar THY 
xivnow — “ever saying that motion is otherness and inequality and 
not-being.”’ 

The connection between the diairetic procedure and the theory of 
eidetic numbers in Plato furnishes Stenzel’s main theme. His 
interpretation of arithmos as a logos, which follows Toeplitz’ thesis 
(Quellen und Studien, Section B, I (1930), pp. 34 ff. and pp. 3 ff.), is, 
however, inadequate for the clarification of this context. In any 
case, this interpretation fails to recognize that ‘arithmetic’ has 
priority over “logistic,” however great a role the latter may, 
especially in the form of the theory of proportions, play for Plato. 


Cf. Parmenides 139 C 3-5; E 3; 164 C 1-2. 


108 Cf. on this also Nicomachus, Hoche, Il, 20, p. 117 f. 


109. 


At most, the aoristos dyas may be understood as a “ twofold infinite.” 
It was probably with this in mind that Plato called it — as the arche 
of the “more and less” — the “great and small” (Philebus 24 A ff; 
cf., C.2., Aristotle, Physics I’ 4, 203 a I§ f.: TTAcrwv 5é [dynotv elvar| dvo 
TO QTELPA, TO LEYA KO TO pLKPOV — ‘But Plato says that there are two 
infinites, the great and the small’). Or it may also be understood, 
more loosely, as imepox7 Kai Edens — “ excess and defect” (cf. States- 
man 283 Cff.; Aristotle, Physics A 4,187a 16f.). From the dyas aoristos 
as the arche of the “not” (and thus of all manyness) a direct road 
leads to the Aristotelian doctrine of the évopa ddprarov — the “‘indefi- 
nite name” (On Interpretation 2, 16 a 30 ff. and 10, 19 b 8 f., where, 
incidentally, he explicitly States: €v yap mws onuatver Kal TO adpioTov 
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[e.g., odx &vOpwros}] — “for the indefinite [name] somehow signifies 
a single thing [e.g., not-man]”; cf. P. 85), and further to the 
“infinite judgment.” 


Incidentally, only the even eidetic numbers can be generated in this 
way (cf. Aristotle, Metaphysics N 4, 1091 a 23 f.), while the corre- 
sponding odd numbers arise through a “delimitation” on the part of 
the “one.” (See Ross, I, 173 ff., and II, 484; cf. also the definition of 
Thymaridas : the ““one”’ as TEpaivouvge. TOooOTNS —* limiting quantity, 
and Aristotle, Physics T 4, 203 a 10 ff; also Aristotle, Metaphysics 
M 8, 1083 b 29 f.) 


Cf. Sextus Empiricus, Against the Mathematicians, IV, the section 
ITpés &piWpunrixovs (Against the Arithmeticians), ed. 1. Bekker (Berlin, 
1842), p. 724, 6-21. Sextus’ discussion, which follows on pp. 724- 
728, is, incidentally, very enlightening on the Greek concept of 
number and confirms the interpretation here given. 


But, on the other hand, cf. On the Soul, B 2, 413 a 13 ff. 


For the text, cf. Alexander on this passage; also Metaphysics N 2, 
1089 a 23; Posterior Analytics A 10, 76 b 41 £; see also Physics B 2, 193 


b 31-35. 
Cf. Metaphysics M 6, 1080 a 22 f.; M 7, 1081 a 19 f. 


In contrast, for instance, to a avAdaBy, a syllable (Metaphysics Z 17, 
1041 b 11-13). 


Aristotle’s critique of Plato's generic concept of unity is not con- 
fined to the realm of numbers but pervades his whole teaching. 
Especially instructive in this connection is his criticism of the fifth 
book of the Republic, where Plato supports more thoroughly the 
demand for the communal possession of children, women, and 
goods. Here, too, Plato is interested in creating a single genos, as it 
were, out of the warrior and ruler class of the polis, a genos designed 
to take the place of the multitude of clans and families. Nothing but 
this could insure that greatest possible unity of the polis (462 A, B; 
cf. Book II, 375 B ff.), which is described as its “greatest good” 
(uéytorov ayadv). Aristotle's argument against this is, once again, 
that the “community” (xowewvia) of the polis is not to be under- 
stood as a “single thing’’ (é). To do so would abolish the polis as 
polis: mqos yap 7 THy dvow éotiv 7 mAs — “ For the city is by nature 
a certain multitude” (Politics B 2, 1261 a 18, cf. a 6 ff). 


These facts form the basis of the analysis of xpdvos (time) in Physics 
A 10-14. 
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Metaphysics M 8, 1083 b 16 f.: dade pi 6 y’apidunrixds &piOuds pove- 
Suxéds cor — “but the arithmetical arithmos is in fact monadic.”’ 


This woudrns (quality) is defined as Svadopd odoias (difference of being), 
for: ravrns 5€ m1 Kal 7 év rots apiOuots mordrns pépos’ Siadopa 
yap Tis ovary, add’ H od KivoUMevwY 7 OVX 7 KLWOvWEva — “the 
quality of numbers also falls within this [definition], for it 1s 
a difference in the being of things, although these are either non- 
moving, or not considered insofar as they move,’ Metaphysics A 14, 
1020 b 15-17. (cf. also Topics Z 4, 142 bg f.). 

Cf. Plato, Theaetetus 204 B, C, Republic 337 B. 


In view of the way in which Plato has him explicate his classification 
of numbers (Theaetetus 147 C ff.; cf. P. 55) this description could, 
to be sure, come from Theaetetus (or Theodorus) himself (cf. P. 
43). It seems that the transformation of the ontological conception 
of mathematika which leads by way of Eudoxus to the Aristotelian 
doctrine is incipient in Theaetetus. The result of this development is 
the reversal of the “Pythagorean” thesis that the mensurability of 
things is grounded in their numerability (cf. P. 67): now numer- 
ability is, conversely, understood as a — not even always complete 
— expression of mensurability. Plato’s position is determined by his 
attempt to come to terms with both of these extremes, except that he 
remains fundamentally oriented toward the “Pythagorean” thesis, 
as the content and the structure especially of the Timaeus show. On 
the relations of Euclid, Aristotle, and Theudios, see Heiberg, 
‘“Mathematisches zu Aristoteles,’ Abhandlungen zur Geschichte der 
Mathematischen Wissenschaften, fasc. XVIII (1904); especially note 
the relation between xowé éfisparax (common axioms) in Aristotle 
and the xowet évvova (common notions) in Euclid, on which see 
also Proclus, in Euclid., Friedlein, 194, 7-9. 


In Theon, on the other hand, the influence of the peripatetic 
Adrastus can be felt in this respect also (cf. P. 31). 


See Heiberg, Studien iiber Euklid, pp. 197 ff. 


With the exception of Domninus, who here follows Euclid (cf. 
Rea). 

Compare, for instance, Metrica B 11 (Schone, 120, 27 ff.), with 
Stereometrica 1 (Schmidt-Heiberg, Opera, V 2, 3 ff.), where for the 
same problem the former uses monads and the latter feet (ad8es) as 
the basic unit of measurement. Cf. also Geometrica 12 (Opera, IV, 
236 ff.), where the monads which are the final result of the calcula- 
tion are immediately replaced by the corresponding measurements 
of length. The writings which have come down to us under the 
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titles Geometrica and Stereometrica do not represent genuine works of 
Heron but are textbooks composed of various writings, based on 
works indeed originally by Heron but constantly revised and aug- 
mented in the course of time; among the works so utilized was 
also the Metrica of Heron (cf. Opera V, p. xxi, xxiv f., xxix, xxxii). 
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This has been shown very forcefully by Leonardo Olschki in his 
Geschichte der neusprachlichen wissenschaftlichen Literatur J-Ill, 
Heidelberg, 1919-1927) 

See Zeuthen, Die Lehre von den Kegelschnitten im Altertum (1886), 
pp. 6 £.; cf. also Part I, P. 62, and Part II, P. 157; Note 238 and 
Note 323 (P. 303); P. 214. 

Ibid., p. ix, pp. 3 ff.; cf. also Zeuthen, “ Sur la constitution des livres 
arithmétiques d’Euclide...,° Oversigt over det Kongelige Danske 
Videnskabernes Selskabs Forhandlinger, 1910, p. 404. 


This holds true in exactly the same way for the relation of the one 
apodeixis to the indeterminately many solutions in Diophantus (see P. 
132). The apodeixis as such is general but it furnishes only particular 
numbers in each case. (Cf. Ptolemy, Syntaxis (Heiberg), I, 9, 16: 8 
TOV Ev Tals ypappikats epddors amodei~ewr — “by proofs using the 
linear approach.’’) 

This holds for the use of lettered magnitudes up into the sixteenth 
century (cf. J. Tropfke, Geschichte der Elementarmathematik3 |Berlin, 
1930-1940], Il, 48 f.). 

In particular, this fails to be the case for the pupiddes dudvupor tO 
— “myriads synonymous with x,” i.e., the «-fold myriads, of 
Apollonius and Pappus (Hultsch, I, prop. 23, pp. 14, 27 f.-15, 1 f.; 
prop. 25, pp. 18, 9 f.-18, 20 ff.; cf. also P. 131), which were con- 
sidered by Cantor (I3, 347) to represent a “highly significant 
generality.” The tension between method and object is directly 
expressed in a fundamental difference between “analysis” and 
synthesis’? which we shall discuss in Section 11 C, 2. Additional 
proof will there be given for what has been said earlier. 

This identification is certainly also suggested by the fact that the 
mathematical disciplines traditionally belong among the “artes 
liberales.” In the Middle Ages the “artes liberales,” and especially 
arithmetic and geometry, continue to be considered “ theoretical” 
disciplines, but precisely in explicit counterdistinction to the 
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“ practical” “artes mechanicae”’ (cf., for instance, Thomas Aquinas, 
Summa Theologica Il, 1, Qu. 57, Art. 3, Ob. 3: “...sicut artes 
mechanicae sunt practicae, ita artes liberales sunt speculativae” 
(just as the mechanical arts are practical so the liberal arts are 
theoretical). Now it is indeed the case that this traditional “arith- 
metic’’ contains from the very beginning considerable “logistic” 
elements, which provide the theoretical foundation for “ practical” 
calculations (cf. Part I, Pp. 20; 38 f.; 43) —thus it is very hard to 
draw the boundary between arithmetic, on the one hand, and 
logistic as the art of calculation, on the other (cf. also Note 46). But 
the crucial point is that in general the distinction between the artes 
liberales and the artes mechanicae is slowly obliterated, i.e., that the 
~ artful” character of all mathematics (cf. Part I, Pp. 73 f.), which has 
its roots in the original kinship of techne and episteme, is identified 
with “practical application” in the sense of the application of a 


skillful method. 


133. Editions: Bachet de Meziriac, 1621; 2d. ed. (with notes by Fermat), 


1670; Tannery, 1893-1895 — this is the edition here referred to. 
Some codices, incidentally, divide the same material into seven 
books. [For a sample problem see Appendix, Note 22.] 


134. Especially by H. Hankel, Zur Geschichte der Mathematik im Altertuin 


ee 
126, 


139. 
ioe 


139. 


und Mittelalter (Leipzig, 1874), p. 158; and by Hultsch, Pauly- 
Wissowa, see “‘Diophantos,”’ paras. 6 and 9 (pp. 1055; 1059 f.). 
Montucla, Histoire des mathématiques (1758), I, 315, had already, very 
cautiously, observed that “‘it is not possible to determine whether 
Diophantus was the inventor of algebra,” but that “one can from 
that work form an idea of what algebra would have been in 
Diophantus’ time.” 


Die Algebra der Griechen (1842), pp. 284 ia 


For example, Mém. scient., Ill, 1$8; 357; La geometrie grecque, 
pp. 50-52; Wol. II of the Diophantus edition, p. xx1. 

Diophantus of Alexandria? (1910), pp. 111 ff. 

Cf. Heath, Diophantus of Alexandria?, pp. 118-121; A History of 
Greek Mathematics, Il, 444-447. 

Cf., for example, Nesselmann, Algebra der Griechen, p. 285, note $51; 
Heath, Diophantus of Alexandria, p. 124; also see Note 146. The 
words in the proemium (2, 8 f.) — "Jows jev obv doxet 70 mpaypa 
Sucxepéatepov, emedy = pyTW yvwpyLoV €OTW «6. — ~ perhaps, 
indeed, the undertaking seems very hard since it is not yet familiar” 
— should certainly not be understood to imply that Diophantus 
intended to teach things totally unknown before; they are uttered 
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with students in mind (cf. Nesselmann, Algebra der Griechen, pp. 286 
f.; Cantor, I3, 469). The expression “é8oxpcon' — “it is a con- 
firmed opinion” (4, 12), which cccurs in the same sense also in 
the work on polygonal numbers (451, 11), “indicates that our 
author is reproducing a hallowed tradition” (Tannery, Mem. scient., 
II, 68). 
Cf. Cantor, I3, 466, also 74 ff.; Heath, Diophantus of Alexandria?, 
pp. 112 f.; A History of Greek Mathematics, Il, 440 f.; Hultsch, 
Pauly-Wissowa, see “Diophantos,” para. 7, pp. 1056 ff. (See also 
Note 8.) 
Die Naturwissenschaften, fasc. 30, p. 564 (review of the third edition 
of Vol. II of J. Tropfke, Geschichte der Elemtarmathematik). |Cf. O. 
Neugebauer, The Exact Sciences in Antiquity (2d. ed., New York, 
1962), pp. 146 ff.] 
For the term “algebra” or “al-mugabala”’, cf. Neugebauer, “ Stu- 
dien zur Geschichte der antiken Algebra I,” Quellen und Studien,” 
Section B, II, 1 f., note 1. 
This is especially clear, for instance, in “Def. IX” (12, 19 f.) where 
are given, without further elucidation, the rules for the multiplica- 
tion of “defect’’ (Actus) and “presence” (dapéis) which corre- 
spond to the modern signs “ minus” and “ plus,’”’ while the concept 
of “negative magnitude” is quite unknown to Diophantus. (On 
calculation with fractions in Diophantus, cf. also Tannery, Mém. 
scient., II, 155 f.) 
“ Apollonius-Studien,” Quellen und Studien, Section II, 216 f. 
Neugebauer, “Studien zur Geschichte der antiken Algebra,” 
Quellen und Studien, Section B, II, 2. 
Cf. also the EXpressions: mpoPAnpara &pOunrixc (4, 10), 7) d&pOunree 
Bewpia (4, 13 £.) — “arithmetical problems,” “‘the arithmetical 
science. Traditionally the Diophantine work is also called 
dpuntixy atorxeiwors — “elementary exposition of arithmetic,” 
and even simply Lroyeta — “Elements” (second volume of the 
Tannery edition, pp. 72, 18 f.; 62, 24 f.; cf. also the quotation later 
in the text. 
La geometrie grecque, pp. 50-52. What is said there forms the general 
basis for Tannery's later publications on Diophantus. Cf. also 
Nesselmann, Algebra der Griechen, p. 44. 
Mem. scient., Il, 535-537. 


The corresponding passage in Psellus runs: [epi 8¢ ras alyurrianis 
ueOodov taitns Arodavros pev dScéAaBev axpiBéorepov, 6 S€ Aoywraros 


> / \ / / ~ 2 3 ~ > / > / 
AvatoXtos T& OUVEKTLKWTATH LEPN THS KAT EKElvov EmcaTHuNS aroAEEapLEVvOS 
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ETENWS (in the MS: ETEPW Tannery reads ETalpw OF TH ETalpw| Atodavrw 
suvormixarara [another reading: cuvexrixddtara as earlier, whence 
Tannery deletes the word] zpocedsvnae (cf. second volume of the 
Tannery edition p. xlvii). The end of this sentence is obviously 
corrupt. That éraipw is hardly possible follows, as Hultsch (Pauly- 
Wissowa, see “ Diophantus” pp. 1052 f.) has already pointed out, 
from the word order, which would have to be: 4. 76 é¢ratow. 
Hultsch therefore reads érépws, namely dmodrcéduevos érépws. 
Heath (Diophantus of Alexandria?, p. 2) likewise reads érépws and 
translates: ““ Diophantus dealt with it more accurately, but the very 
learned Anatolius collected the most essential parts of the doctrine, 
as stated by Diophantus, in a different way and in a most succinct 
form, dedicating his work to Diophantus.” This does not give a 
sufficiently clear sense. The assertion that Diophantus was a“ friend”’ 
of Anatolius is hardly supported by the text; neither does the whole 
context of the passage seem in the least to constitute a claim that 
Anatolius “dedicated”’ his work to Diophantus, the sense in which 
the word mpocedavnce — admittedly in accordance with general 
usage — is usually understood. Tannery himself traces the nomen- 
clature for powers of unknowns given by Psellus, which diverges 
from that of Diophantus, back to Anatolius (cf. Mém. scient., II, 430 
f.; IV, 276 ff.). Apparently our passage refers to the differences of 
nomenclature in Anatolius and Diophantus; compare the expression 
mpooepasvnce with the remarks in the proemium of Diophantus at 4, 
12 ff. and 6, 22-25. Ipocdwvetv would accordingly have to mean 
“calling a thing something, naming.” Then we should read: 
éréows Avoddvrov — “differently from Diophantus.” 

Aside from the highly questionable identity of the Dionysios 
named by Diophantus (1, 4) with the Bishop of Alexandria, it seems 
that only this much emerges as certain from Psellus’ words: (a) that 
Diophantus cannot be later than Anatolius; as a result of this the 
possible leeway for Diophantus’ date is, at any rate, reduced by 
nearly a century; and (b) that there is no proof at all that Diophantus 
was an (older) contemporary of Anatolius. For a more exact dating 
Hippolytos and Heron should perhaps be drawn on more than 
hithertofore. As far as Hippolytos is concerned, the dubiously 
genuine section in the Philosophoumena (H. Diels, Doxographi 
graeci | Berlin, 1879], pp. 556 £.) probably represents a conflation of 
the Pythagorean tetraktys-theory with an’ algebraic’? nomencla- 
ture corresponding exactly to that of Diophantus but completely 
misunderstood by the author. Compare, in Hippolytos (Doxographi 
graeci, ed. Diels, p. 557, 3 f:), the series dpBuds povds Sivopus KvBos 
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Suvapodtvaus  SvvaudxuBos KuBdxuBos — “number, monad, 
square [power], cube, squared square, squared cube, cubed cube’ — 
with Diophantus (ed. Tannery) pp. 4, 14-6, 8; Hippolytos (cf. also 
ibid., p. $56, 23 f.) places the terms dpOuds and pords, mentioned 
last by Diophantus, at the beginning of the series. Compare further- 
more Hippolytos, ibid., p. 556, 8 f\: "ApiOucs yéyove mparos dpyn, 
Omep €aTiv adptoToyv aKaTa&AnTToV, Exwv ev EavTa@ TavtTas Tovs én’ ameELpoV 
Suvapévous eAOetvy c&pOpuods ard 7d mAGO0s — “the first number is 
the origin, which is indeterminate and not [finitely] conceivable, 
having in itself all the numbers capable of going to infinity in 
respect to multitude” -— with Diophantus (ed. Tannery), 
pp. 2, 14-16 and 6, 3-5. On the other hand, there exist striking 
similarities of “‘style’” between the Metrics of Heron and the 
Arithmetic of Diophantus, namely (1) in the calculation with “pure” 
monads (cf. Part I, P. 112), (2) in the far-reaching detachment of the 
calculations from geometric notions (cf. Note 169), (3) in the 
correspondence of Heron’s synthesis with Diophantus’ concluding 
apodeixis (cf. Note 161), (4) in the nomenclature for the fractions. 
Furthermore, the expression Svvapodvvayis (Heron, ed., Schone, 
p. 48, 11 ff.), and even the Diophantine subtraction sign(Diophantus, 
ed. Tannery, p. 156, 8 and 10), occur in Heron. (Concerning this 
whole matter, see Tannery, Mém. scient., Ill, 147 f. and 208 ff.) Let 
us follow Ingeborg Hammer-Jensen (Hermes, XLVIII [1913], pp. 
224-235) in dating Heron after Ptolemy but reject her and Heath’s 
(cf. A History of Greek Mathematics, II, 306) specific dating at the end 
of the third century, accepting rather A. Stein’s (Hermes, IL [1914] 
pp. 154-156) and Heiberg’s date (Heron, Opera, V, p. ix; Geschichte 
der Mathematik und Naturwissenschaft im Altertum [1925], p. 37, note 
4) of the end of the second century A.D., and let us, in addition, regard 
Diophantus’ Arithmetic as the direct source of the passages quoted 
previously from the Philosophoumena of Hippolytos, which were 
composed in Rome in about A.D. 230 (cf. O. Bardenhewer, 
Geschichte der altkirchlichen Literatur ([Freiburg, II?, 1914], pp. 554, 
555, 602); then the possibility that Diophantus was a contemporary of 
Heron presents itself. The end of the second century A.D. was indeed 
a time distinguished by a special flowering of the mathematical and 
mechanical sciences in Alexandria, so that under Alexander Severus 
(A.D. 222-235) several Alexandrian scholars were called to Rome 
(cf. Hammer-Jensen, Hermes, XLVIII, p. 233). Furthermore, Heron 
composed an introduction to a orowxelwors dpiOunrixy (cf. Note 
146), which he also dedicated (as he later did the corresponding 
“geometric” work, the so-called Definitions) to a Dionysios (cf. 
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Opera, IV, p. 14, 1 ff.; p. 76, 23; p. 84, 18). (The éeyyepidiov, ie., 
“handbook,” of Domninus is, incidentally, of the same type; cf. 
Domninus, Anecdota graeca, p. 428, 16 f., where he refers to a 
projected apOunrixy orovyetwors.) Thus it would indeed be possible 
that the Dionysios of Diophantus and Heron’s Dionysios are one 
and the same person, as Heath conjectures (A History of Greek 
Mathematics, I, 306, note 1; cf. also Tannery, Mém. scient., Il, 538; 
La géométrie grecque, p. 180, note 2). There would, of course, remain 
the question whether this Dionysios was, as Stein thinks, M. 
Aurelius Papirius Dionysius, who was prefect (7ynudv) of Egypt in 
A.D. 187-188. In this context we might refer to a salutation in a 
document from the second or early third century: Avovvolw 7a 
Tyuwtary xaipev (B. P. Grenfell and A. S. Hunt, The Oxyrhyn- 
chus-Papyri [London, 1925], X, pp. 1 f.). Here the title causes a 
difficulty, since Diophantus addresses Dionysios as typudrtaros — 
“most honorable,” while Heron calls him Aaumpératos — “ most 
illustrious.” 

We might note in addition: 

a. Heiberg on the one hand places Heron at the end of the second 
century and on the other supports Hammer-Jensen’s opinion that 
the Dionysios addressed by Heron is identical with L. Aelius 
Helvius Dionysius, praeceptus urbi (city prefect) in the year 301 
(Heron, Opera V, p. xi, note 1, and Geschichte der Mathematik und 
Naturwissenschaft im Altertum, p. 38, note 4). This must be by 
mistake. 

b. Tannery regards Hippolytos as an author of the second century 
(cf. Mém. Scient., 11, 68; 90; I, 186, note) and disregards him in the 
dating of Diophantus for this very reason. The passage mentioned 
in Hippolytos is for him merely evidence that the “algebraic” 
nomenclature was in use already before Diophantus. 

Now as it happens, the date of Heron, Hammer-Jensen’s argu- 
ment notwithstanding, is by no means settled. And it is somewhat 
hard to see why the epigrams of Lucillus (or Lucillius) and of 
Nicarchos, which refer to the “astronomer’’ Diophantus (and to a 
physician Hermogenes), could not refer to the “ arithmetician” 
Diophantus. Ever since the German translation of Diophantus by 
Otto Schulz (1822) the identity of the “astronomer”’ and the 
“‘arithmetician” is generally denied because (1) an “astronomer ”’ 
simply cannot be an “arithmetician”’; (2) these epigrams make fun 
of the tiny stature of Diophantus, and this cannot be reconciled with 
the “high genius of the arithmetician ” (cf. Nesselmann, Algebra der 
Griechen, pp. 497 £.); (3) the epigrams speak of the sudden and 
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violent death of Diophantus, whereas according to the well-known 
epigram (second volume of the Diophantus edition of Tannery, pp. 
60 f.) he attained the age of eighty-four and “thus presumably died 
a natural death.” (Cf. Schulz, “Vorrede,”’ p. xii; see also pp. ix ff.) 
It will be admitted that this kind of argument is notably naive. It 
would probably be better to return to the opinion already voiced by 
Bachet in the introduction to his Diophantus edition, according to 
which the above testimonia, which come from the time of Nero 
(W. v. Christ-Schmid, Geschichte der griechischen Literatur |Munich, 
1920], pp. 329 f.; 416; cf. Handbuch der klassischen Altertumswissen~ 
schaft, VU, 2, 1) permit us to date Diophantus at the first century A.D. 
This might then, reversely, help with the dating of Hero. [Cf. O 
Neugebauer, The Exact Sciences in Antiquity, 2d ed. (New York, 
1962), 178-179. 

Algebra der Griechen, p. 296. 

Mem. scient., III, 160. 

Diophantus of Alexandria, p. 39. 


Cf. Tropfke, Geschichte der Elementarmathematik, 113, 22 f. It occurs 
for the first time in the second half of the fifteenth century (ibid., 
pp. 15 ff). 

Thus, corresponding to the ordinary usage, the sign M sometimes 
follows the number sign, e.g., p. 238, 11: af 88 6M... — “‘and 9 
monads”’; or P- 334, 12 fi: Lnr& dpa pdpiov rerpaywrixey mpoo- 
Oetvon tats ks M... xrA. — ““I therefore seek a square fraction [ie., 
the reciprocal of a square] to add to the 26 monads.”” This is natural 
since the sign M in Diophantus is — as are all his signs — nothing 
but an abbreviation of a word (see P. 146); and it is still in accord 
with common language that the M sign occasionally drops out 
entirely, er 8-> p. — 14: "“Eorw 6 So6eis (sc. dpB uss] 6 § — “let 
there be given 4” » OF PP 252, 22 fe A 0 KN quod €or. THY vs 
[sc. povadwr], WOTE TE 8, 8°” ar rot vg — * but 28 is half of 56, so that 
14 is 4 of 56.” 

Heron, ed. Schne, p. vii. 


Opera, ed. Heiberg, II', 242, 17-19; 246, I1; 266, 11-14=II2, 216, 
17-19; 220, 3 f.; 236, 19-22. It is not quite certain whether this 
work had the title Archai; cf. Hultsch, Pauly-Wissowa, see “ Archi- 
medes,”’ pp. 511 f. At any rate, its content is noted in the third 
chapter of the Psammites (II, 266 ff.=II2, 236 ff). 


In Pappus-Apollonius (Hultsch, I, 28, 9) the number which we 
would nowadays render as 780,337,152,000,000 is thus written as p” 
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dn’ Kat pw" yrod Kat wo’ — “seven hundred and eighty threefold 
[i.e., cubed] myriads, and three thousand three hundred and seventy- 
one twofold [i.e., squared] myriads, and five thousand two hundred 
simple myriads,” or 780.3371.5200.0000. 


Cf. Hultsch, Pauly-Wissowa, see “ Arithmetica,” p. 1069. 


The problems begin with the words: Tv povdda SreAetv [or repetv] 
eis Uo propia [or dpiBuovs|...— “to divide [cut] the unit into two 
parts [numbers] ”s or: Movdda Srerctv eds rpeis dpiOuov’s ... — 
“to divide a unit into three numbers.” 


Here rapopotws undoubtedly has the sense of mapwrtpws, which is 
why Xylander, the first translator of Diophantus, as well as Bachet, 
replace it by the latter. (Bachet writes, mapovvuws, which must be 
simply a mistake, since he explicitly states that he is following 
Xylander’s conjecture, i.e., tapwrdpws.) 


Diophantus knows yet another kind of apodeixis, namely the sub- 
sequent “test,” which will be more thoroughly discussed later (see 
Pp. 156 and 162). 


See Nesselmann, Algebra der Griechen, pp. 309, 335 ff. and 352 ff; 
Heath, Diophantus of Alexandria, pp. 73 ff. The mere fact of the 
generality of these rules does not, indeed, by itself suffice to prove 
the “theoretical” character of the work (cf. Pp. 122 ff.). In any case, 
these rules are to be understood as “rules of the ‘art’,”’ a fact which 
was to become of the greatest importance for the modern develop- 
ment and transformation of the Diophantine Arithmetic (cf. P. 168). 
Note also that an approximation procedure (zapiodryros dywy7}) is 
occasionally used by Diophantus; cf. Heath, Diophantus of Alexan- 
dria, pp. 95 ff.; 207 ff. 


We are not contending that Diophantus was a follower of Peri- 
patetic philosophy or even that he occupied himself with philo- 
sophical questions at all. So also the “theoretical” character of his 
work has nothing to do with the question whether he was himself a 
“scientist” or a  banausic,”’ a mere technician; this holds true also 
for Heron. Whatever the position of Diophantus and the degree of 
his “scientific”? consciousness may have been, in our context all that 
matters is that the grounds for the possibility of the Diophantine 
mode of presentation be understood, although this mode may well 
have had its actual origins in a “scientific” tradition already in 
existence (see P. 136). 


Cf. Nesselmann, Algebra der Griechen, pp. 413 f.; 419 ff.; Tannery, 
Mem. scient., II, 371. 
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Cf. Nesselmann, Algebra der Griechen, pp. 314 ff.; Hankel, Zur 
Geschichte der Mathematik ... pp. 164 f., Tannery, Mem. scient., II, 
pp. 367 ff.; Heath, Diophantus of Alexandria, pp. 54 ff. 
Cf. also problems III, 19 and V, 7 (with its second lemma), 8, 21 and 
27 (see also Part I, P. 12). 


Cf. Heath, Diophantus of Alexandria, pp. 8 ff. Possibly this does not 
even refer to a work of Diophantus. (The porisms at the end of I, 
34 and 38 are of a different sort, but as “‘corollaries,’ they also 
correspond to the Euclidean terminology.) 


Pappus, Hultsch, II, 636, 21; 648, 18 f. and 866 ff.; Proclus, in 
Euclid., Friedlein, pp. 212, 13; 302, 11-13; cf. Heiberg, Literar- 
geschichtliche Studien tiber Euklid, pp. 78 f. 

As is shown especially by the fact that he, like Heron, adds or sub- 
tracts “planes” and “lengths” from one another without com- 
punction; cf. Hankel, Zur Geschichte der Mathematik ..., p. 159; 
Hultsch, Pauly-Wissowa, see “Diophantos,” p. 1055. 


See the second vol. of the Tannery edition of Diophantus, pp. 36, 
20 ff. On the text cf. ibid., pp. vii f. 


This is, incidentally, sometimes also expressed in the written signs 
themselves, e.g., ML’ or M8’, i.e., a half or a quarter monad. (The 
sign x, when added to a number sign, changes the latter into the 
corresponding reciprocal, for instance, since 8 is 4, 8* is 4; see 
eet ii) = 

It is quite possible that the work On Fractional Parts (Mopiaorixd) 
here mentioned was a separate work by Diophantus, the subject of 
which was calculation with fractions (cf. Hultsch, Pauly-Wissowa, 
see Diophantos,” p. 1071), and not merely a collection of scholia to 
the corresponding Definitions in the proemium of the Arithmetic, as 
Tannery conjectures (second volume of the Diophantus edition, p. 
72, note 2), or even the Definitions themselves (cf. Heath, Diophantus 
of Alexandria, pp. 3 f.). Cf. on this also Diophantus, ed. Tannery, I, 
p. 288, 1 ff. 

Iamblichus ascribes this definition to certain “Pythagoreans” 
which, coming from him, does not mean much. According to the 
wording of the scholium Diophantus could easily be its originator. 
“Def. VI,” p. 8, 13 f. (cf. p. 6, 6 f.): Tis obv povedos dperabérov 
ovens Kai éordons dei ...; Theon of Alexandria repeats precisely 
this passage in his commentary on Ptolemy: ris yép povddos 
auerabérov ovens Kal é€orwons mévrore ...— for since the monad 
is invariable and always constant...’ (second volume of the 
Tannery edition of Diophantus, p. 35). 
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In these problems the mu8peves (bases, i.e., root ratios) are involved, 
that is, the smallest numbers which fulfill the given ratios. This must 
have been what was in Commandino’s mind when he mistakenly 
identified the mvOuéves with the sroordceas, the hypothetical 
expressions, in Diophantus (Pappus, Hultsch, I, p. 81 note). 

This understanding sets the tone — the changed concept of number, 
notwithstanding — up into the sixteenth century. Frater Fridericus 
(ca. 1460): ““surdus numerus non est numerus. Nam numerus est, 
quem unitas mensurat’’ (a surd [ie., an irrational] number is not a 
number. For a number is that which the unit measures; cf. Part I, 
P. 109); Michael Stifel in his Arithmetica integra (1544): “ irrationalis 
numerus non est uerus numerus ” (an irrational number is not a true 
number); see Tropfke, Geschichte der Elementarmathematik, 113, 91 
and 92. Cf. furthermore the opinion of Peletier (1560) in Note 302. 
We agree with Ruska, “Zur 4ltesten arabischen Algebra und 
Rechenkunst,” Sitzungsberichte der Heidelberger Akademie der 
Wissenschaften, Philosophisch-historische Klasse, 1917, 2. Abhandlung, 
pp. 68 f., that the words Svvapodurvépewv (p. 4, I), SvvapoxdBuwv 
(p. 4, 3) and xvBoxdBwv (p. 4, 6) must be deleted, since these owvropd- 
repo. éemwvupioe (abbreviated descriptive names, p. 4, 13) are not 
introduced before p. 4, 14. While Svvajus (the square power) and 
xuBos (the cube) result immediately (p. 4, 14-18) from the preceding 
text (p. 2; 18-22), in the case of Svvapoddvvapus, SvvapdxvBos and 
KxuBdxuBos the definitions given before (p. 4, 1-7) are first exactly 
repeated (p. 4, 19-6, 2). 

These terms already occur, as is well known, in Thymaridas 
(Iamblichus, Pistelli, p. 62, 19 f.); cf. P. 36. 

This expression, numbered continuously, was chosen by Bachet 
only in order to obtain a clearer view of the single paragraphs of the 
proemium; apparently he was following canonical mathematical 
terminology. 

This is true particularly of the cpibuds rerpdywvos (square number) 
and xdBos (cube), p. 2, 18 ff.; p. 4, 14-18; cf. Part I, Pp. 26 f£.; 54 
ff,; cf. furthermore Euclid VII, Defs. 19 and 20; also Nesselmann, 
Algebra der Griechen, p. 201. 

A concept indeed common and used by Diophantus, for instance, 
to signify a certain kind of equation; cf. p. 96, 9: Kal toro 76 «los 
karetroe Sumrdowwdrns — ‘and this class [of equations] is called a 
double equation”; cf. P. 133. 

Something similar holds true of those equations in which ultimately 
only numbers of two classes remain on one side; Diophantus prom- 
ises to give the procedure for solving these later: dorepov 8¢ 
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cou SeiEouev Kat ds S00 clddv tawy evi KaTaAapbevrwy To Tovobrov Avera 
— “later I will show you how such a problem is solved if two classes 
remain [whose sum is] equal to one”’ (p. 14, 23 f.). Diophantus must 
have fulfilled this promise in one of the parts of his work which are 
lost. In the books which have come down to us the procedure for 
solving such equations is simply presupposed, although here too we 
occasionally find references to the rule in question (cf. on this 
Nesselmann, Algebra der Griechen, pp. 264 ff., 317-324; Heath, 
Diophantus of Alexandria, pp. 6 f£., 59 f£.; also Tropfke, Geschichte der 
Elementarmathematik, Ul?, 40 f.). 


Cf, Aristotle, Metaphysics Z 6, Categories 5. 


Cf. Part I, Pp. 28, 29, 33; also Diophantus’ work on polygonal 
numbers (450). 


Le., in our notation: 1.8747.4560 (cf. Note 157). 
Cf, on this Heron, Opera (Schmidt-Heiberg), IV, 175. 


Cf. Note 143. It is noteworthy that Maximus Planudes, clearly 
referring to ‘Def. X,”’ where the Acizovra ¢iSy (lacking classes) are 
mentioned only in connection with the stadpyovra (present 
[classes]), attempts to interpret “Def. IX” in the following way: 
Ody amddis et A€yer, un Kal UTTapEEews Tivos OVENS, GAAG Urapéw Exovgav 
Activ — ~ He does not say simply ‘lack,’ as if there were not some 
presence [which lacked something] but “a presence having a lack’ ”’ 
(second volume of the Tannery edition of Diophantus, p. 139). 


The nomenclature of Anatolius (cf. Note 149), which goes up to the 
ninth power of the unknown, recurs in the Italian algebraists; cf. 
Tannery, Mém. scient., [V, 280 f. 


Cf. the preface to L’algebra, opera di Rafael Bombelli da Bologna, libri 
IV e V, comprendenti La parte geometrica inedita, tratta dal mano- 
scritto B 1569 della Biblioteca dell’Archiginnasio di Bologna, 
pubblicata a cura di Ettore Bortolotti, Bologna, 1929 (Per Ia storia e 
la filosofia delle mathematiche. Collezione diretta da Federico 
Enriques, promossa dall'Istituto nazionale per la storia della scienze), 
pp. 9, 17-18. The reference to the studies of Bortolotti is drawn 
from the introduction to the French translation of Diophantus by 
Paul Ver Eecke (Diophante d'Alexandrie [Brussels, 1926]), pp. Lxiii ff. 
This translation is remarkable for its literal rendition of the Dio- 
phantine text; it avoids all modern terminology and notation. 


The 1579 edition of Bombelli’s Algebra says (p. 414) “. . . ed’io solo 
habbia posta l’operatione delle dignita Arimetiche . . . immitando 
gli antichi scrittori.. ."’ — “and I alone have restored the effective- 
ness of the dignity belonging to arithmetic . . . imitating the ancient 
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writers.” See Ver Eecke, Diophante d’Alexandrie, p. \xvii, note 1; cf. 
Bortolotti, Bombelli p. 16. 


Potentia (power) is already used for S¥vayus by Gerard of Cremona 
(twelfth century) and Leonardo of Pisa. Regiomontanus on occa- 
sion even uses this word in the generalized sense (cf. Tropfke, 
Geschichte der Elementarmathematik, I, 160). 


Bortolotti, Bombelli, pp. 14, 16; also pp. so ff. 


Cf. Frédéric Ritter, “Frangois Viéte, inventeur de l’algébre 
moderne, 1540-1603. Essai sur sa vie et son oeuvre,” La revue 
occidentale philosophique, sociale et politique, 2d series, Vol. X (1895), 
pp. 239-241; 246. Ritter’s study is at present [1934] the only mono- 
graph on Vieta’s life and works. Ritter also made a modern French 
translation of the Isagoge and the Notae priores ad logisticen speciosam 
(Bullettino di bibliografia e di storia delle scienze matematiche e fisiche, I, 
pubbl. da B. Boncampagni, I [1868], pp. 225-276). 


Ritter, Revue occidentale philosophique ..., Vol. X, p. 242. 
Ibid., p. 269. 
Ibid., p. 241. 


In the Dedicatory Letter to Catherine of Parthenay, which is pre- 
fixed to the Isagoge Vieta says: “...tibi autem |debeo], o diva 
Melusinis, omne praesertim Mathematices studium, ad quod me 
excitavit tum tuus in eam amor, tum summa artis illius, quam 
tenes, peritia, immo vero nunquam satis admiranda in tuo tamque 
regii et nobilis generis sexu Encyclopaedia.” (... And now, O divine 
Melusine, I owe to you especially the whole study of mathematics, 
to which I have been spurred on both by your love for it and by the 
very great skill you have in that art, nay more, the comprehensive 
knowledge in all sciences [Encyclopaedia] which can never be 
sufficiently admired in one of your sex who is of so royal and noble 
a race.) The fact referred to, which is veiled by the baroque ornate- 
ness of the style, is Vieta's instruction of Catherine, from which he 
drew the inspiration for his own extensive studies. How much he 
felt indebted to Catherine of Parthenay in all his mathematical 
labors, is shown by the playful remark which he prefixes to the 
third theorem of the ninth chapter of his work Ad problema, quod 
.. . proposuit Adr. Romanus, Responsum, containing the answer toa 
problem proposed by Adrianus Romanus: Cujus inventi laetitia 
adfectus, o Diva Melusinis, tibi oves centum pro una Pythagoraea 
immolavi.” (Moved by joy over this discovery, O divine Melusine, 
I sacrificed to you a hundred sheep instead of Pythagoras’ one.) 
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Cf. Ritter, Revue occidentale philosophique..., Vol. X, pp. 251; 
354-373; Zeuthen, Geschichte der Mathematik im 16. und 17. 
Jahrhundert (Leipzig, 1903), p. 115. 


Ritter, Revue occidentale philosophique ..., Vol. X, p. 242; cf. p. 354. 
Gia icnan pe siess t. 300) tr: 


Cf. Jacobi Peletarii Cenomani, De occulta parte numerorum, quam 
Algebram vocant, libri duo (Paris, 1560); in the preface an opinion 
according to which Diophantus is to be considered the founder of 
algebra is mentioned. Ramus had known of Diophantus as the 
author of the Arithmetic as early as 1569: °. .. Diophantus cujus sex 
libros, cum tamen author ipse tredecim polliceatur, graecos 
habemus de arithmeticis admirandae subtilitatis artem complexis, 
quae vulgo Algebra arabico nomine appellatur ....” (Diophantus 
of whom we have six books in Greek, although the author himself 
promises thirteen, on arithmetical matters, involving an art of 
admirable subtlety which is popularly called by its Arabic name, 
algebra — Scholarum mathematicarum libri unus et triginta, Book |, 
quoted according to the edition of L. Schoner [Frankfurt, 1599], p. 
35.) Incidentally, in Universalium Inspectionum ad canonem mathe- 
maticum liber singularis, pl. 71, Vieta refers to Petrus Ramus explic- 
itly, calling him “homo Aoydraros,”’ a “most perspicacious 


99 


Man. 


Vieta quotes Diophantus I 27 as early as 1579, namely in the afore- 
mentioned Canon, pl. 30, clearly following Xylander’s edition, 
where I 27 is the thirtieth problem of the first book. 


Cf. Cantor, II?, 630, note 4. Vieta must have had access to the 
manuscript then in the possession of Catherine of Medici (now 
Parisinus 2379), which represents a copy of two older Vatican 
codices, and which was later used by Bachet for his Diophantus 
edition. (Regiomontanus had already referred to the existence of 
Diophantus manuscripts in 1463-1464; note that Constantinople 
fell in 1453.) 


See Ritter, Revue occidentale philosophique ..., Vol. X, pp. 246, 250, 
25a 


They are: (1) the polemical writings against Scaliger (Ritter, 
pp. 260, 262); (2) the solutions of problems posed by Adriaen 
van Roomen and Vieta himself (Ritter, pp. 264-267; Zeuthen, 
Geschichte der Mathematik, pp. 119 ff.); (3) studies toward a reform 
of the calendar; Vieta himself valued these most highly and toward 
the end of his life allowed himself to be carried away on their 
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account and to engage in unjustified polemics against Clavius 
(Ritter, ibid., pp. 270-273). 

See Ritter, Revue occidentale philosophique ..., Vol. X, pp. 270, 374, 
370. Compare especially the letter of Marino Ghetaldi to M. 
Coignet(ibid., p. 384), which is printed at the end of Vieta’s work De 
numerosa potestatum ad Exegesin Resolutione (1600), on solving 
equations having numerical solutions; further Anderson’s preface to 
De aequationum recognitione et emendatione tractatus duo, ed. van 
Schooten, p. 83, a work on the discovery and transformation of 
equations (cf. Note 239). Vieta himself says in the introduction to his 
Ad problema, quod... proposuit Adr. Romanus, Responsum [1595]: 
“Ego qui me Mathematicum non profiteor, sed quem, si quando 
vacat, delectant Mathematices studia . . .” (I, who do not profess to 
be a mathematician, but who, whenever there is leisure, delight in 
mathematical studies . . .). 


His younger contemporary, the historian De Thou, whose juristic 
and political career recalls Vieta’s and who shares Vieta’s predilection 
for mathematical studies, says of him: “In mathematicis .. . adeo 
excelluit, ut quicquid ab antiquis in eo genere inventum, et scriptis, 
quae temporis injuria aut perierunt aut obsoluerunt, proditum 
memoratur, ipse adsidua cogitatione invenerit et renovarit, et 
multa ex suo ad illorum ingeniosa reperta addiderit.” (In mathe- 
matical matters he so excelled that he discovered and renewed by his 
own diligent thinking, whatever of that sort had been discovered by 
the ancients and had been handed down, related in writings which 
either perished or decayed through the ravages of time, and he 
added many things of his own to those which they had ingeniously 
discovered. — Vieta, Opera mathematica, ed. van Schooten [1646] 
Dae 

Cf. Ritter, Revue occidentale philosophique ..., Vol. X, pp. 241, 269. 
On Vieta’s position on Copernicus see especially Apollonius Gallus, 
Appendicula II (ed. van Schooten, p. 343; first edition 1600, p. 11°), 
where there is also a reference to a work intended to correct the 
errors in Copernicus and the defects in Ptolemy. It was to have had 
the name Francelinis and was to have contained, among other things, 
a composition called Epilogistice motuum coelestium Pruteniana: “Sed 
ea supplebimus omissa et emendabimus commiissa in ‘Francelinide,’ 
in qua etiam ex(h)ibebimus “Epilogisticen motuum coelestiuin 
Prutenianam’ per hypotheses, quas vocant Apollonianas, si minus 
placent Ptolemaicae a motu in alieno centro et hypocentris seu ém- 
xixAwy mpovevocat liberatae.” (But we will supply ommissions and 
correct errors in the Francelinis, in which we shall set forth the 
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Prussian Reinterpretation of Heavenly Motions based on hypotheses 
called Apollonian [i.e., the hypothesis of the moving excentric] if 
the Ptolemaic hypotheses, when freed from motion around a 
foreign center [i.e., the equant] and subcenters or inclinations of 
epicycles [a hypothesis to correct a lunar anomaly, see Almagest V, 
5] be not quite acceptable.) “Pruteniana,” i.e., “Prussian,” from 
Prut(h)enia is an allusion to Copernicus and the Prutenicae Tabulae 
coelestium motuum of Erasmus Reinhold (or Reynoldus), which first 
appeared in 1551 and incorporated the Copernican hypothesis. In 
the publisher’s preface to the van Schooten edition of 1646 there is 
mentioned, besides the Harmonicum coeleste, a “fragment which 
investigates the same theme” (fragmentumque eodum spectans). 
Cf. also the title ofa work by Anderson mentioned there: ITpéyeupov 
ad triangulorum sphaericorum epilogismum, a“ handbook”’ on spherical 
triangles with new calculations. (The Harmonicum coeleste was, 
incidentally, not wholly completed even in 1600, as emerges from a 
letter of Marino Ghetaldi to Coignet, cf. Note 206). 

Vieta must have taken his direction from Ptolemy’s words in the 
proemium of the Syntaxis (Heiberg, I, 5-7) which we will repeat 
here because they show most clearly that the ideal of “certain” and 
“exact” knowledge is by no means a distinguishing characteristic of 
the “new science.’’ Modern and ancient cosmology are distinguish- 
able from each other not by the function but by the nature of their 
mathematics. The character of the “new” kind of mathematics is 
itself conditioned by a changed ontological understanding of the 
world; this is directly evidenced by the extension of its “realm of 
applicability’’ to all of “nature.” Ptolemy, reinterpreting Peri- 
patetic doctrine stoically, says that of the three gene of the 
“theoretical” part of philosophy (cf. Aristotle, Metaphysics E 1) 
“theology, ’ the science which is removed from all sense perception 
andall change and whichis concerned with the “‘ outermost” original 
source of original motion “up high somewhere with the loftiest 
things of the cosmos” (vw mov mept Td perewpdrare. Tob KOopov), and 
“physics, ’ the science of material “* qualities” of impermanent things 
within the sublunar sphere, have a largely conjectural character, 
ic, depend on eixacia (—> “image-making” —> “conjecture”’); 
only “mathematics,” the science of oyjpa (—> figura), of moodrns 
(—> quantitas, numerus), of aAxdrns (—> magnitude), of rédz0s 
(—> locus—> spatium), of xpévos (—> tempus), which belong “to all 
beings simply” (éow dmAds rots odo), represents a certain and 
irrefutable science; therefore he, Ptolemy, will dedicate himself to 
the latter and especially to its astronomical part which has for its 
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object the eternal, unchangeable course of the divine, immutable 
heavenly bodies, an object which is, indeed, appropriate to the 
character of a “‘science,” of a knowledge, which remains ever the 
same and does not fluctuate with opinion. (Heiberg, I, 6, 11-7, 4: 
.. . Savonfévres, Gru Ta pev AAA So yévn Tod OewpntiKod pwaAAov av Tis 
eikagiay } KardAnbu émornuovKiy elmo, TO pev BeoroyiKov Sia Td 
mavreAa@s adaves adtod Kal averiAnmrov, 7d Sé duaixov bua TO THS BAns 
dotarov Kal &yAov, ws dia TobTo pndémore av EAmion rept adtav Suovojoa 
tous dirocogoivras, povov S€ 76 pabnuarikov, el mis eLeraoTiKds adTo 
mpocépxoiTo, BeBaiav Kal aperamorov trols perayerpilouevors THY €lSnoww 
mapacxor ws av THs amode(Eews 8. dvapdioByrirwy dddv YuyVvopLerns, 
apiunrixys Te Kal yewperpias, mponxyOnuev émpednffrvar padiora mé&ons 
pev kara SUvapuv TAS ToLadTyS Oewpias, eEaipérws S€ THS wept Ta Oeta Kal 
oupavia KaTavooULEeNS, WS PoVNnS TAaUTNS TEpl THY TOV alel Kat WoatTwWS 
éxovTwr eioxeriw avaotpepouerns Sua Todd re Suvarhs ovens Kal avTis 
TEplL ev THY OlKElay KaTaAnyW ovTEe AdnAOV ovTE aATaKTOV ovcay aiEl Kal 
woavTws Exe, omEp €aTiv idiov emoTHuns, mpos b€ Tas &AAas ovy Hrrov 
GUT@Y ExElvwY GUvEpyElY. — re thinking that the other two genera of 
the theoretical would be described as conjecture rather than scientific 
conception, the theological because it is entirely without appear- 
ance and inapprehensible, the physical because its material is 
unstable and unclear, so that, because of this, the philosophers could 
never hope to think the same about them; only the mathematical, 
provided it is approached in the spirit of inquiry, furnishes to those 
who attempt it such certain and trustworthy knowledge as comes 
from demonstration both arithmetical and geometric made ac- 
cording to an indisputable procedure — by these thoughts we 
were led rather to study to our utmost ability a theoretical discipline 
of such a sort, especially insofar as it concerns divine and heavenly 
things, for it alone is involved in the inquiry concerning things which 
are always as they are and because of this is able, since the kind of 
apprehension proper to it is neither unclear nor disorderly, to be 
itself always such as it is — which is the peculiar property of science 
— and yet to cooperate on an equal basis with those other 
disciplines.’ Cf. Part I, P. 10.) 

On “figure,” “quantity,” “place,” and “time,” see Descartes, 
First Meditation: ‘‘. . . quaedam adhuc magis simplicia et universalia 
vera esse fatendum est... Cuius generis esse videntur ... figura 
rerum extensarum; item quantitas, sive earumdem magnitudo et 
numerus; item locus in quo existant, tempusque per quod durent, 
et similia.”(We must say that there are certain things still more 
simple and more universal, which truly are; .. . Of this kind seem 
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to be the shapes of extended things; furthermore quantity or the 
magnitude and number of these; furthermore the place in which they 
exist and the time during which they are and similar things. — 
Adam-Tannery, VII, 20.) Compare, on the other hand, Aristotle, 
De anima B 6, 418 a 16-19 andT 1, 425 a 15 f., also 425 b § f., 
furthermore De Sensu 1, 437 8 f. (Cf. also Note 326.) 

Under the same general title nine further projected writings are 
here mentioned, of which only the Supplementum geometriae (1593) 
and De numerosa potestatum ad Exegesin Resolutione (1600) appeared 
in the form announced. (For the Zeteticorum libri quinque [1593] I 
was unable to ascertain the subtitle.) Vieta says already in the Liber 
inspectionum, commenting on the new “ proportions’’ given by him 
for the calculation of right-angled spherical triangles, that their 
compilation opens the way “ad reparandam et instaurandam pene 
collapsam nobilem scientiam”’ (to the repair and restitution of a noble 
science which is nearly in ruins — pl. 37). 

In the introduction to his work Ad problema, quod . . . proposuit Adr. 
Romanus, Responsum (1595) Vieta says: “ Neque vero placet bar- 
barum idioma, id est, Algebricum.” (Nor surely is that barbaric 
term, namely “algebraic, satisfactory.) 


212 Luca Pacioli, in his Summa (1494) already speaks of Algebra as the 


“Arte magiore”’ (cf. Cantor, II?, 321). Following him, Cardano calls 
his work: Artis magnae sive de regulis algebraicis liber unus (1545); 
Peletier: De occulta parte numerorum quam Algebram vocant (1560) ; 
Bombelli: L’Algebra, parte maggiore dell’ Arithmetica (1572); 
Gosselin: De arte magna seu de occulta parte numerorum, quae et 
Algebra et Almucabala vulgo dicitur (1577). The Arabic expression 
~ Almucabala”’ was translated as “liber de rebus occultis” (book on 
hidden things), as, for instance, still by Schoner in Petri Rami 
Arithmetices libri duo, et Algebrae totidem: a Lazaro Schonero emendati 
et explicati, etc. (Frankfurt, 1586), p. 322. Cf. also Descartes, 
Regulae ad directionem ingenii, Rule IX, Ad.-Tann., X, 402: “ Unum- 
que est quod omnium maxime hic monendum mihi videtur, 
nempe ut quisque firmiter sibi persuadeat, non ex magnis et ob- 
scuris rebus, sed ex facilibus tantum et magis obviis, scientias quan- 
tumlibet occultas esse deducendas.”’ (One thing there is which 
seems to me to have to be kept in mind above all else, namely that 
everyone should firmly convince himself that any science, however 
hidden, must be deduced not from great and obscure things but only 
from easy and very obvious ones.) 


99 


“... mihi pauca admiranti...” (to me, who marvels at few things) 
he says of himself in that same Dedicatory Epistle. 
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214. The Latin edition of Pappus by Commandinus appeared in 
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1588-1589 (cf. Hultsch, I, p. xvii); however, Vieta had, without 
doubt, access to Pappus manuscripts before that time. Incidentally, 
Apollonius Gallus (i.e., the French Apollonius) also represents a 
“restitution,” namely of the work MHepi énadav (On Tangents) by 
Apollonius, of which Pappus speaks in that very same seventh book 
(Hultsch, II, pp. 636, 21; 644, 23 ff.; 820-852). 

Cf. Descartes, Regulae, Rule IV, Ad.-Tann., X, 376: “Et quidem 
huius verae Matheseos vestigia quaedam adhuc apparere mihi 
videntur in Pappo et Diophanto. . . .” (Indeed, certain traces of this 
true mathematics seem to me still to appear in Pappus and in Dio- 


phantus.) 


Proclus, In Euclid., 21 I, 19-22 (cf. Diogenes Laertius III, 24; see also 
Note 218). 


In a scholium to Euclid XIII, 1-5 (Heiberg-Menge, IV, 364 f.) we 
read: ’Avddvars pev obv dor. Afyus rod Cyroupevov ws Spodoyoupevov 
dia trav akodovOwy emt tr. adnfes opodroyotpevov. Livbears dé Ajyns 
Tob opodoyoupevov dia TaVv aKxodAovOwr emi Ti aAnOes OpuodAoyovpevov. — 
~ Analysis, then, is the taking of what is sought as admitted and 
|going through] the consequences from this to something admitted 
to be true, while synthesis 1s the taking of something admitted and 
[going through] the consequences from this to something admitted 
to be true.” In the sixteenth century an opinion, which had on 
occasion been expressed earlier (cf. Cantor, II?, 102), was current, to 
the effect that Theon’s edition of the Euclidean Elements represented 
a complete reworking of the original. It was even supposed that the 
proofs were throughout by Theon and not by Euclid. Xylander, 
Petrus Ramus (and his circle, cf. Cantor, II?, 549, and Notes 225 and 
233) and Candalla (Francois de Foix-Candalle), the most important 
of the Euclid editors and revisers of the time, and many others (cf. 
Heiberg, Studien tiber Euklid, pp. 175 and 168) held similar opinions. 
Vieta became personally acquainted with the two latter, as well as 
with Forcadel, Peletier, Gosselin, and probably also Bressicu, in 
Paris; cf. Ritter, Revue occidentale philosophique ..., Vol. X, p. 245; 
furthermore C. Waddington, Ramus, Sa vie, ses écrits et ses opinions 
(Paris, 1855), pp. 109, 156, 353. It was therefore natural for Vieta to 
ascribe the above scholium as well to Theon; see also Note 233; 
furthermore Nesselniann, Algebra der Griechen, p. 59; on the modern 
discussion of this scholium see T. L. Heath, The Thirteen Books of 
Euclid’s Elements? (Cambridge, 1926), I, 137 and Ill, 442. The 
preference for Theon over Euclid corresponds to the general 
humanistic tendency to derogate the authority of those writers who 
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were recognized as authorities in the schools, on the grounds of a 
“better” knowledge of the ancients. (In reference to Theon, 
Johannus Buteo and, characteristically, Clavius form an exception, 
cf. Cantor, II?, 563 and 556.) 


. Pappus says: dvdAvois tolvuy eariv o60s amd rob Cytovpevov ws 


Cpodoyoupevou Sia TaVv éEAS axoAoVOwy émi Tt Opodoyovpevov avvOeceE . . 

ev d€ TH ovvOéce €& Umootpodis TO ev TH avadvoe KaTtadynpbev voTaTov 
UTOGTNOGMEVOL yEyovos HON, KaL EMOUEVa TA EKEL TMPONYOUpPEVA KATA 
dvouv ra€avres Kat adAndAos eémoavvbévtes, ets TéAos adixvovpeba 
Ths Tob Cntovpévov KatacKevns:’ Kal Totro Kadodpev avvbeow — 
“Analysis, then, is the way from what is sought, taken as ad- 
mitted by means of a [previous] synthesis . . . but in synthesis, going 
in reverse, we suppose as admitted what was the last result of the 
analysis, and, arranging in their natural order as consequences what 
were formerly the antecedents, and connecting them with one 
another, we arrive at the completion of the construction of what was 
sought; and this we call synthesis.” Cf., incidentally, on the 
concepts of the fyrovpevov (the sought) and the cpodoyovpevov (the 
admitted) Plato, Meno 79 D, where they are probably employed 
with a view to the general “geometrical” background of the 
dialogue. The assertion that Plato was the discoverer of the 
“analytic’’ method (cf. above, Note 216) loses its strangeness when 
understood in the original context of teaching and learning 
characteristic of Platonic philosophy. The Socratic question-and- 
answer game of the Platonic dialogues stands in a certain contrast to 
the “ mathematical” method which begins with definitions, axioms 
and postulates. The purity of this mathematical synthetic procedure 
is not to be found in dialectic (cf. Theaetetus 196 E:... mada éopev 
avanAew Tod uw Kabapas Sicddyeobau — “for a long time now we 
have been infected by impure conversation”; cf. also Meno 75 C-D). 
Rather, dialectic always begins with “opinions” (8déa) which 
presuppose what is “sought” as “known,” in order to arrive, by 
means of the refutation of these opinions as “false opinions” 
(fevdets Sdéou), at the “true’’ or “right opinion” (éAyO%s or 667 
$é£a) which is sleeping in the soul and which must, once it is found, 
be fixed by means of an exact “account of the reason why” (Aoycopos 
aizias) in order to become “knowledge” (émoriun; cf. Meno, 98 A). 
In the course of this way to the truth — the truly Socratic way of 
“recollection” (évéuvnots) which is the very subject of the Meno — 
the word which designates the unknown or the thing sought 
(Lnrovpevov) is thus always used as if the thing designated were 
something already known and admitted (cuoAoyovpevov). This is 
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precisely the root of the “analytical” power of Socratic conversa 
tion ( Theaetetus, 196 lp I9Q7 A: @QEAI. ?Ad\Aa rtiva TpOTov dvaréeer 
@ LwxKpares, trovtwv amexduevos; TQ. Ovdsdéva dv ye Os etl ... — 
~ Theae.: But in what manner will you converse if you refrain 
from these [i.e., words designating things sought]? So.: In no 
manner, at least while I am who I am”; cf. Meno 98 B). Cf. also 
Tannery, La géométrie grecque, pp. 112 f., who, speaking of the 
analytic method, refers to the sixth book of the Republic. The 
dialectic ascent to the dundHerov (the unsupposed) must be 
characterized as “analytic” in the sense set forth here, although the 
last steps would lead beyond the realm of the logos (cf. Part I, Pp. 
79 £.; 93 ff.). [Cf. J. Klein, A Commentary on Plato’s Meno (Chapel 
Hill, 1965), pp. 83 £, 120 ff., 158 ff] 

Cf. on this Tannery, Mém. scient., Ill, 162 £.; Hankel, Zur Geschichte 
der Mathematik ..., p. 144. 

Ammonius, Commentaria in Artistotelis Analyticorum Priorum (ed. 
M. Wallies; Berlin, 1899), I, Proemium, 5, 27-31, quotes the 
definition of analysis by Gemunus: avddvos é€orw amodeiEews 
etpeots — analysis is the finding of the demonstration.” This holds 
for “theoretical” as well as “ problematical” analysis. Marinus, too, 
repeats this definition: ... dmoSeifews éotw edpeats  dvedvais (in 
Euclid. Data, Heiberg-Menge, VI, 252-254, printed in the Pappus 
edition of Hultsch, III, p. 1275). Here we read also: ... pet{dv éort 
TO «Ovvapwv avaduTiKny KtTnoacba. tod moAAas amodeifers THY én 
pépous éxew — it is a greater thing to possess the analytic power 
than to have many demonstrations about particulars.” Cf., further- 
more, Heron, Metrics (Sch6ne), p. 16, 12-14: ... €£fs 8€ Kard 
avadvow 8a THs Tav apiOuav avrvOecews Tas peTpHoELs Trornodpeba 
— ‘‘we will make our measurements through the synthesis of 
numbers [which follows] right after the analysis” (cf. Tannery, Mém. 
scient., II, 146 f.). 

The expression “canonical” for a certain form of an equation is of 
late origin; its author is Th. Harriot; cf. Cantor, II?, 791; Note 275; 
also Vieta, Isagoge, V, 12, who uses the expression “ ordinata”’ 
(ordered). 

In Vieta, incidentally, the judicial term “cautio”’ (security) is used. 
De triangulis omnimodis libri quinque (1533). Cf. Il, 12 (p. 51): “ Hoc 
problema geometrico more absolvere non licuit hactenus, sed pet 
artem rei et census id efficere conabimur.’’ (This problem has to this 
day admitted no solution in the geometric way, but we will try to 
achieve it through the art of the thing [1.e., the unknown] and its 
power; see P. 148.) Cf. also Il, 23 (p. 56). 
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Cf. on this linguistic usage the first chapter of the Variorum de rebus 
mathematicis responsorum, liber octavus, where Vieta, basing himself on 
Plutarch, Life of Marcellus, Chap. 14, calls the traditional problem of 
the construction of two mean proportionals, i.e., the doubling of 
the cube, a problem éAoyor (irrational) and also éppyrov (unspeak- 
able) “non quod numeris explicari non possit, ut ypoppal doyor 
dicuntur, sed cujus fabrica non ratione, sed instrumento constitua- 
tur” (not because it cannot be explicated in numbers, as lines are 
called irrational, but because its structure is devised not by reason but 
by an instrument). 


Gosselin in his algebraic work (cf. Note 212) already adds “algebra” 
to the ancient “Pythagorean” division of mathematics into geom- 
etry and astronomy, arithmetic and music (cf. P. 26, and 
Proclus, in Euclid., Friedlein, 35 f:), assigning it, together with 
“music,” to the realm of relational quantity: “Contempletur 
numeros secundum se Arithmeticus, numeros certe sub ratione ad 
aliud cognoscent Musicus, et Algebraeus.” (The arithmetician sees 
numbers in themselves, the musician and the algebraist indeed know 
numbers, but in their relation to something else — p. 2".) This is, so to 
speak, the first “official” introduction of algebra into the system of 
sciences recognized by the schools (cf. Pp. 147 f.). Up to that point 
the “ars rei et census”’(art of the thing and its power, 1.e., the un- 
known andits square) was a more or less obscure curiosity (cf. P. 154). 
It was even considered suitable for public exhibitions in the form of 
contests and aroused the wonder of the crowd much as did acro- 
batic or magic tricks: Thus as late as 1548 there took place in Milan 
a turbulent public contest between Tartaglia and Ferrari, Cardano’s 
pupil (cf. Cantor, II?, 494), which followed on a dispute about the 
solution of cubic equations. The tradition of these contests was still 
continued by Vieta and Romanus and even by Descartes and 
Stampioen, albeit no longer in the form of public exhibitions; cf. 
Descartes, Oeuvres, Adam-Tannery, XII, 272 ff. In the beginning of 
the seventeenth century algebra was almost “in fashion” and the 
predilection of high society; cf. G. Cohen, Ecrivains frangais en 
Hollande dans la premiére moitié du XVIIe siécle (Paris, 1920) p. 378. It 
was, above all, thanks to Petrus Ramus, to whose circle Gosselin 
also belongs, that algebra was admitted into the realm of official 
science; indeed Ramus generally defended mathematics as the model 
science, although he himself may have had no very great under- 
standing of it (cf. Notes 201, 217, 233, 235, 241, 251, 269). In 
particular, he was the founder of a chair for mathematics at the 
Collége royal, which was later occupied by Roberval (from 1634 
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until 1675; cf. Waddington, Ramus ..., pp. 188 and 326 ff.: also 
pp. 108 ff.). Ramus himself, incidentally, published an Algebra in 
1560 (anonymously, in Paris, through Andr. Wéchel), which was 
republished in 1586 by Lazarus Schoner (cf. Note 212) and con- 
tinued to undergo a series of reprintings. 

In the work mentioned previously, Gosselin says furthermore (p. 
3) ~huius scientiae [sc. Algebrae]...tota ratio in proportione 
occupata est’ (the whole object of this science of Algebra is com- 
prised in proportions) and, surprisingly, sees the foundation of this 
science in Euclid IX, 8. On Gosselin, as the French translator of 
Tartaglia (L’arithmetique de Nicolas Tartaglia Brescian, grand mathe- 
iNaticjen, et prince des praticiens etc., Ist ed. 1578, 2d ed. 1613), and 
therefore a major contributor to the dispersion of Algebraic 
technique, cf. H. Bosmans, “Le “De arte magna’ de Guillaume 
Gosselin,” Bibl. math., 3d series, Vol. VII, pp. 44-66. 

Cf. also Vieta’s definition of “equation” in Isagoge, Chap. VIII, 
2: “ Aequatio est magnitudinis incertae cum certa comparatio.’ 
(An equation is a comparison of an unknown magnitude with a 
determinate one). Furtnermore see P. 151. 


Symb.2 = Euclid, Book I, Common Notion I 
Symb.3 = Euclid, Book I, Common Notion 2 
Symb. 4 = Euclid, Book I, Common Notion 3 
Symb. 7 = Euclid, Book V, Def. 13, 12, Prop. 16 
Symb. 10 = Euclid, Book VI, 23; VII, 5 

Symb. 13. = Euclid, Book II, 1 


Symb. 15) = Euclid, Book VI, 16 and 17; VII, 19 (significantly 

Symb. if not in Book V)). 

Symb. 5 is prefigured in Euclid, Book I, Common Notion 5 

Symb. 6 is prefigured in Euclid, Book I, Common Notion 6 

Symb. 8 is prefigured in Euclid, Book V, 12 

Symb. 9 is prefigured in Euclid, Book V, 19 

Symmb. 12 is prefigured in Euclid, Book VII, 17 

Symb. 14 is prefigured in Euclid, Book VI, 16 

Symbol 1: “‘Totum suis partibus aequari ” (the whole is equal to its 

parts) occurs in the much-read Euclid edition of Clavius as axiom 

XIX (edition of 1589, Vol. 1, p. 72). Symbol 11 is the converse of 

Symbol ro. | 
The enumeration in Chapter II is introduced by the following 

sentence: “Symbola aequalitatum et proportionum notiora quae 

habentur in Elementis adsumit Analytice ut demonstrata, qualia 

sunt fere....” (The Analytic art assumes as demonstrated the 

better known stipulations governing equations and proportions 
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found in the Elements, which are roughly these. . . .) In Chapter I it 
is said of the symbola that they are “tam ex communibus derivanda 
notionibus, quam ordinandis vi ipsius Analyseos theorematis’’ (as 
much derived from common notions as from theorems provided 
by the force of analysis itself). 

By a ““symbolum,” ice., a stipulation, Vieta here understands a 
“contractual stipulation”’ which corresponds to the judicial concept 
of the Greek symbolon. Perhaps the influence of theological usage 
also plays a part (cf. however, Note 257; see also Aristotle, De 
Interpretatione, Chap. 1). 


The significance of the concept and the theory of proportion for 
the origin of modern science cannot be overrated. Since Thomas 
Bradwardine (first half of the fourteenth century) and Albert of 
Saxony (second half of the fourteenth century) there exists a fixed 
school tradition concerning these matters, which, through the 
mediation of intellects as different as Nicolaus of Cusa and Luca 
Pacioli, exerts a crucial influence on the science of the sixteenth and 
seventeenth century. This influence has two tendencies which, 
having a common origin, finally merge again; one of these leads, as 
the present study attempts to show, to algebra, the other to the 
foundation of modern physics and astronomy. Galileo in his theory of 
motion, as well as Kepler in his astronomical investigations, are — 
though this is usually overlooked — in search of certain “ propor- 
tions.” Kepler works under the immediate influence of ancient 
science, especially of the Platonic Timaeus and of Proclus, while, on 
the other hand, Galileo is stimulated in his mathematical-physical 
studies by the “ practical’’ disciplines of statics, mechanics, hydrau- 
lics, military architecture, etc., and comes to Euclid and Archimedes 
through these; yet both continue the Pythagorean-Platonic tradi- 
tion, albeit in different respects and with diverging tendencies. For 
them, as for Descartes (Principia, III, 47), the guiding principle of 
their investigations is signified by the words “ proportio vel ordo,” 
although the meaning of these words as used by them represents a 
major transformation of the meaning of the corresponding Greek 
words analogia and taxis. 


Cf. Metaphysics K 4, 1061 b 17 ff. and Posterior Analytics A 10, 76a 41; 
b 14 and 20 f. 


229. In this respect Diophantine arithmetical “problems” are therefore 


closer to ““geometric’’ theorems than to “geometric” problems. 
The synthetic apodeixis, 1.e., the “test,” is here simply the reversal of 
the analytic apodeixis (cf. P. 156 and P. 132). At any rate, here too 
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the geometric (Euclidean) background of the Diophantine termi- 
nology should be noted. 


In Vieta the term “ logistice”’ means “art of calculation,” namely the 
‘ theoretical” art of calculation, without particular reference to the 
“relations” of numbers to one another. In any case, this term is a 
perfect, if roundabout, description of the “logistic” character of the 
Diophantine Arithmetic (cf. Pp. 134 f.). 


. Xylander translates eidos sometimes as “species”’ and sometimes as 


“forma.” 


“Et quanquam veteres duplicem tantum proposuerunt Analysin 
CnrntiKny Kal moprotikiy, ad quas definitio Theonis maxime 
pertinet, constitui tamen etiam tertiam speciem, quae dicatur 
pytixn 7 eEnyntixy, Consentaneum est, ut sit Zetetice qua invenitur 
aequalitas proportiove magnitudinis, de qua quaeritur, cum iis quae 
data sunt. Poristice, qua de aequalitate vel proportione ordinati 
Theorematis veritas examinatur. Exegetice, qua ex ordinata 
aequalitate vel proportione ipsa de qua quaeritur exhibetur magni- 
tudo. Atque adeo tota ars Analytice triplex sibi vendicans officium 
definiatur, Doctrina bene inveniendi in Mathematicis.” (And 
although the ancients proposed only a twofold analysis, the 
“seeking” [zetetic] and the “providing” [poristic] art, to which 
Theon’s definition mostly pertains, I nevertheless established yet a 
third kind, which is called the “telling or exhibiting” [rhetic or 
exegetic] art: it is suitable that there might be [1] a zetetic art, by 
which is found the equation and proportion between the magnitude 
which is sought and those which are given, [2] a poristic art by which 
from the equation or proportion the truth of the theorem set up is 
examined, [and 3] an exegetic art by which from the equation or 
proportion set up there is exhibited the magnitude itself which is 
being sought. And the whole threefold Analytic Art which claims 
this office for itself may be defined as the discipline of right finding in 
mathematics.) 

What this definition is intended to mean can be seen from the short 
sixth chapter: “‘De Theorematum per Poristicen examinatione, ” 
(On the investigation of theorems by the poristic art), which deals, 
however, more with “synthesis” and its relation to “analysis” 
than with “poristic.”’ According to it the “via Poristices,” the 
poristic way, is to be taken when a problem is given which does not 
fit immediately into the systematic context, i.e., which occurs by 
chance or incidentally ; “ Quod si alienum proponitur inventum, vel 
fortuito oblatum, cujus veritas expendenda et inquirenda est; tunc 
tendanda primum Poristices via est .. .’ (But if something unfamiliar 
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is discovered, or some chance finding, the truth of which must be 
weighed and investigated, is proposed for proof, then the way of 
poristic must first be tried.) Examples of this, he says, were given by 
Theon in the Elements (by which Vieta means the scholium to 
Euclid XII, 1-5, mentioned earlier, P. 155, where analysis and 
synthesis are defined), further by Apollonius in the Conics and by 
Archimedes in various books. Clearly Vieta is here thinking of the 
term porisnia in its meaning of “corollary.” Cf. Proclus, in Euclid., 
Friedlein, p. 212, 12-17: 70 5€ mépropa A€yerau ... iSiws, drav ex THY 
amodederypevwv aAAo TL avvavadharyA JDewpnua un mpodenevwv nudv, 0 Kat 
dua TodTO Optoma KEKATKAGLY, WaTEP TL KEpdOS OV THS EMLGTHLOVLKTS 
énodeitews mépepyov. — We refer specifically to a porism when, 
as a consequence of things demonstrated, there appears at the 
saine time some other theorem which we did not ennunciate, and 
which because of this they calla “porism’ [i.e., a profit obtained], 
as being a gain which is a by-product of scientific demonstration.” 
Cf. p. 301, 22-25; see also Note 235. 


Vieta seems also to have composed a “ poristic”’ work to parallel 
his “zetetic’’ (Zeteticorum libri quinque, 1593). In the fifth chapter of 
his Variorum de rebus mathematicis responsorum, liber octavus, contain- 
ing various answers to mathematical problems, he treats the 
traditional problem of the doubling of the cube, ie., of the con- 
struction of two mean proportionals, in the synthetic way, referring 
to the “ex Poristicis methodus” which he had presented in the 
Supplementum Geometriae. (Both of these works also appeared in 
1593.) Now in the Supplementum Geometriae the problem is indeed 
solved in the “analytic way”’ (with the aid of the ancient neusis, i.e., 
“verging, procedure, cf. Note 238), namely as a consequence of 
Proposition VII. Here, as well as in Proposition VI, Vieta uses 
lemmas of which he says that they were proved “in Poristicis.”’ 
This work is not preserved. Perhaps it belonged to the contents of 
the other seven books of “various responses” which, in the 
Isagoge, Vieta assigns to the Opus restitutae mathematicae Analyseos 
(Opus of the restored mathematical Analysis), and which Marino 
Ghetaldi claimed .to have had in his possession (Ritter, Revue 
occidentale philosophique ..., X, p. 408). 


As far as the equating of “theorem” and “ problem” is concerned, 
Ramus was already its forceful advocate. In the third book of his 
much-read work Scholarum mathematicarum libri unus et triginta(1569) 
he says in reference to the relevant definitions of Proclus: “Tota ista 
problematis et theorematis differentia scholastica et commentitia 
est, mathematica non est.... (That whole difference between 
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problems and theorems belongs to the schools and is fictitious but not 
mathematical.) In another passage he says that this difference 
“inanis est et plane sophistica” (is empty and clearly sophistical — 
quoted from L. Schoner’s edition [Frankfurt, 1599], pp. 86; 84). 
The purpose of Ramus’ polemic is to “ popularize” mathematics by 
removing all “ obscurities’’ and superfluous distinctions; the whole 
tenth book of Euclid, incidentally, becomes the victim of this 
tendency (ibid., p. 252, cf. also Note 217). Ramus, who according to 
the testimony of his contemporary Estienne Pasquier was “‘ grande- 
ment désireux de nouveautez’ (Waddington, Ramus... p. 13), is 
one of those to whom the commanding position of “inventio”’ inthe 
science of the second half of the sixteenth century may be traced. 
By this term, which was taken from rhetoric, Ramus designates 
the first and most important of the two parts of “dialectic,” 
which for him takes the place of “logic” and which he under- 
stands as “‘dialectica’”’ or “logica naturalis”; cf. Dialecticae institu- 
tiones (1575, reprinting of the first edition of 1543), pp. 1 ff. and 100; 
see also Waddington, Ramus ..., pp. 367 ff. The ambiguity of the 
term “inventio,” which means both “discovery”’ and “invention, ’ 
should not be overlooked; cf., for instance, the letter of Johannes 
Sturm to Heinrich Schor, printed in the beginning of the Commen- 
tarius doctissimus in Dialecticam Petri Rami by Rudolph Snell (1595): 
“Si idem semper sentiendum et loquendum sit: nihil novi invenire 
liceat.”’ (If the same thing were always to be thought and said — it 
would be forbidden to come up with anything new.) Sturm here explicitly 
includes the mathematicians among those to whom he appeals. See 
furthermore Note 332. 


Cf. Chapter VII: “(‘De officio Rhetices’): Ordinata Aequatione 
magnitudinis de qua quaeritur, pytixy 7 eEpynt«y....suum 
exercet officium; tam circa numeros, si de magnitudine numero 
explicanda quaestio est, quam circa longitudines, supertficies, 
corporave, si magnitudinem re ipsa exhiberi oporteat.” (On the 
functions of the rhetic art”: When the equation of the magnitude 
sought has been set [in canonical order] the rhetic or exegetic art 
exercises its function — on numbers, if the search is for a magnitude 
expressible in a number, as well as on lengths, planes, or solids if the 
thing itself must be shown; cf. P. 157, the quotation from Apollonius 
Gallus). But both designations are used by Vieta promiscuously ; 
thus, in Chap. VIII, 23, he explicitly speaks of the “Exegetice in 
Arithmeticis” and calls the corresponding work De numerosa 
potestatum ad Exegesin resolutione (On the Numerical Resolutions of 
Powers [i.e. of the unknown] in respect to Exegesis). 
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~ Synthesis” in Vieta generally takes second place to “analysis,” 
although in geometric problems he frequently makes use of it and 
recognizes its traditional priority. In the sixth chapter of the 
Isagoge he says expressly that the results of analysis have to be 
brought “under the order of the art’’ (in artis ordinationem) 
according to the “laws” (leges) xara mavrds, Kab? atté, KabdAou 
mparov (i.e., in school language: predicated “of every instance of its 
subject,’ “essentially,” “commensurately with the universal”’). 
These formulations, which go back to Aristotle (Posterior Analytics 
A 4), are here obviously interpreted by Vieta according to Ramus, 
who emphasizes them on every occasion, especially in the preface to 
the Scholae physicae ({1565]; cf. also Scholae mathematicae, pp. 78 ff.), 
as the “‘leges logicae” valid for all sciences. Through the law “of 
every instance, says Ramus, “non modo falsa sed fortuita tollen- 
tur’ (not only what is false but also what is accidental is removed) ; 
cf. Vieta’s definition of “ poristic,’’ which he seems, in the sixth 
chapter, purposely to contrast with this law. The law “essentially” 
demands that every “rule of the art’’ (artis decretum) be “homo- 
geneum, et tanquam corporis ejusdem membrum”’ (of the same 
genus and a member of the same body as it were); cf. also the “lex 
homogeneorum”’ of Vieta to be discussed later. Therefore such 
results ““as are demonstrated and firmly established by zetetic’’ 
(quanquam suam habent ex Zetetesi demonstrationem et firmi- 
tudinem) must be subjected to “synthesis,” “which is commonly 
considered the logically tighter way of demonstration” (quae via 
demonstrandi censetur Aoy:cwrépn); this means that “the tracks of 
analysis are thus repeated” in reverse (atque idcirco repetuntur 
Analyseos vestigia). But, Vieta significantly adds, “this is itself also 
analytical” (quod et ipsum analyticum est) and “not troublesome, 
on account of the species calculation introduced” by him (neque 
propter inductam sub specie Logisticen iam negociosum). In the 
context of this preference for “analysis”? the equivocality of the 
corresponding Latin term “resolutio” should be noted, which 
means (1) “reverse solution” in Pappus’ sense (avéradw Avorws — 
Hultsch, I, 634, 18), (2) “resolution” into the fundamental ele- 
ments (cf. De numerosa potestatuin ad Exegesin resolutione, beginning: 
“Nihil tam naturale est, secundum Philosophos omnes, quam 
unumquodque resolvi eo genere quo compositum est.’ —'* Nothing 
is so natural, according to all the philosophers, as to resolve some- 
thing in that same way by which it is composed’’), and, finally, 
(3) simply “solution.”” For Descartes, too, “analysis” is far more 
essential than “synthesis”; cf. especially the Secundae responsiones, 
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Ad.-Tann., VII, pp. 155-159, where he says (p. 156): “Ego vero 
solam Analysim, quae vera et optima via est ad docendum, in 
Meditationibus meis sum sequutus.’’ (But I have used only analysis, 
which is the true and best way of teaching, in my Meditations.) The 
drawback of synthesis as against analysis consists for Descartes in the 
fact that “it does not teach the manner in which the thing was 
found” (quia modum quo res fuit inventa non docet — ibid.; cf. 
Regulae, Rule IV, Ad.-Tann., X, 375). 


“Et hic se praebet Geometram Analysta, opus verum efficiundo 
post alius, similis vero, resolutionem: illic Logistam, potestates 
quascumque numero exhibitas, sive puras, sive adfectas, resol- 
vendo. (And in the latter case the analyst shows himself to be a 
geometer by actually carrying out the work in imitation of the like 
analytic solution, in the former, case, a logistician by resolving 
whatever powers have been presented numerically, be they simple 


or conjoined — Chap. VIL.) 


“Itaque artifex Geometra, quanquam Analyticum edoctus, illud 
dissimulat, et tanquam de opere efficiundo cogitans profert suum 
syntheticum problema, et explicat: Deinde Logistis auxiliaturus de 
proportione vel aequalitate in eo adgnita concipit et demonstrat 
Theorema.” (Thus the skillful geometer, though an expert analyst, 
dissimulates this and presents and explicates his problem as a 
synthetic one, as if he thought [only] about how to accomplish the 
work; thereafter, to help the logistician, he constructs and demon- 
strates the theorem in terms of the proportion or equation recog- 


nizable [in the problem]. — Chap. VIL.) 


In this sense the Effectionum geometricarum canonica recensio (Canonical 
Revision of Solutions Accomplished Geometrically) and the Supplemen- 
tui Geometriae (both 1593) belong to “‘exegetic.” The last repre- 
sents a supplement,’ insofar as in it, as Vieta says in par. 25 of the 
eighth chapter of the Isagoge (cf. also the beginning of the Supplemen- 
tui itself), “quasi Geometria suppleatur Geometriac defectus’’ (the 
defect of geometry is, as it were, supplied by geometry), i.e., by the 
neusis procedure used in this case. Through it this ““defect,’” namely 
the quadratic or biquadratic equations to which certain planimetric 
problems normally lead, can be avoided. The corresponding 
postulate, according to which it is always possible to draw a straight 
line from a given point which cuts two given straight lines (or a 
circle and a straight line) in such a way that the segment of the 
straight line to be drawn which is cut off by the two given lines 
(or the line and the circle) is of a given length, is an airnue non 
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Suaunxavov (a demand not hard to effect), as Vieta, relying on 
the authority of Nicomedes and especially of Archimedes (cf. 
Zeuthen, Die Mathematik im Altertum und im Mittelalter,p.41), asserts 
(Isagoge, Chap. VIII, 25, and Suppl. Geont., beginning). To “exegetic”’ 
also belongs the treatise Analytica angularium sectionum in tres partes 
tributa on angle sections, which was published posthumously by 
Anderson in 1615 (ed. van Schooten, pp. 287-304). Cf. also Isagoge, 
Chap. VIII, 24-27. 

The Exegetice in Geometricis represents a “‘ geometric algebra’ in 
the strict sense. Vieta’s precursors in this respect are Bombelli, 
namely in the two last books of his Algebra only recently published 
by Bortolotti, which contain its “geometric part” (cf. Bortolotti, 
Bombelli, p. 19), and Bonasoni, who expressly entitles his treatise 
Algebra Geometrica (cf. Bortolotti, Primordi della geometria analitica, 
L’ Algebra geometrica di Paolo Bonasoni nel Mss. 314 della Biblioteca 
Universitaria di Bologna [1925], published in the volume of collected 
works by the same author: Studi e ricerche sulla storia della matematica 
in Italia nei secoli XVI e XVII, [1928]). From Bortolotti’s excerpts 
from this treatise, written between 1574 and 1587, we can conclude 
that Bonasoni (ibid., pp. 14-15) quotes not only Buteo but also 
Estienne de la Roche (Villafranca). The work of de la Roche (or 
Stephanus Gallus, as Bonasoni calls him), which makes extensive 
use of the work Triparty en la science des nombres, written in 1484 by 
Nicolas Chuquet and published only in 1880 by Aristide Marre, 
must therefore have been well known at that time in Bologna. This 
invites the conjecture that Bonasoni’s compatriot Bombelli, who is 
explicitly quoted and used by Bonasoni (cf. ibid., pp. 15 and 6), also 
came, through de la Roche, under the influence of Chuquet. In 
particular, this would permit a natural explanation for the designa- 
tion of powers used by Bombelli. (On the relationship of Chuquet 
to dela Roche, cf. Aristide Marre in the introduction to his Chuquet 
edition, Bullettino di bibliografia e di storia delle scienze matematiche e 


fisiche pubbl. da B. Boncampagni, XIII [1880], pp. 569-580; also 


Cantor, II?, 347-364 and 371-374). It should also be noted that 
Bonasoni, as later Vieta, refers to the exclusively “algebraic” 
solutions of problems by Regiomantanus (cf. Note 223), and 
proceeds to “supplement” them “geometrically” (Bortolotti, 
Primordi del. geom. anal., p. 16). Cf. furthermore Marino Ghetaldi’s 

Variorum problematum collectio, 1607 (Cantor, II?, 809, also Note 275, 
toward end), and finally Clavius, Geometrica practica (1604), lib. VI. 


Cf. Chap. VIII, 23 “potestatum porro quarumcumque, sive 
purarum sive (quod nesciverunt veteres, neque novi) adfectarum 
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tradit Ars resolutionem”’ (the [analytical] art further yields the 
solution of all powers whatsoever, whether pure or — and this 
neither the ancients knew nor the moderns — conjoined; see also 
Chap. III, 6, wrongly designated 9 in this edition). Such solutions 
are found in the work De numerosa potestatum ad Exegesin resolutione 
(1600); furthermore in the treatises, published only in 1615 by 
Anderson, called De aequationum recognitione et emendatione tractatus 
duo (Two treatises on the discovery and transformation of equations), ed. 
van Schooten, pp. 84-158; cf. especially p. 127: “nunc autem circa 
numerosam Analysin magis esse intentum, nostri est instituti”’ (but 
now the attention of our undertaking is to be more directed toward 
numerical analysis), although these treatises are mostly concerned 
with the second stage of the analytical process, namely the trans- 
formation which turns an equation into its canonical or standard 
form (cf. Ritter, Revue occidentale philosophique..., X, pp. 390, 
396 f.). The treatise De emendatione presents the subject matter of the 
work announced in the Isagoge under the title Ad logisticen speciosam 
Notae posteriores and contains a series of formulae (“notae”’) 
pertaining to transformations of equations. In particular, it teaches 
general methods for the solution of equations of the third and 
fourth degree, partly on the model of Bombelli. The work Ad 
logisticen speciosam Notae priores (first published by Jean de Beau- 
grand in 1631) represents a collection of elementary general 
algebraic formulae which correspond to the arithmetical proposi- 
tions of the second and ninth books of the Euclidean Elements. 
This remark is aimed directly at Diophantus (see P. 170 and also 
Note 182.) 

Cf. P.125. The concepts of “praecepta”’ (rules) and “exempla,”’ 
which originally belong to rhetoric, again reveal the influence of 
Ramus, whose “renewal” of logic consisted precisely in the fact 
that he tried to develop it from rhetoric. Thus by “logici”” we must 
here understand the followers of the Ramistic reform. 

Cf. Descartes, Regulae, Ad.-Tann., X, 365, 6-9; 372 f£.; 405 f.; 430 f. 
(see Note 279). Cf. also the treatise of Jacobus Acontius, De Methodo, 
1558, newly edited by H. J. de Vleeschauwer (Jacob Acontius’ 
Tractaat de Methodo |Antwerp-Paris, 1932)). 

This also applies to the use of decimal fractions (cf. Note 292). 


“Zeteticen autem subtilissime omnium exercuit Diophantus in iis 
libris qui de re Arithmetica conscripti sunt. Eam vero tanquam per 
numeros, non etiam per species, quibus tamen usus est, institutam 
exhibuit, quo sua esset magis admirationi subtilitas et solertia, 
quando quae Logistae numeroso subtiliora ad parent, et abstrusiora, ea 
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utique specioso familiariasunt et statim obvia.’’(Diophantus in those 
books which he wrote about arithmetic employed zetetics most 
subtly ofall. But he exhibited it as though founded on numbers and 
not also on species — although he used them — so that his subtlety 
and skill might be the more admired, since the very things which 
appear very subtle to a calculator in numbers, and very abstruse, 
are quite familiar and immediately obvioustoa calculator in species.) 
[Compare the parallel sample problems from the Diophantine 
Arithmetic and Vieta’s Zetetics, Appendix, Notes 20 and 21.| 


Descartes, who expresses his distrust even more sharply, is of 
exactly the same opinion. Pappus and Diophantus, he says (Regulae, 
Ad.-Tann., X, 376 f., Rule IV; cf. Note 215), have kept their 
knowledge from us out of a “certain injurious cunning”’ (perni- 
ciosa quadam astutia): “Nam sicut multos artifices de suis inventis 
fecisse compertum est, timuerunt forte, quia facillima erat et 
simplex [sc. vera Mathesis], ne vulgata vilesceret, malueruntque 
nobis in eius locum steriles quasdam veritates ex consequentibus 
acutule demonstratas, tanquam artis suae effectus, ut illos mirare- 
mur, exhibere, quam artem ipsam docere, quae plane admirationem 
sustulisset.” (For they perhaps feared, just as many inventors have been 
found to have done in the case of their discoveries, that because the 
true mathematics was easy and simple it would become cheapened 
in becoming popularized, and they preferred to exhibit to us in its 
place as the results of their art certain sterile truths, very acutely 
demonstrated by deduction, so that we might admire those, instead 
of teaching us the art itself, which would have quite subverted our 
admiration.) Cf. also ibid., p. 373: “ Satis enim advertimus veteres 
Geometras analysi quadam usos fuisse, quam ad omnium proble- 
matum resolutionem extentebant, licet eamdem posteris inviderint. 
Et iam viget Arithmeticae genus quoddam, quod Algebram vocant, 
ad id praestandum circa numeros, quod veteres circa figuras 
faciebant.” (For we have sufficient evidence that the ancient 
geometers made use of a certain analysis, which they extended to the 
solution of all problems, although they grudged the same to posterity. 
And now there flourishes a certain kind of arithmetic called algebra, 
which performs with numbers that which the ancients did with figures. 
Cf. furthermore Rule III, beginning.) In the Secundae Responsiones 
(Ad.-Tann., VII, 156) Descartes says that the ancients in their 
writings made use of ‘synthesis’ but not of “analysis” (!), not 
because they did not know the latter, “sed, quantum judico, quia 
ipsam tanti faciebant, ut sibi solis tanquam arcanum quid reser- 
varent (but, so far as I can judge, because they made so much of it 
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that they wished to reserve it to themselves alone as a secret). For the rest, 
Descartes himself acted according to this prescription —he wrote his 
Geometry “ obscurely” on purpose; cf. Ad.-Tann., II, 510 ff.; I, 411, 
also 377 and 478. On popularization, cf. furthermore Cogitationes 


, privatae, Ad. Tann., X, 214: “Scientia est velut mulier: quae si 


pudica apud virum maneat, colitur; si communis fiat, vilescit.” 
(Science is like a woman who, if she remains chastely with a man, is 
cherished, but if she becomes promiscuous, grows cheap.) In Wallis, 
who is in this respect of course dependent on Vieta and Descartes, 
we still read, in reference to the right use of “ algebraic’’ magnitudes: 
“Hoc autem cum olim vel ignorabant vel non satis attendebant, vel 
forte dissimulabant, adeoque occultabant Algebristae Veteres .. .” 
(but since in former times the ancient algebraists were ignorant of, or 
did not pay enough attention to, or perhaps concealed, or even made a 
mystery of this... — Mathesis universalis, Opera I, 1695, p. 53). Cf. 
Wallis, Algebra, ““Praefatio” (Opera, II, 1693): “Hance [sc. Alge- 
bram] Graecos olim habuisse non est quod dubitemus, sed studio 
celatam, nec temere propalandam.” (We cannot douot that the 
Greeks long ago had this algebra, but it was concealed with care, 
not indiscreetly broadcast.) And Chap. II (ibid., p. 3.): “" Mihi quidem 
extra omne dubium est, veteribus cognitam fuisse, et ust. com- 
probatam, istiusmodi artem aliquam Investigandi, qualis est ea quam 
nos Algebram dicimus ... Hanc autem Artem investigandi, Veteres 
occuluerunt sedulo. ...” (For me it is certainly beyond doubt that 
there was known to the ancients, and well-proved in use, a certain 
skill in just that mode of investigating which we call algebra. The 
ancients, however, carefully concealed this art of investigating.) Newton 
also composed his Principia in accordance with this tradition; he 
told his friend the Rev. Dr. Derham that “to avoid being baited by 
little smatterers in mathematics, he designedly made his Principia 
abstruse; but yet so as to be understood by able mathematicians 
who, he imagined, by comprehending his demonstrations would 
concur with him in his theory’ (Portsmouth Collection). Cf. 
Copernicus in the “Dedicatory Preface’ to the Revolutions of 
the Heavenly Spheres (Encyclopedia Britannica [Chicago, 1952], 
p. 506). 

Bombelli’s generalization of Diophantus’ solutions of problems 
also has as its model the latter’s “‘indeterminate’’ procedure (cf. 
Bortolotti, Bombelli, pp. 18 f.; 44). 


His knowledge of Theon is documented by his reference to a 
remark of Adrastus which occurs in Theon (Hiller, 73, 18 f.; cf. 
below, Note 253). © Algebraic’? magnitudes are equated with 
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‘“figurate’’ numbers also elsewhere in the contemporary mathemati- 
cal literature. Thus, for instance, we read in the Fundamentum 
astronomicum (1588) of Raimarus Ursus (p. 13°): “.. . vel dicto iam 
modo Geometricé in triangulis aequalium angulorum, vel etiam 
Arithmetice in numeris Algebraicis seu figuratis”’ (. . . be it in the 
manner actually called geometric in equiangular triangles or even 
in numbers either algebraic or figurate). In Adrianus Metius, Arith- 
ineticae et geometricae practica (1611), Book II, Chap. Ill, pp. 56., the 
“algebraic”? magnitudes are still introduced as “numeri figurati.” 
Cf. also Descartes, Regulae, Rule XIV, Ad.-Tann., X, 450 f. (see 
Note 319). 

L.e., in continuous proportion: x:x2= x2: x8=x3:x4... 


The unknown magnitudes are therefore called “magnitudines 
scalares’’ (scalar or ladder magnitudes). Their “rungs” or “degrees” 
(gradus) are: 
Latus seu Radix (Sidereminoot emer) 
Quadratum (Square, i.c., x?) 
Cubus (Kenbewicw sc) 
Quadrato-quadratum (Squared-square, i.e., x*) 
Quadrato-cubus (Squared-cube, i.e., x5) 
Cubo-cubus (Cubed-cube, i.e., x®) 
Quadrato-quadrato-cubus (Squared-squared-cube, i.e., x7) 
Quadrato-cubo-cubus (Squared-cubed-cube, i.e., x8) 
Cubo-cubo-cubus (Cubed-cubed-cube, i.e., x9. 
This is therefore not the ~ Anatolian’ nomenclature (cf. Note 
188) current up to that time and still used by Bombelli (L’ Algebra, 
p. 6) and Gosselin, which, in modern terms, arises by multiplication 
of exponents and goes up to the ninth power, but rather a supple- 
mentation of Diophantine nomenclature in which the exponents 
arise by addition. Vieta adds at the end: “Et ea deinceps serie et 
methodo denominanda reliqua” (and thence the remaining ones 
may be designated by this series and method — Chap. I, 3, 4). 
Gosselin expressly disavows the Diophantine nomenclature; cf. De 
Arte magna..., pp. 4% ff., Chap. VI, “De numerorum nominibus’”’ 
(On the names of numbers). 

The genera of the known magnitudes (the “ magnitudines com- 
paratae’’ are ordered correspondingly: 

Longitudo latitudove (Length or breadth) 


Planum (Plane) 
Solidum (Solid) 
Plano-planum (Plane-plane) 
Plano-solidum (Plane-solid). 
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Solido-solidum 
Plano-plano-solidum 
Plano-solido-solidum 
Solido-solido-solidum 


“Et ea deinceps serie et methodo denominanda reliqua.’’ On the 
series of “scalares’’ cf. Diophantus 4, 14-16, 5; on the series of 
“ comparatae,’ Diophantus 2, 18-4, 7, where, however, for Vieta 
the expression zAevpd (side) serves as the first degree of the 
“ scalares’’; see also Note 177. In the fifteenth century there occur, 
incidentally, two cases in which the Diophantine nomenclature is 
used; cf. Tropfke, Geschichte der Elementarmathematik, 113. 137 f. 


250. On the rules of multiplication and division, cf. Diophantus, “Def. 
IV” (8, 1-10) and “Def. X” (14, 1 f.). Besides these “ praecepta,”’ 
Vieta presents also “‘leges Zeteticae’’ in the Isagoge (Chap. V; see 
Appendix, P. 339), which refer to elementary operations with 
equations, namely, in particular, to “antithesis” (the transfer of one of 
the parts of one side of the equation to the other), to “ hypobibasm”’ 
(the reduction of the degree of an equation by the division of all mem- 
bers by the species common to all of them), and to “parabolism”’ 
(the removal of the coefficient of the “ potestas’’ — cf. Note 256 — 
or the conversion of the equation into the form of a proportion, 
of an “analogism’’); cf. P. 160, and also Diophantus p. 14, 11 ff. 

251. Ona possible connection of this notation with the use of letters by 
Ramus, cf. Cantor, II?, 632; 564. Vieta, it should be noted, has a 
predecessor in his use of letters for unknowns in Johannes Buteo, 
Logistica, quae et Arithmetica vulgo dicitur, 1559 (cf. Tropfke, Ge- 
schichte der Elementarmathematik, III, 34 and 136), and in Bonasoni (cf. 
Note 238, and the work of Bortolotti there cited, p. 5). 

252. Isagoge, Chap. Ill, 1; 

“Si magnitudo magnitudini additur, haec illi homogenea est.” 

(If a magnitude is added to a magnitude, the former is homo- 

geneous with the latter.) 

“Si magnitudo magnitudini subducitur, haec illi homogenea 

est.” (If a magnitude is subtracted from a magnitude, the former 

is homogeneous with the latter.) 

“$i magnitudo in magnitudinem ducitur, quac fit huic et illi 

heterogenea est.” (Ifa magnitude is multiplied with a magnitude, 

the product is heterogeneous in relation to both the former and 
the latter.) | 

“Si magnitudo magnitudini adplicatur, haec illi heterogenea est.’ 

(If a magnitude is divided by a magnitude, the latter is hetero- 

geneous in relation to the former.) 
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“Quibus non attendisse causa fuit multae caliginis et caecutiel 
veterum Analystarum’’ (Not to have attended to these things was 
the cause of much confusion and blindness in the ancient analysts) ; 
cf. Note 346. 

Theon (Hiller) p. 73, 18 f.: 7a perv yap avopoyerf mas exer mpds 
&Mnr& dnow “A8pactos eidévar advvarov. (For Adrastus says that 
it is impossible to know what relations non-homogeneous [magni- 
tudes] have to one another.) Cf. Note 247. 

Indirectly the “lex homogeneorum” of Vieta is identical with the 
statement of Adrastus insofar as every proportion whose ratios are 
ratios in the sense of the Euclidean Definition 3 of Book V can be 
converted into an equation which fulfills Vieta’s demand. This may 
have been just what was in Vieta’s mind when he appealed to 
Adrastus; in other words, he regards the theory of ratios and 
proportions from the outset in the light of the “ theory of equations” 
understood as a ‘theory of calculation” (cf. Note 250, the concept 
of “analogism,” and P. 160). 

Vieta himself says in Chap. VIII, 17: “In numeris homogenea 
comparationum sunt unitates.” (In the case of numbers the homo- 
geneous elements of equations are units.) 

The “rung ’”’ of this field is determined by the highest “rung”’ of the 
“ scalar’’ magnitudes (1.e., by the highest exponent or degree of the 
equation), which is called the “‘potestas’’ (power). The lower 
“rungs” are called “gradus parodici ad potestatem”’ (rungs passed 
over in the ascent to the power — Chap. II, 5, numbered 8 in this 
edition). The highest rung of the “scalar’’ magnitudes corresponds 
to the genus of that known magnitude which appears as an in- 
dependent member in the equation and accordingly represents the 
“unit” of that particular homogeneous field, the “homogeneum 
comparationis’ (homogeneous element of the equation — Chap. 
VIII, 16); see Appendix, P. 349. 


The term “symbolum,” used for letter signs as well as for connective 
signs, originated with Vieta himself (cf. Chap. V, 5 [Appendix, P. 
340] and IV,). Cf. further in the Dedicatory Letter, (Appendix, P. 
317) the definition of the “ circuitus”’ (circle of return) as the “ verum 
et vere physicum symbolum perpetuitatis”’ (true and truly physical 
symbol of perpetuity) and, on the other hand, Note 226, end. 


The expression “formula” in its present-day meaning appears, 
however, only much later; thus Adrianus Metius, for instance, in 
Arithmeticae et geometriae practica (1611) pp. 64 ff, still understands by 
“formula operationis” an algorism presented without explicatory 
text. 
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259. It was supported by the “Arabic” positional system of ciphers, 


260. 


26r 


202, 


which had been spreading in the West since the twelfth century and 
whose “sign” character is much more pronounced than that of the 
Greek or Roman notation. But it would be a mistake to attempt to 
understand the origin of the language of symbolic formalism as the 
final consequence of the introduction of the Arabic sign language. 
The acceptance of this sign language in the West itself presupposes a 
gradual change in the understanding of number, whose ultimate roots lie 
too deep for discussion in this study. 

As far as the usage of mathematicians before Vieta is concerned, cf.,, 
above all, Chuquet (Bullettino Boncompagni, XII [1880], p. 737), who 
says of “nombre” that it “est pris Icy largement”’ (is taken here [i.e., 
in the Triparty] in the large sense); by “nombres” we are now to 
understand not only one, and all the fractions (“tout nombre rout” 
— “every broken number’), but also those magnitudes marked by 
a “denomination” (namely an integral exponent), which in 
Chuquet replace the “cossic”’ numbers (where, remarkably enough, 
the ordinary nonibres receive the denomination o, and the series of 
cossic magnitudes is extended to infinity) ; see furthermore Gosselin, 
De Arte magna..., preface p. 4 1": ““... operae precium quoque 
fuit et numeros quos vocant Cossicos demonstrare (it was worth the 
effort also to exhibit the numbers which they call cossic): cf. on the 
other hand, Chap. V, p. 47: ““ Numerus in hac arte dicitur omnis 
quantitas, quam monadibus conflatum intelligimus absque ullo 
nomine [sc. “‘latus,” “quadratum,’’ etc.].”’ (In this art every quan- 
tity is called a number which, being composed of monads, we 
understand apart front any name [such as “root’’ or “square ’].) 
“Fractions” and “irrational numbers’ also come under the 
‘numeri’ thus defined; see Note 305; furthermore Raimarus 
Ursus as quoted in Note 247. 


‘““Causam autem assignare videtur [sc. Diophantus], quod unitates 
absolutae, unitatis ipsius naturam sapiant. Quemadmodum ergo 
unitas in quamlibet numerum ducta, producit ipsum eundem 
numerum, sic et unitates in quamlibet speciem nuultiplicatae, 
eandem speciem gignunt. (Diophantus seenis to assign as cause 
that the absolute units have caught something of the nature of unity 
itself. Therefore, just as when a unit is multiplied with any number 
whatever, it produces that very number itself, so also when units are 
multiplied with any species you please, there arises the same species 
— p. 7in Bachet’s ed. of Diophantus’ Arithmetic.) 


The term “coefficient” originated, as is well known, with Vieta 
himself, who speaks of the “‘ magnitudo coefficiens, ” 1.e., the known 
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magnitude of a definite “genus” which, when conjoined (adscita) 
with a “scalar” magnitude one degree lower than the unknown, 
i.e., “sub parodico ad potestatem gradu’’ (of an inferior rung 
passed over in the ascent to the power — cf. Note 256), turns that 
magnitude into a species homogenea (1.e., raises it to the dimension of 
the “potestas’”” — Isagoge, Chap. III, 6, given as 9 in this edition). 
Tannery follows Bachet’s example; cf. his Diophantus edition, Vol. 
I, p. 7, note: “nullo signo pro unitate in versione utemur ’’ (we shall 
use no sign for unity in the translation). 


Cf. Notes 36 and 81; also Part II, Pp. 130 f. 
Cf. P. 147; Note 260; also Note 247. 


In the Universalium Inspectionum ad Canonem mathematicum liber 
singularis, Vietacallsimproper fractions “ monades non purae’ (e.g., 
pl. 5); later, fractions are called by him simply “numeri fracti” (e.g., 
De numerosa potestatum ad Exegesin resolutione [1600], p. 7=ed. van 
Schooten, p. 173). “Irrational” numbers he also calls — depending 
therein on ancient terminology — “numeri asymmetri, ’ in contrast 
to the “numeri symmetri’ (ibid.), With irrational numbers in mind 
he introduces in the Canon, pl. 14, under the title “ Analogia 
generalior in numeris irrationalibus”’ (“The more general propor- 
tion of irrational numbers’), the following designations relevant to 
an approximation procedure: ““numerus fere,” “id est, dum excedit 
iustum”’ (nearly the number, that is, when it exceeds the exact 
number |i.e., a number in need of a negative addition]) and 
“numerus et amplius,” “dum deficit a iusto” (a number and snore, 
when it falls short of the exact number [i.e., a number in need of a 
positive addition]); cf. Aristotle, Metaphysics 4 15, 1021 a7: Kai ére 
(and yet some). But, like Diophantus, Vieta knows no negative 
numbers, if for no other reason than the fact that they cannot be 
represented in the geometric “exegetic,” and that the parallelism of 
geometric and arithmetical analysis must always be preserved. 


Above all, in the work De numerosa potestatum ad Exegesin resolu- 
tione (cf. Ritter, Revue occidentale philosophique..., X, pp. 383 ff.; 
Cantor, II?, 640 f.). In the eighteenth chapter of Variorum de rebus 
mathematicis responsorum, liber VIII, Vieta, in his computation of a, 
gives the first example of an infinite (and converging) series of 
factors (cf. Cantor, II, 594 f.; Ritter, Revue occidentale philosophique 


2 Seppegzo f.). 
Proclus himself is, to be sure, of the opinion that this plc Kat dry 


poOnarcny (one and whole mathematics — p. 44, 2 f.) only 
éfanrera Tis Tav mpwTwr Bewpias (touches on the study of first 
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things — p. 19, 24). It represents the ovvSeopnos trav pabnuarwv 
(common bond of objects of learning [i.e., mathematics]), which is 
spoken of in the Epinomis (991 E f.) and which includes not only, as 
Eratosthenes thought, the general theory of proportion, but 
precisely all “ general’’ mathematical premisses, that is, all “axioms” 
of mathematics as well (p. 43, 22 ff.; cf. p. 195, 24 ff.). “Dialectic,” 
as Opuyxds (copingstone) of all the sciences (cf. Plato, Republic 534 
E), is said to hold an even higher rank; the highest rank, finally, 
belongs to 6 voids adrds (intellect itself — pp. 42-44; cf. p.9, 19-23). 
It should be mentioned here that the ancient tradition itself 
always preserved the memory of an original connection between 
the general theory of proportion and arithmetic (or logistic). Thus 
Eutocius, in his commentary on the Conics of Apollonius, remarks 
on Bk.I, Prop. XI(J.L . Heiberg, Apollinii Pergaei quae Graece exstant 
cum commentariis antiquis |Leipzig, 1891-1893], II, 220): pa 
tapatrétw §€ tTovs evruyxavovtas TO dia THY apiOuntikdy dedetyOae 
Totro’ ot Te ‘yap madmot Kéypnvra Tats Towadtas amodeEeact 
pabnpatixats pw&AAov ovaas 7 apiOuntixais dua tas avadoyias, Kai Ort 
To Cntovpevov apiOuntixov eotiw. Adyo. yap Kat myAKdTynTes Adywr 
Kat ToAAatAaciacpot Tots apiOuots Tpwrws uTapyouvat Kal du’ avT@v Tots 
peyeQeo. KaTa TOV ELTOVTA’ TADTA yap Ta UAOhuaTa SoKobvTe eluev adeAda. 
(“Let it not upset those who happen to notice it that this is 
demonstrated through numbers; for the ancients used such demon- 
strations rather as being mathematical [in the sense of involving a 
general theory] than [specifically] as arithmetical, because of the 
proportions and because the thing sought is [actually] arithmetical. 
For ratios and sizes of ratios and multiplications primarily exist in 
numbers and through these in magnitudes, as he says [namely 
Archytus; cf. Nicomachus 7, 1 f., Hoche, and Diels, I, 331, 7 £]; 
‘for these mathematical objects seem to be cognate.” Cf. on 
this Notes 73 and 12; furthermore Sections 3—5 and Pp. 64 f.). 


Petrus Ramus uses Proclus-Barocius extensively and with great 
lack of understanding for the composition of the third book of his 
Scholae mathematicae; cf. Scholarum mathematicarum libri unus et 


triginta, pp. 76 ff. 


Cf. also Rule XVI (X, 455 f£.): “... Advertendum est, ...nos... 
hoc in loco non minus abstrahere ab ipsis numeris quam paulo ante a 
figuris Geometricis, vel quavis alia re.” (We must note that in this 
place we abstract no less from the numbers themselves than a little 
before we did from: geometric figures or anything else.) See Pp. 203 
ff. The theory of dvéuvnas (recollection) mentioned by Proclus (p. 
45, 2 ff.) seems echoed in Descartes’ words: “prima quaedam 
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veritatum semina humanis ingeniis a natura insita...” (the first 
seeds, as it were, of truth are located in the human mind by nature 
— X, p. 376); but his words probably allude rather to the guduror 
mpoAnipers (innate notions) of the Stoics (cf. P. 198 and Note 316). 
An additional source may have been Vanini, De admirandis naturae 
reginae deaeque mortalium arcanis libri IV (Four books on the marvelous 
mysteries of nature, the queen and goddess of mortals) [1616], p. 407 (cf. A. 
Espinas, Descartes de seize 4 vingt-neuf ans,’ Séances et travaux de 
l’académie des sciences morales et politiques, Compte rendu [1907], pp. 
114 f.), as well as Ficino and Pico della Mirandola (cf. M. Meier, 
Descartes und die Renaissance [1914], pp. 26 ff.). 


Cf. Descartes, Oeuvres, Ad.-Tann., XII, 23 and X, 156, note. 
Cf. Note 275, end. 


The following works by Cataldi are relevant here: Trattato dell’- 
Algebra proportionale, etc. (1610); Algebra discorsiva numerale, et lineale, 
etc. (1618); Regola della quantita, o cosa di cosa (1618); Nuova Algebra 
proportionale, etc. (1619). Cataldi himself is under the influence of 
Bombelli. 


On Descartes’ relationship to Stevin see below, Note 306. The 
German master reckoner (Rechenmeister) Faulhaber of Ulm 
(cf. Note 306, end; also Notes 313 and 319) and Peter Roth of 
Nuremberg (cf. Descartes, Oeuvres, Ad.-Tann., X, 242) should also 
be mentioned in this connection. 


Cf. especially Descartes, Oeuvres, Ad.-Tann., I, 245, 479 f.: II, 82, 
193, 524; IV, 228; V, 503 ff. See also Ch. Adam, Vie et oeuvres de 
Descartes (Vol. XII of the Ad.-Tann. edition, pp. 211 ff.) which, 
however, does not do justice to Vieta, and G. Milhaud, Descartes 
savant (Paris, 1921), pp. 244 ff. 

The dispute concerning the relation of Descartes to Harriot (cf. 
Ad.-Tann., II, 456 and 457 ff.) is empty insofar as Harriot himself is 
in all essential matters dependent on Vieta, although this may no 
longer have been known to Descartes’ contemporaries. Walter 
Warner, who published Harriot’s work Artis Analyticae Praxis, Ad 
aequationes Algebraicas nova, expedita, et generali methodo resolvendas, 
etc. (Practical handbook of the Analytic Art, for solving Algebraic 
Equations by a new, convenient and general method) in 1631 (see Note 
329), does properly emphasize Vieta’s importance in founding the 
“analytical” art: ““Dum vero ille [sc. Vieta] veteris Analytices, 
restitutionem, quam sibi proposuit, serio molitus est, non tam eam 
restitutam, quam proprijs inuentionibus auctam et exornatam, 
tanquam nouam et suam, nobis tradidisse videtur.’’ (Now while 
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Vieta earnestly toiled for that restoration of ancient analysis which 
he had set as a task for himself, he seems to have handed on to us not 
so much that art restored, as increased and adorned with discoveries 
especially pertaining to it, a new art and his own, as it were. Cf. P. 
153 and Note 207.) But at the same time he concedes to Harriot a 
far larger role in the elaboration of this discipline than he really 
deserves. Harriot, who takes over Vieta’s terminology in toto, 
distinguishes (p. 2, Def. 6-7; also p. 3, Def. 11), quite logically, only 
two parts of “analytic”: “zetetic” (as analysis — or resolutio — 
logica sive discursiva) and “exegetic’’ (as analysis — or resolutio — 
operativa); cf. Pp. 166-168. Of poristic he gives a complicated 
explication, which is based on Vieta’s corresponding definition (see 
Note 233) and which has, at any rate, the effect of excluding 
“ poristic’ from the systematic structure of “analytic” — where- 
with the distinction between “theorem” and “problem” is now 
finally dropped (cf. P. 166). ““Exegetic”’ itself is for Harriot, as for 
Vieta, twofold, except that the former understands the two possible 
sorts of solution, the “‘arithmetical’’ and the “geometrical” (cf. 
Pp. 167 ff.), on the basis of the two kinds of “logistice,’’ namely 
the ““numerosa”’ and the “speciosa” (Def. 9). Thus he lays the 
ground-work for a later misunderstanding of Vieta, according to 
which his species are supposed to signify ““ geometric’ formations 
(see P. 171). Harriot is far removed from assigning to “ logistice 
speciosa, and soto analytic’’ in general, that fundamental position 
of a “general”’ discipline comprehending arithmetic and geometry 
which it has in Vieta. Furthermore, Harriot seems to be unaware of 
the Diophantine origin of Vieta’s term “‘species,’ which he thinks 
must be derived “ex usu forensi”’ (from legal usage — p. 1, Def. 1), 
although we must remember that the source of certain parts of the 
text of the Artis Analyticae Praxis may be the editor, Warner. Wallis, 
incidentally, agrees with Harriot’s opinion, cf. his Algebra, Opera, II 
(1693) p. 70. For Harriot the ““Exegetice speciosa’ remains there- 
fore confined to linear and quadratic equations (cf. Note 238). He 
himself treats only ““Exegetice numerosa”’ (p. 3, Def. 10): “ Peculi- 
aris est Exegetices huius [sc. numerosae] ars, regulis suis et praeceptis 
ad praxim instructa, quae in praesenti tractatu, qui totus Exegeticus, 
est, traduntur.”’ (The art of this [numerical] exegetic is a special one, 
equipped with its own rules and precepts for practice, which are 
passed on in the present treatise which is wholly exegetic.) Of this 
“numerical exegetic” (which, strictly speaking, corresponds to 
Vieta’s “‘rhetic,” cf. Note 234) Warner says in his preface that 
Harriot gave it so new a shape that if Vieta created, as it were, anew 
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analytic, by his “invention of exegetic’’ (Exegetices inventione; cf. 
Notes 232 and 233, end), then Harriot, by his “improvement of 
exegetic’’ (Exegetice recognitione), produced something like a 
“new Vieta,’ namely with respect to the sure and convenient 
practice of this art. In fact, by simplifying the notation, Harriot had 
turned “numerical exegetic,”” even before Descartes, into that truly 
useful “‘instrunient of calculation” (an “ars Mathematicarum 
omnium instrumentaria’”’ — “an art serving as a tool for all 
mathennatics,’’ as Warner says) it had never really been for Vieta. 
But the price of this advantage is a neglect of the fundamental 
issues; the symbolic technique of calculation is already a “ matter 
of course” for Harriot. The simplification of exegetic required, 
above all, a change in the “ logistice speciosa,’ namely the abandon- 
ment of the unwieldy designation of the species in favor of a 
symbolism employing letters exclusively, a “sola literalis notatio” 
(notation in letters only), as Warner says. But in introducing this 
convenient symbolism, Harriot gave up the foundation for Vieta’s 
notation, namely the “lex homogeneorum”’ (cf. Pp. 173 f. and Pp. 
216 ff.). From this point on, the symbolic technique becomes, taken 
by itself, opaque; Descartes’ later ““ geometric” analysis, in particu- 
lar, shares this opacity. 

Harriot’s work had been anticipated in 1630 by the five books De 
resolutione et compositione mathentatica of Marino Ghetaldi, which, 
incidentally, also appeared as an “opus posthumum”’ although 
already announced in the Variorum problematum collectio of 1607 — 
Ghetaldi died in 1627; these books resemble Harriot’s in depending 
on Vieta’s ‘analytic,’ without sharing its presuppositions and funda- 
mental principles. For Ghetaldi, as for Harriot, the “lex homo- 
geneorum is no longer a controlling factor. It is to be noted that 
Ghetaldi renders the distinction between “ theoretical’”’ and “ prob- 
lematic’’ analysis as defined by Pappus (cf. Note 218) more correctly 
than Vieta. But he too makes no actual use of the distinction. For 
him, as for Descartes, the only essential point is that the algebraic 
calculation indicates the way in which the solution (or the proof) is 
found in each case: “Etenim Resolutio procedens per species 
immutabiles, non autem per numeros mutationi, quacunque 
Operatione tractentur, obnoxios, sua vestigia clara relinquit, per 
quae non est difficilis ad compositionem reditus.” (For resolution, 
proceeding through unchangeable species and not through numbers 
which are liable to change by whatever operation they are subjected 
to, leaves clear traces of itself by which the return to the synthesis is 
not difficult — Cf. Note 235.) 
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Cf. the remark of his friend Beeckman which is of the same date as 
the Regulae (Ad.-Tann., X, 333): © Dicit idem [i.e., Descartes] se 
invenisse Algebram generalem....” (Descartes says that he dis- 
covered general Algebra.) 


In this connection van Schooten naturally refers to Descartes’ 
Discours de la méthode (Ad.-Tann., VI, 551): “... Advertebam, illas 
Isc. particulares scientias Mathematicae], etiamsi circa diversa ob- 
jecta versarentur, in hoc tamen omnes convenire, quod nihil aliud 
quam relationes sive proportiones quasdam, quae in iis reperiuntur, 
examinent. (I noticed that those special mathematical sciences, 
although they dealt with various objects, all coincided in this, that 
they considered nothing but certain relations and proportions which 
were found in these — French text, ibid., p. 20.) 


Cf. Pp. 168 f. See also Descartes’ letter to Mersenne of March, 1637 
(Ad.-Tann., I, 349): °... Ie ne mets pas Traité de la Methode, mais 
Discours de la methode, ce qui est le mesme que Preface ou Aduis 
touchant la Methode, pour monstrer que ie n’ay pas dessein de 
l’enseigner, mais seulement d’en parler. Car comme on peut voir de 
ce que in dis, elle consiste plus en Pratique qu’en Theorie... .”’ (I 
did not write “Treatise on Method,” but “Discourse on Method,” 
which is the same as “* Preface or Announcement concerning Method,” to 
show that it was not my plan to teach it but only to talk of it. For as 
one can see from what I have said, it [i.e., the Method] consists more 
of practice than of theory — cf. Ad.-Tann., I, 370.) 


This can b« seen with the utmost clarity in the Regulae, whose date 
is about 1628. In the later writings of Descartes this basis of his entire 
system becomes increasingly veiled. In Rule IV (Ad.-Tann., X, 374) 
Descartes says in reference to the “alia disciplina”’ to be substituted 
for the “ Mathematica vulgaris,” namely the “ Mathesis universalis ”’: 
“Hanc omni alia nobis humanitus tradita cognitione potiorem, 
utpote aliarum omnium fontem, esse mihi persuadeo.” (I am 
persuaded that this is more powerful than all other knowledge passed on to 
us by human agency, inasmuch as it is the source of all others.) In Rule 
XIV (ibid., 439 £.) we read: “... In omni ratiocinatione per com- 
parationem tantum veritatem praecise [cognoscimus]. Ver. gr., hic: 
omne A est B, omne B est C, ergo omne A est C; comparantur inter 
se quaesitum et datum, nempe A et C, secundum hoc quod utrum- 
que sit B, etc. Sed quia, ut saepe jam monuimus, syllogismorum. 
formae nihil juvant ad rerum veritatem percipiendam, proderit 
lectori, si illis plane rejectis, concipiat omnem ominino cognitionem, 
quae non habetur per simplicem et purum unius rei solitariae 
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intuitum haberi per comparationem duorum aut plurium inter se. 
Et quidem tota fere rationis humanae industria in hac operatione 
praeparanda consistit.”” (In all reasoning we know the truth 
precisely only by comparison. For-example: all A is B, all B is C, 
therefore all A is C; here what is sought and what is given are com- 
pared with each other, namely A and C are compared in respect to 
each being B, etc. But because, as we have often warned, the forms 
of the syllogism are of no aid in perceiving the truth of things, it 
will be of profit to the reader to reject them outright and to con- 
ceive of all knowledge which is not gotten by simple and pure 
intuition of a single separate thing [but cf. Note 315] entirely as 
being gotten by comparison of two or more things with each other. Indeed 
almost the whole task of human reason consists in preparing for this 
operation.) For if the truth is not seen “immiediately,’’ the “assistance 
of an art” (artis adjumento) is needed to get to the truth. And this 
art consists essentially in transforming the “‘relations or proportions ” 
(habitudines sive proportiones; cf. Rule XVIII, 462, 11: relatio sive 
habitudo; Rule VI, 385, 1 f£.: proportiones sive habitudines) 
according to which a “nature common”’ (natura communis) in each 
case to ‘what is sought’ (quaesitum) and “ what is given’ (datum) 
distributes itself over what is sought and what is given, so “that an 
equality between what is sought and something else which is 
known appears clearly”’ (ut aequalitas inter quaesitum, et aliquid 
quod sit cognitum, clare videatur — 440). Cf. 447: “... Velimus 
duntaxat proportiones quantumcumue involutas eo reducere, ut 
illud, quod est ignotum, aequale cuidam cognito reperiatur.”’ (We 
wish simply to reduce proportions, however involved, to that point 
where that which is unknown is found to be equal to something 
known.) This holds for all possible investigations and questions (quaes- 
tiones omnes). Cf. Rule VI, 384 f.; also the beginning of Rule XVII; 
furthermore the designation of this art as “Algebra generalis,”’ 
transmitted by Beeckman (X, 333), through which Descartes “ad 
perfectam. Geometriae scientiam pervenit, imo qua ad omnem 
cognitionem humanam pervenire potest’ (attained a perfected 
science of geometry, by which, what is more, it is possible to attain 
all human knowledge — X, 331-332); cf. the title planned for the 
Discours de la méthode, as Descartes gives it in a letter to Mersenne in 
March 1636 (I, 339): Le projet d’une Science universelle qui puisse 
éleuer nostre nature 4 son plus haut degré de perfection. Plus la 
Dioptrique, les Meteores, et la Geometrie; ot les plus curieuses 
Matieres que l’Autheur ait pt choisir, pour rendre preuue de la 
Science universelle qu'il propose, sont expliquées en telle sorte, que 
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ceux mesmes qui n'ont point estudié les peuuent entendre.”’ (The 
project of a universal science which is able to raise our nature to its 
highest degree of perfection. In addition the Dioptrics, the Meteors 
and the Geometry, where the most intriguing matters which the 
author was able to choose for the purpose of giving samples of the 
universal science which he proposes, are explicated in such a way 
that even those who have never studied can understand them.) Cf. 
also Note 308. In the Regulae Descartes is not yet completely clear 
concerning the type of symbolic representation to be used (see 
Section 12 B, especially Note 309 and Pp. 203 ff.). 

With the passages quoted from the Regulae Nicolaus of Cusa, De 
docta ignorantia (On learned ignorance), Chap. 1, might be compared: 
“ Omnes autem investigantes in comparatione praesuppositi certi 
proportionabiliter incertum iudicant; comparativa igitur est omnis 
inquisitio, medio proportionis utens.’ (Indeed all who conduct 
investigations judge what is uncertain by comparing it with pre- 
suppositions which are certain in the manner of a proportion. There- 
fore every inquiry is comparative and uses proportion [i.e., analogy| 
as a means.) 


Cf. Ad. Trendelenburg, “Uber Leibnizens Entwurf einer allge- 
meinen Characteristik,’ Abhandlungen der Akadeinie der Wissenschaf- 
ten zu Berlin, 1856= Historische Beitrage zur Philosophie (1867), I, 
pp. 1-47. 

A comprehensive review of his life and his works is given by H. 
Bosmans in the article “Stevin”’ of the Belgian Biographie Nationale, 
Vol. XXIII (1924), pp. 884-938. 


Like Bombelli, by whose Algebra he was strongly influenced, he was 
especially expert in hydraulic techniques, and held an office appro- 
priate to this interest under Maurice of Orange. Besides this he was 
quartermaster-general of the Netherlands army and comptroller of 
finances (cf. Bosmans, p. 888). 


An exception is formed by the greater part of the Arithmetique 
written in French (1585) and, in particular, also by the Appendice 
Algebraique (1594), which contains a general rule for the solution of 
numerical equations of any degree (ed. Girard, I, pp. 88 f.). The 
Appendice Algebraique was later translated into Flemish by Stevin 
himself (cf. Bosmans, pp. 900 ff.). The writings of Stevin contained 
in the French edition of his complete works published in 1634 by 
Girard, can, textually speaking, be divided into three groups: 
(x) those written in or translated into French by Stevin himself, to 
which belongs, above all, the Arithmetique; (2) those translated by 
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Jean Tuning under the supervision of Stevin, namely a part of the 
Memoires Mathematiques, intended for Maurice of Orange. (These 
appeared for the first time in a Flemish, a French, and a Latin version 
in 1608, but printing had already begun in 1605. Of the Latin 
translation the larger part is by Willebrord Snell, a small part by 
Hugo Grotius); (3) the works translated by the editor, Girard, 
himself, especially [’Art Ponderaire (The Art of Weighing, 1.e., 
Statics), furthermore the Geographie and the Astronomie. Girard’s 
translation is fairly reliable; his own additions are indicated as such; 
Stevin’s thought is, in any case, rendered exactly, although Girard 
permits himself some abridgments (cf. Bosmans, pp. 889; 914 ff.; 
924 ff.) We quote the Arithmetique according to the first edition of 
1585(L’Arithmetique de Sinton Stevin de Bruges, Leyden), other works 
according to Girard’s edition of 1634. [An English translation: The 
Principal Works of Simon Stevin, Vol. I, General Introduction, 
Mechanics; Vol. II A, B, Mathematics; Vol. If, Astronomy and 
Navigation — edited by E. Crone, E. J. Dijksterhuis, R. J. Forbes, 
M. G. J. Minnaert, A. Pannekoek; Amsterdam, 1955-1961.| 


The Geographie forms the second part of the Cosmographie, whose 
first (trigonometric) part contains the Doctrine des Triangles and 
whose third part contains the Astronomie. The third book of the 
Astronomie is devoted to a presentation of the Copernican system. 


On this point, as on many others, Stevin refers to communications 


from Joseph Scaliger. 


Cf. the third book of the Geographie, beginning, II, p. 137, col. 1. 
Stevin says that he owes the matter of this book to a work by 
Petrus Nonius, namely De crepusculis liber unus (1542) which, in 
turn, represents an amplification of the corresponding work by 
Alhazen (i.e., Ibn al-Haitham, De crepusculis et nubium ascensionibus 
liber unus [One book on dawn and dusk and the Risings of Clouds] in 
Opticae thesaurus Alhazeni Arabis libri septem, nunc primi editi...a 
Federico Risnero [Basel, 1572], pp. 283-288). 


~...nonobstant il est incertain qui il a esté, de quelle nation, et en 
quel temps il a vescu, combien qu il soit tenu fort ancien ”’ (in spite of 
the fact that it is unsettled who he was, of what nation, at what time 
he lived, though he is held to be very ancient — p. 109, col. 2). 
With reference to the art of making gold involved in alchemy, 
Stevin says: “tel abus se devroit rapporter aux abuseurs de ceste 
inespuisable science, mais non pas 4 elle” (such an abuse should be 
laid at the door of the abusers of that inexhaustible science |1.e., 
alchemy], not at its door — ibid.) In Stevin’s view this science — 
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actually he means chemistry — was destined to take the place of the 
traditional school physics. 

None less than Hugo Grotius, who knew Stevin personally, shared 
his views on the “wise age.” Stevin requested of him a kind of 


“memorandum on the testimonia in favor of the existence of such an 


age. It is printed in the Girard edition, II, p. 110. Cf. also Bacon, 
The New Organon, 1, Aphorism 122. 


~ C’est icy un poinct quine me fait gueres bien presumer de pouvoir 
quelque jour encor parvenir 4 ce siecle sage.” (This is a point which 
scarcely makes me hopeful that some day we may yet arrive at this 
wise age — p. 112, col. 1.) 


~ Donc le Grec estant tel, que par iceluy on apprend les Mathe- 
matiques, doit estre tenu pour un bon langage.” (Since Greek is a 
language such that one learns mathematics by means of it, it must 


be held to be a good language — p. 113, col. 2.) 


For this reason Stevin taught mathematics in his own language in 
Leyden, where he held the title “Professor in de Duytsche Mathe- 
matik’’ — Professor of Dutch Mathematics (cf. Note 306). 


His Dismne (The Art of Tenths), in which he expounds calculation 
with decimal fractions and demands furthermore that the decimal 
system be used for all measures, rests ultimately on the notion of the 
universal applicability of the “progression decuple,” the decimal 
progression, which forms the basis of the Arabic positional system 
and which Stevin emphasizes again and again (cf. II, p. 108, col. 2; 
Arithmetique, p. 139). Incidentally, Vieta too (following Regiomon- 
tanus who, in turn, depends on Peurbach) uses decimal fractions in 
his Canon Mathematicus (cf. Rutter, Revue occidentale philosophique . .. , 
X, pp.251;361;see also Tropf ke, Geschichte der Elementarmathematik, 
I3, 172-177). But it was due to Stevin that calculation with decimal 
fractions came into general use. 


At the end of his Arithmetique, pp. 202 f., Stevin summarizes those 
assertions made in his work which cannot be reconciled with the 
usual views under the title of “Theses mathematiques”’. Thesis 1 is 
that mentioned in the text. The “Theses’’ were to be more 
precisely denionstrated in a special work — cf. Arithmetique, pp. 203 
and 5°. 

Which therefore cannot have anything to do with the concept of 
hyle in Domninus (cf. Part I, Pp. 32 f.). 

Arithmetique, p. 3°: “O heure infortunée en laquelle fuit premiere- 
ment produicte ceste definition du principe du nombre! O cause de 
difficulté et d’obscurité de ce quien la Nature est facile et clair!” (O 
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unfortunate hour in which that definition of the beginning of num- 
ber was first brought forth! O cause of difficulty and obscurity of 
that which is easy and clear in Nature!) 


Stevin must here be thinking not only of the old definition of the 
monad as a ory &eros (point without position, cf., e.g., Aris- 
totle, Metaphysics M 8, 1084 b 25-27), but also of the representation 
of the figurate numbers, .°., ::, -’-, etc. But, characteristically, 
he says in respect to this Greek mode of presentation: “et estoient 
iceux poincts mis en usage entre leurs chiffres”’ (and these points were 
used [by the Greeks] among their ciphers — p. 108, col. 2). Now as far 
as the sign “.’’ for o is concerned, it is, indeed, to be found among 
the Arabs, but demonstrably only from the ninth century a.p. on; 
also among the Indians in the so-called “ Book of Calculation” of 
Bakhshali, which is likewise to be dated to a very late time (after the 
seventh century A.D., at any rate, and perhaps as late as the twelfth). 
The sign o which occurs in the “Table of Chords” in Ptolemy is 
probably only an abbreviation of ov8é& (nothing); cf. Tropfke, 
Geschichte der Elementarmathematik, 13, 29; 40 f.; 22 £.; 18; 25. Fora 
general discussion of the question of the origin of zero, cf. Neuge- 
bauer, Vorlesungen tiber die Geschichte der antiken mathematischen 
Wissenschaften, Vol. 1, Vorgriechische Mathematik (Berlin, 1934), 
p. 42; also p. 5. 


In the Arithmetique (Def. III, p. 5%; cf. also p. 3%) Stevin, deferring to 
traditional terminology, still calls zero “commencement de 
nombre,” but says explicitly in his Geographie: “et puis que 0 est 
appellé au siecle sage poinct nous luy donnerons aussi ce nom poinct 
de nombre, en difference du poinct Geometrien, et delaisserons ce 
premier nom commencement, que nous avons eu en usage Jusques a 
present’ (and since o was called point in the wise age, we too will 
give it the name number point, as distinguished from geometric point, 
and we will leave off using that previous name “ beginning,” which 
we have been using up till now — p. 108, col. 2). 

Whereas, for instance, Peurbach, at the beginning of his 
Algorithmus Magistri Georgij Peurbachij in integris (The Algorism [i.e., 
reckoning scheme] for whole numbers of Master George Peurbach), still 
says explicitly: “Unitas autem non est numerus: sed principium 
numeri. Unde ipsa habet se in Arithmetica ad numerum sicut 
punctum in Geometria ad magnitudinem.” (The unit, however, is 
not a number, but the beginning of number. Wherefore it has that 
relation to number in arithmetic which a point has to magnitude in 
geometry — cf. Cantor, II?, 180 f.) Joh. Buteo, Logistica, quae et 
Arithmetica vulgo dicitur (1559), p. 8, already says: “Et quamvis 
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monas non sit humerus, in omni tamen Logistica ratione vim et 
effectum parem numeris obtinet.” (And although the monad is not 
a number, yet in all calculational contexts it gains a force and effect 
equal to numbers.) Cf. also Note 217. 


This is also the reason for the well-known shift in meaning of the 
word ‘cifra”’ or “chiffre,’” which was borrowed from the Arabic: 
signifying at first only zero, it gradually comes to be the common 
designation for all ten “ciphers” (cf. Tropfke, Geschichte der 
Elementarmathematik, 1, 9 ff.; 14 ff). 


The symbolic reinterpretation of geometric formations is herewith 
accomplished; however, it becomes clearly visible only in Descartes 
(cf. this Section, B). 


300. Arithmetique p. 3¥ f.: “Comme la ligne AB ne se peut augmenter par 


addition du poinct C, ainsi ne se peut le nombre D 6, augmenter par 
l’addition de E 0, car aioustant 0 a 6 ils ne sont ensemble que 6. 


A B D6 


Cc | 


eo, 


Mais si l’on concede que AB soit prolongée iusques au poinct C, 
ainsi que AC soit une continue ligne, alors AB s augmente par l’aide 
du poinct C; Et semblablement si l’on concede que D 6, soit 
prolongé iusques en E 0, ainsi que DE 60 soit un continue numbre 
faisant soixante, alors D 6 s'augmente par l'aide du nul o. 


A B CG. Dre 


| | | 99 


6 O 


(As the line AB cannot be augmented by the addition of a point C, 
so the number D 6 cannot be augmented by the addition of E 0, for 
if o forms a sum with 6 they are together only six. 

But if one admits that AB is prolonged to the point C, so that AC 
is a continuous line, then AB is augmented by means of the point C. 
And similarly, if one admits that D 6 is prolonged through the 
number E 0, so that DE 60 is a continuous number making 60, then 
D 6 is augmented by means of nought o.) 

It can be seen that the ciphers as such have taken the place of the 
traditional lengths of measurement. This argument is a telling one 
only if by 6 and 60 are understood the decimal fractions 0.6 and 


0.60, which Stevin writes D and D 2, 
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Def. VII: “ Nombre entier est unité, ou composée multitude d’uni- 
tez. (A whole number is a unit or a multitude composed of units.) 
Def. X: “Nombre rompu, est partie ou parties de nombre entier.” 
(A. fractional number is a part or- parts of a whole number.) Cf. 
Euclid VII, Defs. 3 and 4. 


Cf. the opinion of Peletier, De occulta parte numerorum, quam 
Algebram vocant, Libri duo (1560), Bk. II, Chap. II, entitled “ Numeri 
irrationales sintne numeri, an non et cuiusmodi sint” (“ Whether 
irrational numbers are numbers or not and of what sort they are’). 
What they really represent, he says, “id tanquam in perpetuis 
tenebris delitescit’’ (this must lie hidden, as it were, in perpetual 
darkness). They are, in any case, ‘something,’ and it is certain that 
their use is necessary (necessarium usum), especially “in laying off 
continuous magnitudes’ (praesertim in Continuorum dimensioni- 
bus). They are, just like genuine “absolute’’ numbers, subject to 
“rules’’ (praeceptiones). Their relation to the “absolute” numbers 
may be compared with that of the animals to man: “ Habent igitur 
numeri Irrationales cum Absolutis obscuram quandam mutemque 
communicationem, non secus quam cum hominibus, Bruta: quae 
praeter id quod sentiunt, suo etiam modo ratiocinantur.’’ (Irrational 
numbers, then, have a certain obscure and mute communication 
with absolute numbers, not differently from that which brutes, who 
besides having sense impressions, do, in their own way, even reason, 
have with men.) All in all, they are inexplicable (inexplicabiles) and 
have only a kind of shadow existence. They must not be counted 
among the numbers, but their being must rather be understood as 
altogether contained in their “designation”’ (appellatio). 


Proof (cf. Pp. 191-192): “La partie est de la mesme matiere que son 
entier; Racine de 8 est partie de son quarré 8: Doncques 1/8 est de 
la mesme matiere que 8: Mais la matiere de 8 est nombre; Doncques 
la matiere de 1/8 est nombre: Et par consequent 4/8 est nombre.”’ 
(The part is of the same material as the whole; the root of 8 is part 
of its square 8; therefore 4/8 is of the same material as 8. But the 
material of 8 is number; therefore the material of 4/8 is number: 
and consequently 4/8 is number — p. 31.) 

Albert Girard, Stevin’s pupil, goes even further. In his Invention 
nouvelle en l'algébre (1629), he says (pp. 13 £.): “ Notez qu’on appelle 
un nombre tant les radicaux simples, comme est 4/2, ou 4/5071, que 
les multinomes, commes les binomes 2+ 4/5, item 7— 1/48, item 
4/26 — 5, comme les trinomes 4+ +/2 — 4/17, et autres multinomes, 
car ce qui lié par les signes soit+soit—ne font qu'un nombre.” 
(Note that we call a number all the simple radicals, like ./2 or 4/5071, 
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the polynomials, like the binomials 24+ 4/5, or7 — 4/48, or 4/26 — 5, 
the trinomials 44 4/2 — 4/17, and other polynomials; for whatever is 
joined by the signs + or — cannot but make a number.) However, Def. 
XXVI of Stevin’s Arithmetique had already stated: “Multinomie 


- algebraique est un nombre consistant de plusieurs diverses quanti- 


tez. (An algebraic polynomial is a number consisting of several 
different quantities.) 


This mode of designation, which represents a modification of that 
of Bombelli, and which can perhaps be traced back to Chuquet (cf. 
Note 238, Note 260), is used extensively by Stevin in his very free 
translation of the four first books of Diophantus (Arithmetique, 
pp. 431-642). 


As early as 1484, Chugquet says in the beginning of his Triparty 
(Bullettino Boncompagni, XIII [1880], p. 593): “Nombrer si est le 
nombre en lentendement conceu par figures communes artifitiele- 
ment representer ou de paroles perceptiblement exprimer.” (To 
count means to represent artificially by common signs or to express 
perceptibly by words the number conceived in the understanding.) 
In the work by R. Gemma Frisius (whom Stevin, incidentally, 
mentions explicitly in another connection, cf. Cantor, II?, 614) 
called Arithmeticae practicae methodus facilis, which first appeared in 
1540, later had numerous republications (by Peletier, among 
others), and which was translated into French by Forcadel in 1582, 
we read in the beginning of the “Pars prima’: “ Numerare, est 
culusvis propositi numeri valorem exprimere, atque etiam quem- 
cunque datum numerum suis characteribus adsignare.” (To number 
is to express the value of any number proposed and so to refer any 
number given to its proper sign.) Gosselin (De Arte magna. .., p. 27 
f.) in 1577 formulates the same in the following way: “ Numerare, 
est quamcunque numeri qualitatem cum aliquo characteris vel 
figurae genere representare.” (To number is to represent any quality 
of a number by some kind of sign or figure.) Among the Greeks 
this was done by points and dashes (puncta vel lineolae), but it may 
also, as among the Hebrews and the Romans, be done by means of 
letters. Only “the Arabs thought of and invented more convenient 
signs and an easier way of counting ’’(.. . excogitarunt et invenerunt 
Arabes faciliores characteres, facilioremque numerandi viam .. .). 
Gosselin gives the following classification of “numbers” (p. 4°): 
“integer numerus et absolutus” (whole and absolute number, e.g., 
8, 9, 5), “particula numeri” (part of a number, e.g., 4, 4), latus 
numeri” (side of a number, e.g., latus 8= 2, latus 9= 3, 1.e., rational 
roots) and “‘surdus numerus”” (surd number, e.g., latus 7, latus 5, 
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latus 4). Clavius also, in the Epitome Arithmeticae practicae (1584), 
says (p. 6): ““ Numeratio est cuiusvis numeri propositi per proprios 
characteres, ac figuras descriptio, atque expressio. (Denumeration 
is the description and expression of any number proposed by 
means of proper signs or figures.) 


The very few remarks about Stevin which are to be found in the 
writings of Descartes himself concern his Statics (cf. Note 283): Ad.- 
Tann., II, 247, also 252; IV, 696. Furthermore Stevin’s expertness in 
the subject of harmonics is impugned (I, 331); Descartes, however, 
adds explicitly that Stevin “ne lassoit pas d’estre habile en autre 
chose” (did not lack skill in other matters). On the other hand, it 
is possible, even likely, that Descartes saw Stevin in the last years of 
his life, and he may even have been instructed by him; for it was 
during those very years, from 1618 to 1619, that Descartes, then 
still “un homme qui ne s¢ait que trés peu de chose’ (a man who 
knows only very little — I, 24, 15), served under Maurice of Orange 
who had his officers instructed in the building of fortifications, draw- 
ing, etc., by expert teachers, among whom Stevin must certainly be 
numbered (cf. Note 282). Thus Descartes, in a letter to Beeckman 
on January 24, 1619, (X, 152, 2 f.), explicitly says that at the 
moment he is occupying himself “with drawing, military architec- 
ture and, above all, with the Flemish language” (in Pictura, 
Architectura militari, et praecipue sermone Belgico); here we must 
recall the important role Stevin assigned to Flemish in the advance- 
ment of the sciences (see Pp. 189 f.; cf. G. Cohen, Ecrivains francais en 
Hollande dans la premiére moitie du XVII* siécle [Paris, 1920] pp. 372 f. 
and 381). Stevin probably taught in Flemish, just as he had at one 
time held the title of “Professor in de Duytsche Mathematik” at 
Leyden (ibid., p. 381). But even if the conjecture concerning a 
personal meeting between Descartes and Stevin were incorrect, 
there could nevertheless be no doubt that Descartes must have come 
across traces of Stevin everywhere in Holland: Stevin was acquain- 
ted with Scaliger and Grotius, who were then the most famous 
scholars in Holland (cf. Notes 285 and 288); Constantin Huygens as 
well as Golius, with whom Descartes corresponded, were in com- 
munication with Girard, the most important pupil and the editor of 
Stevin, who published an algebraic work of his own in 1629 
(Invention nouvelle en Talgebre, cf. Cantor, Il?, 787 ff.; the title, 
incidentally, continues: “tant pour la solution des equations, que 
pour recognoistre le nombre des solutions qu’elles regoivent, avec 
plusieurs choses qui sont necessaires 4 la perfection de ceste divine 
science’ — “for the solution of equations as well as the discovery 
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of the number of solutions which they permit, together with many 
things which are necessary for the perfection of that divine science”; 
cf. P. 181). Girard, like Descartes, was also interested in problems of 
mechanics, optics, and music theory (cf. Note 283, and Cohen, 
Ecrivains francais..., p. 341). Snell recommends Stevin to Beeck- 
man, Descartes’ friend, probably even before 1611 (cf. Ad.-Tann., 
X, 29 and Note 283); in 1618 this same Beeckman addresses to 
Descartes a question based on Stevin’s Statics (cf. Ad.-Tann., X, 
228; see P. Duhem, Les origines de la statique |Paris, 1905], I, pp. 
280-282, and Milhaud, Descartes savant [1921] pp. 35 f.). We may 
therefore assume that Descartes ““knew’”’ Stevin’s Arithmetique in the 
sense in which Descartes was wont to “ know’”’ and use books. Here 
he might find, above all, a complete and effective assimilation of the 
“numerical” and the “geometric” realm (see Pp. 194 ff.). Thus his 
understanding of “ powers” (cf. Rule XVI, Ad.-Tann., X, 456 f.) 
coincides to a large extent with that of Stevin, who is, to be sure, in 
turn dependent on Bombelli (see Note 304); cf., however, also 
Clavius, Algebra (1608) chap. II, pp. 9-10, whose presentation 
especially as far as the use of the concept of “exponentes”’ and, 
“exponere’’ is concerned, depends in this point on that of Stifel (cf. 
Tropfke, Geschichte der Elementarmathematik, 113, 151). We might 
mention in addition that the master reckoner Faulhaber, whom 
Descartes met in Ulm in 1619-1620, cites as his sources in his Neuer 
arithmetischer Wegweiser (1617) besides some more or less insignific- 
ant German and Swiss masters, only Gemma Frisius and Stevin. 


Cf. P. 183 and Note 245; furthermore Rule VII, beginning. Cf. on 
this whole section, above all, L. Liard, Descartes (1882) chap. 1, “La 
mathématique universelle,” especially pp. 44 ff. In the following 
section the Regulae are quoted according to the Adam-Tannery 
edition, Vol. X. 


The first indication of this conception is the letter of March 26, 
1619, to Beeckman, where a “scientia penitus nova’’ (a completely 
new science) is mentioned, “ qua generaliter solvi possint quaestiones 
omnes, quae in quolibet genere quantitatis tam continuae quam 
discretae, possunt proponi”’ (by which all problems which can be 
proposed in terms of any kind of quantity, whether continuous or 
discrete, can be generally solved); Beeckman makes the marginal 
note: “Ars generalis ad omnes quaestiones solvenda quaesita’’ 
(sought: a universal art for the solution of all problems — X, 156 f.). 
Cf. also the following remark of Beeckman (X, 52): © Dicit [Picto, 
i.c., Descartes]... se nunquam hominem [or: neminem] reperisse, 
praeter me, qui hoc modo, quo ego gaudeo, studendi utatur, 
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accurateque cum Mathematica Physicam jungat. Neque etiam ego, 
praeter illum, nemini locutus sum hujusmodi studij.”’ (Descartes 
says...that he has never found a man [or: anyone], except me, 
who employs that mode of study in which I take pleasure, and who 
neatly brings together physics with mathematics. Nor have I on my part 
spoken of this kind of study to anyone but him.) It does look as if 
the “scientia mirabilis,” the “wonderful science,’ whose founda- 
tions Descartes declares he discovered on November 10, 1619 (X, 
179 and 216), is precisely the mathesis universalis now conceived as 
applicable to physics. (On the “inventum mirabile,” the “ wonderful 
discovery’ of November 11, 1620, referred to in X, 179, on the 
other hand, cf. Milhaud, Descartes savant [1921], Chap. IV, pp. 89 ff.). 
This was the issue which compelled Descartes to develop his 
metaphysics, a metaphysics in which, to be sure, the actual points of 
departure of his “system” came to be increasingly consigned to 
oblivion. 


In the Regulae representation by straight lines, as also by points, is 
only a special case; cf. Rule XIV, end; Rule XV, and Rule XVIII; 
furthermore, Pp. 203 ff.; cf. also Beeckman’s note: “ Algebrae Des 
Cartes specimen quoddam”’ (an example of Descartes’ algebra — 
Ad.-Tann., X, 333-335); Milhaud, Descartes savant, p. 70, note 71. 
On the Regulae in general, see ibid., Chap. Ill, 1. 


In general Descartes ““method”’ grows out of a desire to justify the 
place which he assigns to algebra. The point of view of “ methodical” 
cognition is therefore secondary for the original identification of the 
“ general’’ mathematical object with extension having figure. But 
since everything depends on the justification of this identification, 
the ““method”’ gradually gains a more and more central significance, 
while its rules are borrowed from the “* mathesis universalis”’ itself; thus 
the road of “inventio,’” which the “ mathesis universalis’’ understood 
as general algebra’ follows, is discovered to be the way of cogni- 
tion generally most appropriate to the human understanding (cf. 
Note 279). In this sense the “Regulae ad directionem ingenii 
(“Rules for the direction of the mind”’) are indeed identical both 
with the “rules” of the “ mathesis universalis” and with those of the 
“method” as such (cf. Milhaud, Descartes savant, p. 69; cf. also 
Cogitationes privatae, X, 217: “Dicta sapientum ad paucissimas 
quasdam regulas generales possunt reduci.”’ (The pronouncements 
of the wise can be reduced to a very few gencral rules.) 


Cf. J. von Arnim, Stoicorum veteruin fragmenta (Leipzig, 1921), I, frs. 
59 and 66; II, frag. 56. On this, see A. F. Bonhoffer, Epictet und die 
Stoa, Untersuchungen zur stoischen Philosophie (Stuttgart, 1890), pp. 
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161, 163 £., 178 f., also pp. 184 ff.; furthermore O. Rieth, “Grund- 
begriffe der stoischen Ethik,’”’ Problemata, fasc. 9, 1933, p. 114 and 
M. Meier, Descartes und die Renaissance (1914), p. 63. See also Notes 
2TOmmGes2 Oo, 


Cf. Principia philosophiae, Il, 8, also I, $s. 


Descartes is here thinking of contemporary works like those of the 
“ Rosicrucians,” for instance: Joh. Faulhaber, Ansa inauditae et 
mirabilis novae artis, etc. (Clue to an incredible and wonderful new art), 
1618, German version, 1613; Nurerus figuratus, sive Arithmetica 
analytica arte mirabili inaudita nova constans, etc. ( Figurate number, or 
analytic arithmetic, derived by a wonderful, incredible, new art), 1614; 
Mysterium Arithmeticum, 1615, anonymous; Miracula Arithmetica, 
1622, in German (another “continuation” of the Arithmetischer 
Wegweiser [Arithmetic guide| which first appeared in 1615), etc.; the 
Latin text of the writings of Faulhaber was probably due to Joh. 
Remmelin, cf. A. G. Kastner, Geschichte der Mathematik (Gottingen, 
1799), Ill, pp. 29-34, 111-152; furthermore Ad.-Tann., X, 252-255. 
But he may also be thinking of the somewhat older “ Arithmolo- 
gies’ of Joach. Camerarius the Younger, and Johannes Lauterbach 
(cf. Christianus Primkius, a. w. Arithmologia Sacro-Profana [Liegnitz, 
1659]; see furthermore Part I, P. 66), as well as of the work 
Numerorum Mysteria (first edition 1584 under the title Mysticae 
numerorum significationis liber) by Petrus Bungus (Pietro Bongo), 
which circulated in many editions, the last in 1618. 


Cf. the Commentarii collegii conimbricensis (1592) used by Descartes at 
La Fléche, namely Physics I, 1, 4 (quoted after E. Gilson, Index 
scolastico-cartésien [Paris, 1912], p. 167): °... Res Mathematicae vel 
cogitatione abjunguntur a materia sensibili tantum, vel etiam ab 
intelligibili. Si priori modo, ad Geometram pertinent; si posteriori 


_ ad Arithmeticum.” (Mathematical things are separated by thought 


either from their sensible material only, or also from their intelligible 
material. If they come about in the first way, they belong to geom- 
etry, if in the latter, to arithmetic.) Thus, while the ancient and 
medieval tradition assigned a “materia intelligibilis” (a tAn vonr7 
or davrao7}) to the object of arithmetic as well, namely the “ pure” 
units as such (cf. Note 45 and P. 104), here a special level of “ab- 
straction,» one on which even the res numeratae, i1.e., the monads 
counted, the units, may be “disregarded,” is ascribed to arithmetic; 

this is clearly in the spirit of the new concept of “number ”’ and in | 
line with the self-interpretation of the contemporary “reckoners”’ 
(especially the “algebraists’’) mentioned by Descartes. Descartes 
and, as far as we can see, only Descartes, struggles to fix the exact 
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meaning of such an “abstraction”’ — although this holds only for 


his thinking in the Regulae. 


The actio intellectus which consists in ““ grasping” such a res sintplex is 
called by Descartes an intuitus, literally, an insight: “ mentis purae et 
attentae non dubius conceptus”’ (the unwavering grasp of a clear 
and attentive mind — Rule III, 368, 18). On this occasion he 
expressly points out that the intuitus can, and even must, extend also 
to “‘discursive’’ matter, i.e., also to “relations’’ and “ proportions” 


(ibid., 369). 


When the relation between imaginatio and intellectus purus in 
Descartes is considered in terms of the tradition, his imaginatio must 
be assigned the role of Aristotle’s vois mafyrixéds and ¢@aprds 
(passive and destructible intellect) in contrast to the voés mounrixds 
(active intellect), the latter alone being described by Aristotle as 
atdtos (everlasting), namely aS ywpioros Kal amabns Kal apeyns 
(separable and impassible and unmixed — On the SoulT’ 5); yet, on 
the other hand, Descartes’ imaginatio derives also, if only indirectly, 
from Aristotle's phantasia, since it is essentially a version of the Stoic 
concept of phantasia which depends on that of Aristotle (On the 
Soul T 3, and On Memory), cf. J. Freudenthal, Uber den Begriff des 
Wortes PANTALIA bei Aristoteles (Gottingen, 1863), especially pp. 
29 f. On the influence of the Stoa on Descartes, cf. Brochard, 
“ Descartes stoicien,” Revue philosophique, TX (1880) and, above all, 
Dilthey, Gesammelte Schriften (Berlin-Leipzig, 1914), II, 294-296; on 
the general significance of the Stoa for the sixteenth and seventeenth 
century see ibid. pp. 93, 153 ff., 174 ff., 181, 255 ff, 261 ff, 279 ff., 
285 ff., 441 ff., 486 ff. As far as the Regulae are concerned, they are, 
of course, directly in the tradition of the “Studium bonae mentis”’ 
(Ad.-Tann., X, 191-204) — their general theme is precisely the 
“bona mens” (well-judging mind), also called by Descartes 
~ sapientia universalis’’ (universal wisdom, cf. Rule I, 360, 19 f.), a 
concept which Descartes apparently borrowed from Justus Lipsius, 
the great mediator of Stoic ideas who, in turn, probably owed it to 
Seneca. On this question see E. Gilson, Etudes sur la role de la pensée 
médiévale dans la formation du systéme cartésien (Paris, 1930) pp. 265 f.; 
cf. also F. A. Trendelenburg, Historische Beitrage zur Philosophie 
(Berlin, 1867) III, p. 396. The concept of the “bona mens’” is, 
incidentally, closely related to, if not identical, with the “recta 
ratio’ (right reason) ; for instance, Epictetus, Dissertationes IV, 8, 12, 
says: tu TéAos [sc. TOU prroaddov] ; ...T0 opov éxew Adyor. (What 
is the end of the philosopher ? . . . to possess right reason.) Cf. II, 8, 2, 
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where the ovoia bod (being of god) is characterized as nous, 
episteme, and logos orthos (right reason); on the other hand, the 
concept of the “‘recta ratio’’ serves as a characteristic sign of “ars”’; 
thus we read in Thomas Aquinas, Summa Theologica II, quaest. $7, 
-art. 3, that: “Ars nihil aliud est quam ratio recta aliquorum operum 
faciendorum.” (Art is nothing but sound judgment about any works 
to be carried out.) 

From the point of view of tradition, Descartes’ central difficulty 
is to be characterized as follows: He understands the intellectus purus, 
in effect, in the sense of the Stoic #ynpovxdy (leading or guiding 
faculty) — and thus “somatically,” but at the same time he interprets 
it in the Peripatetic-Thomistic sense as voids monrixds (active 
intellect) — and thus as an “extraworldly”’ faculty. On the first, see 
especially Rule XII, 415 f., where the vis cognoscens (cognitive 
power), according as it “applies itself’’ (se applicat) to different 
faculties, carries out different “functions” and is correspondingly 
called by different names, namely “intellectus purus,” “imagin- 
atio, “memoria, “sensus’’; see also Sextus, Against the Mathe- 
maticians VII, 307:...% adrn dvvapus nar’? &AAO pév €or vods, Kar’ 
G\Xo 5€ aicbyas (the same faculty is in one respect intellect, in 
another sensation), quoted from Bonhoffer, Epictet und die Stoa 
(1890), p. 99 (a general reference to this work should be made in 
this context); see furthermore Bonhoffer, “Zur stoischen Psycho- 
logie,” Philologus, LIV (1895), p. 416; for the conception of the 
“aiding ’ — or better, ““serving’’ — capacity of the different “ parts 
of the soul” as contrasted with the intellectus purus as the “leading” 
and “ruling” faculty (Rule XII, beginning) compare also Stobaeus, 
Eclogue I, 41, 25 (Meineke, 252, 1-3):...76 wpyepovxey ws dy 
&pxovros xdpav éyew vreribevro [sc. Stoici], 7a S€ GAAa pepyn év 
Uanperov rae amediSocav. (... The Stoics suppose the leading 
_ faculty to have the place, as it were, of a ruler, the other parts they 
assign to the order of servant. .. .) Cf. also Plato, Philebus 27 A. On the 
intellect as ruling faculty, cf., for example, Gilson, Index scolastico- 
cartésien, p. 95, no. 160. This sort of intermingling of Aristotelian 
(as well as Platonic) with Stoic doctrine occurs already in some of the 
Stoics themselves, e.g., in Marcus Aurelius (cf. Bonhoffer, Epictet 
und die Stoa, pp. 41 and 32) and also in Galen, whom Descartes 
certainly used, whether directly, or indirectly through Telesio. On 
this whole matter see Dilthey, Gesammelte Schriften, Il, pp. 290 ff.; 
thus, in particular, assertions such as that the origin of the nerves lies — 
in the brain or that the transfer of “impressions’’ from the sensus 
externus to the sensus communis or phantasia — and therefore also the 
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reverse sequence! — occurs “in a moment” (Rule XII, 413 £.; see 
also Dioptrics, chap. IV, 5, Ad.-Tann., VI, 598; French text, ibid., 
111; cf. Note 326) go back to Galen, e.g., On the Teachings of 
Hippocrates and Plato, passim, especially pp. 208 f., 644 f., 656 (ed. 
I. Mueller [1874]); when he was writing the Regulae, Descartes 
apparently did not yet know Vesalius, since he devoted himself to 
the study of anatomy only from 1629 on (see Ad.-Tann., I, 102, 18 
and Il, 525); cf. furthermore Galileo, Dialogue on the Two Great 
Systems of the World, Second Day, beginning (Edizione nazionale, 
VII, 133 f.). In this connection it is of great significance that in the 
Regulae Descartes calls the vis cognoscens — which is at the same time 
the bona mens — “‘in-genium”: “ proprie autem ingenium appel- 
latur”’ (but it is properly called “ingenium” — Rule XII, 416, 8); 
cf. also the title of the work “Regulae ad directionem ingenii.” For 
its name can mean that it is either itself the generator of “ideas” in 
the “imagination” or that it is, conversely, impregnated by the 
“ideas” already present in the imagination, namely those brought 
about by the senses: “cum modo ideas in phantasia novas format, 
modo jam factis incumbit” (when it either forms new ideas in 
the imagination or hatches those already formed). Thus the inter- 
action of intellectus and imaginatio is here really interpreted on the 
model of Aristotelian physis (nature), the crucial point being that the 
intellectus is assigned the role not only of the eidos (form) but also of 
the hyle (material): “interdum patitur, interdum agit”’ (sometimes 
it is affected, sometimes it acts — 415, 23 f.). In other words, the 
“extraworldliness’’ of the intellectus does not determine its mode of 
being — the intellectus, the “res cogitans”’ (knowing thing), “is”’ in 
no other sense than the “body,” the “res extensa’’ (extended thing). 
What characterizes both in the same way is their “‘unrelatedness.”’ 
Because of this it is, on the one hand, impossible to understand how 
they can “come together,” while, on the other, they are for 


Descartes now and always already together, namely on the level of 
“ corporeality.”’ 


Cf. Baillet, La vie de Monsieur Descartes (1691) Il, 486-487 (Ad.- 
Tann., X, 202 f.): “... M. Descartes appelloit les études d’imagina- 
tion, méditation; et celles d’entendement, contemplation. C'est 1a qu'il 
rapportoit toutes les sciences, mais principalement celles qu'il 
appelloit cardinales ou originales, comme la vraye Philosophie, qui 
dépend de l’entendement, et la vraye Mathématique, qui dépend de 
imagination.” (M. Descartes called exercises of the imagination 
“meditation,” and those of the understanding “contemplation.” It 
is to this distinction that he referred all the sciences, but principally 
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those which he called “cardinal” or “original,” such as true 
philosophy, which depends on the understanding, and true mathe- 


matics, which depends on the imagination.) 


Cf. Rule XIV, 442, 17 f.: “Per extensionem intelligimus, illud 


>> 


(By extension we understand all that which has length, breadth, and 
depth.) 


Here it is important that the “figures” appear as “numbers’’ only 
through the “mediating unit” (mediante unitate) and that the unit 
itself is understood as “unit of measurement” (mensura), The 
“measure is here, to be sure, applied only to symbolic formations; 
but this does not change the fact that Descartes basically retains the 
traditional — Peripatetic — understanding of the hen (cf. Part I, 
Section 8). He fails to pursue his own, different, original notion, 
according to which the unit is a “res simplex communis” and 
therefore a res simplex intellectualis (see P. 201); cf. also Aristotle, 
Physics A 14, 223 a 21-29. 

Descartes, incidentally, from the very beginning distinguishes 
“two kinds of figures ’’ (duo genera figurarum), namely those which 
represent a “multitudo,” e.g., 


i.e., a ‘“numerus triangularis” (—> triangular number, cf. Part I, 
Epes £., 33,55), or 


PATER 


FILIUS FILIA 


i.c., a genealogical “‘arbor quae alicujus prosapiam explicat”’ (tree 
which displays someone’s family relations), and on the other hand, 
those which represent a “ magnitudo,” e.g., 


EQ, | ee. 


(Rule XIV, 450 f.). In both cases he has in mind completely 
traditional nonsymbolic formations. The symbolic “figure” which 
forms the object of the mathesis universalis is what is ““common to” 
such figures, that is, ““figurality” itself, or, in other words, the’ 
“second intention” of figure (cf. Pp. 47 f.), understood, however, 
as a “first intention.” Thus in the passage of the Regulae here 
cited there appears once more the connection between “algebraic” 
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magnitudes and “‘figurate’’ numbers, that is, Pythagorean eide of 
numbers; cf. Part I, Pp. 55 f. and 68 f.; furthermore Part II, 
P. 175. It is possible that in this respect Descartes is dependent on 
Adrianus Metius (cf., Note 247), whose lectures he in fact attended 
in 1629 in Franeker (cf. Cohen, Ecrivains frangais..., pp. 436 f.). On 
the other hand, he may have been guided by a reminiscence of the 
writings of Faulhaber (see Note 306, end, and Note 313) who, 
beginning with the appearance of his Arithmetischer cubiccossischer 
Lustgarten (Arithmetic Pleasure Garden-of the Cubic Unknown) in 1604, 
interlinked the study of “polygonal” and “pyramidal numbers” 
with the “cossic art’’; cf. Descartes’ treatise De solidorum elementis 
(On the Elements of Solids — Ad.-Tann., X, 265-276); also ibid., 
252 f., on which see Milhaud, Descartes Savant, pp. 84-87; finally 
also Ad.-Tann., I, 277 f:) 


In the Regulae Descartes uses the lower case letters a, b,c... , for 
known magnitudes, the capitals A, B, C..., for the unknowns 
(Rule XVI, 455, 10 ff). 


On this see Gilson, Index, pp. 138 f., no. 226; cf. also P. Boutroux, 
~L'imagination et les mathématiques selon Descartes’ (1900), 
Université de Paris, Bibliothéque de la Faculté des lettres, X, pp. 16 f. 


Cf. Oughtred, Arithmeticae in numeris et speciebus institutio quae tum 
logisticae, tum analyticae, atque adeo totius Mathematicae, quasi clavis est, 
1631 (see Note 329), dedicatory letter, p. A3™: “... Ut ipsas res 
clarius intuerer, propositiones et demonstrationes verborum 
integumentis exutas, brevibus tantum symbolis ac notis oculis etiam 
ipsis uno obtutu perspiciendas designavi. ...’ (So that I should see 
the things themselves more clearly, I stripped the covering of 
words from the propositions and demonstrations |sc. of the great 
ancient geometers], and I signified them by brief symbols and signs 
only, so that they could be discerned at one glance even of the eyes 
alone.) Oughtred is dependent above all on Vieta, but probably also 


on Stevin. 


Besides the traditional ancient Pythagorean eidetic representation 
(see Note 319) that of the “‘latitudines formarum” (breadths of 
forms) by Nicholas Oréme (middle of the fourteenth century) 
indubitably forms an essential source for the figural symbolism of 
Descartes. See the beginning of the anonymous work De latitudini- 
bus formarum secundum doctrinam magistri Nicolai Horem, which is a 
short treatment of a part of Oréme’s extensive work, De uniformi- 
tate et difformitate intensionum (On the uniformity and nonuniformity of 
intensities), on which see P. Duhem, Etudes sur Léonard de Vinci 
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(Paris, 1913), Ill, pp. 376 ff. and 399 f.; furthermore, Wieleitner, 
“Der “Tractatus de latitudinibus formarum’ des Oresme,”’ Biblio- 
theca Mathematica, 3d series, Vol. XIII (1912-1913), pp. 115-145; 
same author, “Uber den Funktionsbegriff und die graphische 
Darstellung bei Oresme,” Bibl. Math., 3d series, Vol. XIV (1913- 
1914), pp. 193-243; more recently, E. Borchert, “Die Lehre von 
der Bewegung bei Nicolaus Oresme,” Beitrdge zur Geschichte der 
Philosophie und Theologie des Mittelalters, Vol. XXXI, fasc. 3 (1934), 
p. 19 £. and 92-100; [also A. Maier, An der Grenze von Scholastik und 
Naturwissenschaft (Rome, 1952), Pt. IIL]. The author of the present 
work was able to use the editions of 1486 (Padua) and of 1515 
(Vienna), the latter of which belonged to Tycho Brahe: “For- 
marum quia latitudines multipliciter variantur multiplices varietates 
difficilime discernuntur: nisi ad figuras geometricas quodammodo 
referuntur. Ideo premissis quibusdam diuisionibus latitudinum cum 
diffinitionibus suis: species infinitas earumdem ad figurarum species 
infinitas applicabo ex quibus propositum clarius apparebit.” 
(Because the breadths of forms vary in manifold fashion, their 
manifold varieties are distinguished with very great difhiculty, unless 
they are somehow referred to geometrical figures. Accordingly, when 
I have first laid down certain classes of breadth and have given their 
definitions, I shall connect the infinite species of breadths with the 
infinite species of these same figures, whereby what has been set forth 
will be more clearly evident. — Translation after C. G. Wallis, An 
Abstract of Nicholas Oréme’s Treatise on the Breadth of Forms (St. John’s 
Bookstore, Annapolis: 1941].) Compare this with Descartes’ Rule 
XII (413, 11 ff.): “ Quid igitur sequetur incommodi, si. . . concipi- 
amus diversitatem, quae est inter album, coeruleum, rubrum, etc., 
veluti illam, quae est inter has aut similes figuras, etc.? Idemque de 
omnibus dici potest, cum figurarum infinitam multitudinem omni- 
bus rerum sensibilium differentijs exprimendis sufficere sit certum.” 
(What disadvantage would therefore result if we conceived the 
diversity which exists between white, blue, red, etc., just like that 
which exists between these or similar figures [Descartes here gives a 
drawing], etc.? The same can be said of all cases, since it is certain 
that the infinite multitude of figures is sufficient for expressing all the 
differences of sensible things.) Oréme, incidentally, besides motions, 
changes, temperature, etc., also explicitly mentions colors (see 
later). Cf. furthermore the beginning of the treatise De uniformitate 
et difformitate intensionum, cited here according to the text given by 
Borchert, Beitrage zur Geschichte der Philosophie und Theologie, XX XI, 
fasc. 3, pp. 92-93, notes 175 and 177: ““Omnis res mensurabilis 
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exceptis numeris ymaginatur ad modum quantitatis continue. Ideo 
Oportet pro eius mensuratione ymaginari puncta, lineas et super- 
ficies aut istorum proprietates. In quibus ut uult philosophus 
mensura et proportio per prius -reperitur. In alijs autem cogno- 
scuntur in similitudine dum per intellectum referuntur ad ista. .. .” 
(Every measurable thing except numbers is pictured in the mode of 
a continuous quantity. Therefore it is necessary, in order to measure it, 
to imagine points, lines and surfaces or their properties, in which, as the 
philosopher [Aristotle] contends, measure and proportion are 
primarily to be found. In other objects, however, they are under- 
stood by analogy, since they are referred to the former by the 
intellect.) See also ibid., pp. 94 f., note 180: “. .. Uniformitas eius 
[sc. qualitatis] atque difformitas cicius, facilius et clarius perpen- 
duntur quando in figura sensibili aliquod simile describitur quod ab 
ymaginatione velociter et perfecte capitur et quando in exemplo 
visibili declaratur ... multum enim iuuat ad cognitionem rerum 
ymaginatio figurarum.” (The uniformity of one and the non- 
uniformity of another quality are considered more quickly, easily 
and clearly when something similar to it, which can be caught 
quickly and completely by the imagination, is represented in a 
sensible figure and when it is expressed in a visible example, for 
pictorialization in figures is a great aid to the understanding of things.) 
That Descartes in some sense “knew” of the “quantitative” 
representation of “qualities’’ as it had been developed by Oréme 
and had since been used time and again (cf. Duhem, Etudes, III, 399- 
405; 481 ff.; especially also 502-504) is proved by his treatment of 
the question concerning the free fall of bodies in a vacuum, posed to 
him at the end of 1618 by Beeckman (Ad.-Tann., X, 75-78; cf. 
219-221). He conceives of the “intensity”’ (speed) of the motion in 
each case as a straight line which is perpendicular to another straight 
line which in turn corresponds to the total distance (not time!) 
traversed by the falling body. Thus the motion as such is represented by 
a“ figure,” namely here by an (isosceles) right-angled triangle. It is 
easy to see that Descartes is not quite clear about the implications of 
the question (cf. Duhem, Etudes, Il, 566-574; Wieleitner, “Das 
Gesetz vom freien Falle in der Scholastik, bei Descartes und 
Galilei,” Zeitschrift fiir mathematischen und naturwissenschaftlichen 
Unterricht, XLV (1914), pp. 216-223; Milhaud, Descartes savant, 
pp. 26-34); while Beeckman is searching for the relation of the 
distances traversed in free fall to the times necessary to traverse them, 
Descartes’ argument results in speeds being related to distances 
traversed. But if in Descartes’ diagram the distance line is taken as a 
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time line, which is what Beeckman actually does in his interpreta- 
tion of Descartes’ answer without noticing that he is thus correcting 
him (cf. Ad.-Tann., X, 58-61), then the right solution of the prob- 
lem results. Descartes continues to miss this fact (see especially Ad.- 
Tann., I, 71-75 and 394 f.; Milhaud, Descartes savant, pp. 30-32; 
Wieleitner, Zeitschrift..., XLV, p. 222 [A. Koyré “La loi de la 
chute des corps, Descartes et Galilée,”’ Etudes Galiléennes, (Paris, 
1939), II, pp. 102-119]); so in 1604 Galileo too (Ed. naz., X, 115 f. 
and VIII, 373 f.; cf. also VIII, 203 and 208 ff.; furthermore VII, 248 
ff.) confuses the time with the distance traversed in a very similar 
fashion (cf. Duhem, Etudes, III, 562-566; Wieleitner Zeitschrift... , 
XLV, 223-228). To understand this situation one must bear in mind 
that neither Descartes nor Galileo are immediately concerned so much 
with grasping a “ motion”’ with the aid of a line-(“coordinate’’) 
system, where the proper choice of “variables” would of course be 
crucial, as with the possibility of representing motion by figures generally. 
Cf. Ad.-Tann., X, 220 5-9: “ Ut autem huyjus scientiae fundamenta 
jaciam, motus ubique aequalis linea repraesentabitur, vel superficie 
rectangula, vel parallelogrammo, vel parallelepipedo; quod 
augetur ab una causa, triangulo; a duabus, pyramide..., a tribus 
alijs figuris.” (In order that I may lay the foundations of this science, 
uniform motion will always be represented by a line, or a rectan- 
gular plane, or a parallelogram or a parallelopiped; what is in- 
creased by one cause, by a triangle, by two, by a pyramid... by 
three, by other figures.) Cf. on this Wieleitner, Zeitschr. f. math. ..., 
XLV, pp. 221-222; furthermore Duhem, Etudes, III, 386-388 and 
also 517-519. And Descartes, it should be noted, refers in precisely 
this context to his “ Algebra geometrica’’ (X, 78, 23) to the presenta- 
tion of which, by then accompanied with a claim to greater 
universality, the later Regulae are devoted. 

For Oréme too the “geometrization” of the concept of the 
“intensio formae = excessus gradualis=latitudo gradualis (intensity 
of form= increase of degree= breadth of degree — De uniformitate 
et difformitate..., Part Il, Chap. II, Supposition 3; cf. Supp. 9) 
serves exclusively to represent “ qualities’’ or “‘intensities’’ in figures 
(cf. Part II, Chap. III) — a fact which contradicts the usual interpre- 
tation of Oréme and should be emphasized, as Wieleitner has done 
in the articles in the Bibliotheca Mathematica cited earlier. These 
qualities or intensities may be either “formae permanentes, such as 
colors (colores), temperatures, i.e., warmth (calores), etc., or 
“formae successivae,” such as changes (alterationes) and local 


-motions (motus locales), cf. Part Il, Chap. Il, Supp. 13 and the 
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concluding remarks of Chap. III. Supposition 9 (Part. H, Chap. II) 
states: ““extensio forme ymaginanda est per lineam rectam: intensio 
vero per figuram planam super rectam consurgentem’’ (the 
extension of the form is to be pictured by means of a straight line — 
but the intensity by means of a plane figure erected upon the straight 
line); cf. Supp. 12: to the “intensio totalis forme date’ (whole 
intensity of the given form [i.e., the “‘integral”’]) corresponds the 
“superficies super rectam lineam collocata”’ (plane surface located 
on the straight line); but Oréme also knew about representation by 
means of solid figures (Wieleitner, Bibl. Math., 3d series, Vol. XIV, 
pp. 204 and 214-216; Duhem, Etudes, III, 386-388); note also the 
traditional titles of his work De figuratione potentiarum et mensurarum 
difformitatum (On the rendition by figures of the nonuniform powers and 
measures) and De configuracionibus qualitatum (On the configurations of 
qualities), This “figura repraesentativa’’ changes according to the 
kind of change of intensity involved. In the case of a change of in- 
tensity which is everywhere the same with itself, namely a “ uni- 
formis latitudinis variatio’’ (uniform variation of breadth), a 
“latitudo uniformiter difformis’’ (uniformly nonuniform breadth) 
results, which is represented by a right-angled triangle. This holds 
true in particular of uniformly nonuniform motion (cf. Duhem, 
Etudes, Ill, 388 ff.; Wieleitner, Bibl. Math., 3d series, Vol. XIV, pp. 
222 ff.). That this motion is actualized in the special case of the 
uniformly accelerated motion of bodies in free fall was a fact 
generally known to the nominalistic school since Albert of Saxony 
(cf. Duhem, Etudes, III, 309-314 [M. Clagett, The Science of Mechanics 
in the Middle Ages (Madison, 1959), pp. 565-569 and passim; C. 
Wilson, William Heytesbury, Medieval Logic and the Rise of Mathe- 
matical Physics (Madison, 1960), Chap. 4]). But this fact was not 
connected with Oréme’s graphic representation until much later 
(see Duhem, Etudes, Ill, 556 ff.). At any rate Galileo, Beeckman, 
and Descartes had a settled tradition available even on this point. 
Furthermore, Oréme conceives of something as a “ quantum,” i.e., 
as something ‘quantitative’ or as a © magnitudo,’ when it is 
subject to “more and less’’ and has “the capacity of exceeding and 
falling short’’ (cf. Part 1, Note 109), exactly as does Descartes (Rule 
XIV, 440): “quod recipit majus et minus” (what is susceptible of 
more and less — see Pp. 208 f.); compare with this Oréme, Part II, 
Chap. II, Supp. 2: ““Omne quod excessu graduali excedit aliud vel 
exceditur ab alio est imaginandum per modum quantitatis.”’ 
(Everything which exceeds another by a difference of degree or is 
exceeded by another is to be pictured in the mode of quantity.) This 
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means whatever can be subjected to ratios and therefore also to pro- 
portions (Oréme, II, Il, Supp. 1): “Omnia que secundum aliquam 
proporcionem [= rationem] se habent adinuicem ratione participant 
quantitatis.” (All things which are related to one another in any 
ratio share the nature of quantity.) Here a quantitas is understood to 
exist either “truly” or “figuratively” (vere vel ymaginative). 
Descartes’ concept of “dimension”’ in the Regulae (447-449; cf. on 
this also Beeckman’s notes, X, 334; furthermore II, 542) likewise 
appears to be directly connected with Oréme’s doctrine (II, I, 
Supps. 5, 6, 7, and 8). Oréme himself, especially in his predilection 
for the concept of ratio (= proportio) belongs to the tradition for 
which the work of Bradwardine, the “doctor profundus,” is 
definitive [see Thomas of Bradwardine, Tractatus de Proportionibus, 
ed. and trans. H. Lamar Crosby, Jr., (Madison, 1961)]. Thus, for 
instance, the distinction between “‘formae permanentes” and 
“‘formae successivae’’ goes back to Bradwardine (cf. Cantor, II?, 
113 ff.; 118 ff.; furthermore Duhem, III, 294 ff.; selections from the 
pertinent texts in Max Curtze, “Uber die Handschrift R. 4°. 2, 
Problematum Euclidis explicatio, der KOniglichen Gymnasialbiblio- 
thek zu Thorn,” Zeitschrift fiir Mathematik und Physik, XII, 
Supplement (1868), Section 11: “ Geometria Bradwardini” and 9: 
“ Algorismus proportionum magistri Nicolay Orem,” pp. 81-84; 
65-79 and 101-104; cf. also Note 227). 

What is peculiar to Descartes’ representation of motion as 
contrasted with that of the tradition is the fact that he sees a direct 
connection between his figural representation and figurate numbers. 
For instance, Beeckman’s premise “quod seme! movetur, semper 
movetur, in vacuo’ (in a vacuum what is once in motion is always 
in motion), or ““mota semel numquam quiescunt, nisi impediantur’”’ 
(things once moved never come to rest unless checked — cf. Ad.- 
Tann., X, 60, 78, and 219) leads him to the assertion that motion 
(more exactly, the motive force) always represents a “numerus 
triangularis’’ and is precisely for this reason to be rendered by a 
“figura triangularis” (X, 76, 2-4). Here Descartes seems to come 
dangerously close to the opinion of Leonardo da Vinci (Duhem, 
Ill, 512 f. and Tannery, Mém. scient., VI, 482) and of Baliani (Cantor, 
II2, 698 f.), according to which in uniformly accelerated motion 
distances traversed in successive moments of time are to each other 
as the members of the series of natural numbers, I, 2, 3, 4.... Yet 
Descartes succeeds in doing something which is, as against Oréme’s 
procedure, entirely new, namely to pass, with the aid of the concept 
of “indivisibles” (cf. Duhem, II, 1909, pp. 7 ff.) directly to the 
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series 4, 3, 8, 3..., which he must have before he can use the 
triangular “figure’’ at all. 

Finally, as far as the use of coordinates in the later Geometry of 
Descartes is concerned, it has no-connection with the “qualitative 
geometry’ of Oréme; rather, it depends directly on the correspond- 
ing procedure in Apollonius, which, as is well known, is also the 
case for Fermat. Operation with “coordinates,’’ however, has a 
much deeper foundation in Descartes than in Fermat, namely in the 
idea of a general algebra (and thus also, indirectly, in the doctrine of 
Oréme) discussed before. This is why Descartes gives a much better 
account of the meaning of the “generalization” to which he and 
Fermat subject Apollonius’ procedure; cf. Fermat’s remarks on this 
“generalization” in his Isagoge ad locos planos et solidos, Oeuvres, ed. 
Tannery-Henry, I, pp. 91, 93 and 99. 


Strictly: as the intended object of an intentio secunda, cf. Eustachius a 
Sancto Paulo (Gilson, Index, p. 107): “. . . quid sit secunda intentio. 
Respondetur secundam intentionem, si vim nominis spectes, esse 
ipsam mentis operationem, qua secundario [i.e., actu signato] tendit 
in rem jam antea cognitam, quatenus cognita est.” (... what is a 
second intention. The answer is that a second intention, if you 
look at the meaning of the name, is that very operation of the mind by 
which it secondarily [i.e., in a reflective act] intends a thing already 
conceived before, insofar as it has been conceived.) There follows 
the definition according to “usus’’ (usage) previously quoted in the 
text, in which the intended object itself is understood by the term. 


Cf. Rule XII, 414: “...Concipiendum est,...hanc phantasiam 
esse veram partem corporis, et tantae magnitudinis, ut diversae ejus 
portiones plures figuras ad invicem distinctas induere possint. ...” 
(This imaginative organ must be conceived as a true part of the body 
and as of such a size as to permit its different portions to assume 
several figures distinct from one another.) Furthermore, Rule XIV, 
442: °°... nihil omnino facilius ab imaginatione nostra [ percipitur] ”’ 
(absolutely nothing is more easily perceived by our imagination) 
than extension. 


Within this complex of thought it is possible to make a precise 
distinction between the traditional part and what is specifically 
Descartes’ own and therefore “new.” (Dilthey, Gesammelte Schriften, 
II, p. 295 seems to have completely overlooked this.) The doctrine 
of “impressions” (rumWces — typosis), especially in relation to the 
imaginatio, is, to begin with, again unquestionably Stoic: ¢avraoia 


odv oti Kar’ adtovs [sc. Tods Zroixovs| tumwas ev puy7. (Imagi- 


NOTES TO PART TWO 307 


nation is, then, according to the Stoics, an impression made in the soul. 
— cf. Sextus, Against the Mathematicians VII, 228; also VII, 372 and 
VII, 400=Armim, Stoic. vet. fragmenta, I, fr. 484, furthermore 
Sextus, ibid, VII, 236= Arnim, I, fr. 58.) Prior to this it goes back to 
Plato and Aristotle (On Memory, 1, 450 a 30-32): 4 yap yeyvouéry 
Kivnots evonpaivetar olov Tumov Tia Tod atlabnpatos, Kabamep ot 
oppayildevoe tots SaxrvAios. (For as this movement occurs, it 
makes a mark like an impression of the object of sense, just as when 
people make seal impressions with seal rings — cf. On the Soul B 12, 
A2nga Tett.) Onmeniseimevementsseembias, | 3yed20Nagmiiaee, ... >) 
pavtacia av ein xKivnots vo THs atcbyoews THS Kat’ Evépyerar 
yeyvonévyn. (Imagination must be a movement occurring under the 
actual exercise of sense perception.) Cf. also Plato, Theaetetus 191 C 
ff., Philebus 33 D f£., 39 A ff. However, in ancient philosophy typosis 
is always understood in such a way that the “impression ” in the soul 
is not taken literally but is simply regarded in each case as some sort 
of counterpart to the “looks” of the thing precisely as it presents itself 
to our ( external’) senses. Even in Cleanthes, who takes typosis quite 
literally, namely as xara elsoyyy re Kal efoyjv, domep Kai <Tiv> dia 
tav SaxtuAlwy yeyvopevny tod Knpod tUmwow (embossed and im- 
printed, just like the impression made in wax by seal-rings — 
Arnim, I, fr. 484), the impression of the eidos of the particular thing 
concerned is intended. The other Stoics are at one with Chrysippos 
and Zeno (and surely also with Aristotle) in understanding the term 
typosis entirely as a mere metaphor, a position which Descartes 
explicitly opposes (cf. also Dioptrics, Chap. IV, 6-7: Ad.-Tann., VI, 
599 f.; French text, ibid., pp. 112 ff.; furthermore Principia philo- 
sophiae IV, 197-198). But, above all, the Cartesian conception of 
this process is completely original in reducing everything perceptible 
by the (external) senses, that is, besides the “things’’ themselves also 
their colors, warmth, coldness, hardness, roughness, sweetness, etc., 
to figures,’ which are supposed to represent the true “nature’’ of 
the “things” or “‘forces’’ or “properties’’ in question, namely 
precisely that nature which is inaccessible to the external senses: 
~ Quid... sequetur incommodi, si... abstrahamus ab omni alio, 
quam quod habeat [sc. color] figurae naturam?” (What incon- 
venience would result if we were to abstract from everything other 
than the figured nature which color [which is taken here as an 
example] has ?— Rule XII, Ad.-Tann., X, 413.) The variety of these 
“things,” “forces,” or “properties” is then shown to be rooted in 
the variety of the infinitely many possible “figures,” of which 
Descartes presents some in a drawing (ibid.). It is precisely this true 
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nature of the parts of the world which the intellect “sees” when it 
“turns toward” the “impressions” “in” or “on’’ the part of the 
brain which is the “phantasia vel imaginatio.” This conception of 
the processes of perception, which Descartes here introduces only as 
a suppositio, underwent a number of changes in the further develop- 
ment of his thought, especially through the stronger emphasis on 
the “movement”’ of the “figures’’ which is finally converted into 
“movement” within the pineal gland (cf. incidentally, Aristotle, 
On the Soul T’ 3, 428 b 10 ff.), and through the doctrine of the 
““spiritus animales’ (vital spirits), which itself goes back to ancient 
sources, especially to Galen. But these original assumptions, 
especially those underlying the understanding of extensio, remain 
not only the basis of Descartes’ later writings, but are, in fact — 
admittedly or unadmittedly — presupposed by all modern physi- 
ology and physiological psychology even to this day (cf., among 
others, the pregnant formulations by Euler, Lettres a une princesse 
d’ Allemagne sur divers sujets de physique et de philosophie, II |Leipzig, 
1770], Letters 94 and 96, pp. 63 ff.; 72 ff.). The fact that for Des- 
cartes the difference between “ phantasia”’ and “sensus communis” 
becomes obscured later on is not unimportant, cf. Meditations VI, 
Ad.-Tann., VII, 86, 16 ff., and also The World, Treatise on Man, Ad.- 
Tann., XI, 174 ff.; cf. Aristotle, On Memory 1, 450 a 10 f.:...76 
davracua THs Kowns aicOjoews mabos eorw (the appearing image 
is an affection of the common sense); furthermore the Aristotelian 
doctrine according to which the xow? atcfors (common sense) is 
essentially related to whatever “koina”’ there are: kinesis (motion), 
stasis (rest), schema (figure), megethos (magnitude), arithmos (number), 
hen (one) — On the SoulT 1, 425 a 14 ff. and B 6, 418 a 16-19; cf. 
Note 209. Here Descartes, in agreement with the contemporary 
psychology (cf. Gilson, Index, p. 267), obviously understands both 
the “ phantasia’’ and the “‘sensus communis ”’ to be two faculties of 
the sensus internus (internal sense) which are distinguished from the 
“sensus externi’’ (external senses), but only by a “‘diversitas offici- 
orum” (diversity of offices performed), “non natura et specie ’’ (not 
in nature or kind). 


Cf. Cogitationes privatae, X, 217,12... imaginatio utitur figuris ad 
corpora concipienda...’ (the imagination uses figures for con- 
ceiving bodies); the continuation of this passage shows the whole 
significance which Descartes, at least in his early period, accorded to 


the “vis imaginationis’’ (faculty of imagination); cf. also Note 317. 


Cf. also Descartes’ Principia philosophiae, Il, 64. Descartes’ further 
development leads him to find the guarantee for the certainty of 
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"clear and distinct,” that is, above all, mathematical cognition — 
and consequently also the guarantee of the possibility of a “true 
physics’ — via a detour into metaphysics ultimately in God. Hence 
the importance of the imaginatio in the Cartesian system declines 
-more and more, with the result that its position, especially with 
respect to the conception of extensio, becomes so much the more 
questionable. The character of extensio itself, however, remains 
essentially untouched by this development. 


Both works appeared in 1631, but were written earlier: Harriot 
died in 1621, Oughtred in 1660, but Wallis declares explicitly that 
Harriot wrote his book later than Oughtred or at about the same 
time (cf. Wallis, Mathesis Universalis, Opera [Oxford, 1695], p. 55; 
also Algebra, Opera [Oxtord, 1693], Preface, pp. a 3" °° Y and 136 ff). 
The exact title of the Clavis mathematicae is: Arithmeticae in numeris 
et speciebus institutio quae tui logisticae, tum analyticae, atque adeo totius 
mathematicae, quasi clavis est (Fundamentals of the Arithmetic of Numbers 
and Species which is, as it were, a key both to logistic and to analytic, and 
even to the whole of mathematics). On Oughtred’s work see Cantor, 
II?, 720 f. and Wallis, Algebra, Opera, Il, pp. 71-73; furthermore, 
Note 322. 

I quote from the complete edition undertaken by Wallis himself 
(1693-1699). The Mathesis universalis is contained in Vol. I (1695). 
Its exact title is: Mathesis universalis sive, Arithmeticum opus integrum, 
turn Philologice, tum Mathematice traditum, Arithmeticam tum Numero- 
sam, tum Speciosam sive Symbolicam complectens, sive Calculum 
Geometricum; tum etiam Rationum proportionumve _traditionem; 
Logarithmorum item Doctrinam; aliaque, quae Capitum Syllabus 
indicabit (Universal Mathematics, or the whole arithmetical enterprise as 
handed down both by the Philosophical and the Mathematical Tradition, 
embracing both Numerical and Specious or Symbolic Arithmetic as well 


- as the Geometric method of calculation; furthermore the traditional theory 


of Ratio and Proportion, also the Doctrine of Logarithms; and other 
matters which will be indicated by the Table of Chapter Headings). 


Wallis has in mind Descartes’ Geometria, which was published, 
together with commentaries and the “remarks’’ of Florimond de 
Beaune, by van Schooten in 1649; furthermore van Schooten’s 
Principia Matheseos universalis seu introductio ad Geometriae Methodum 
Renati Des Cartes (Principles of Universal Mathematics or An Introduc- 
tion to the Method of Geometry of René Descartes), edited by Bar- 
tholinus (first edition in 1651). 

He says in this connection: “ Nihil absurdi esse [respondeo] majorum 
inventis addere; praesertim in Mathematicis. Nec hoc illorum 


310 


333. 


334. 


335: 


330. 


337. 


338. 


NOTES TO PART TWO 


laudibus quicquam detrahit: nam et illi prioribus addiderunt.”’ (I 
answer that there is nothing absurd in adding to the discoveries of 
the ancients, especially in mathematics. Nor does it detract in any 
way from the praise due to them, for they also added to the work of 
their predecessors.) Cf. Note 233, end. 


This distinction goes back to one current, especially in the nominal- 
istic school, since Albert of Saxony, that of the “ maximum in quod 
sic” (maximum at which it [remains] such as it is) and the “ mini- 
mum in quod non” (minimum at which it is not [yet itself]); cf. 
Duhem, Etudes sur Léonard de Vinci, Il, 26 ff. The occasion for this 
distinction is given by the commentaries on Aristotle's On the 
Heavens A 11; [cf. Wilson, William Heytesbury, Chap. 3]. 


Cf. P. 157, Vieta’s remark on the “ geometric’’ character of ancient 


“algebra.” 


Cf. the introduction of the law of homogeneity by Vieta, Isagoge 
Chap. III, 1 (see Pp. 172-174, and Appendix, P. 324) and Descartes, 
Regulae, Ad.-Tann., X, 456 f. 


Cf. Pp. 192 f., the opinion of Stevin, which Wallis is clearly 
following here. 


Cf. the first Cartesian sketch of “geometric algebra” in the 
Regulae. 


First Wallis shows (pp. 52-53) that within the positional system, 
whether we employ a decimal, a quaternary, or any other system as 
a basis, when we arrange “ the decuples, quadruples and triples [i.e., 
the bases 10, 4, 3] in proportion, they have just the same value”’: 


decupla 2,7 
[i.e., 2.10!+4+ 7= 27] 
(In proportione quadrup la I,2,3 tantundem 
li.e., 1.42-+ 2.4'+ 3= 27] valent), 
tripla I,0,0,0 


[ie., 1.33-+0.32+0.3'+0=27] 


and that the positional base units, which follow each other in the 
sequence, form a geometric progression, that is, a progression having 
~ gradus ascendentes et descendentes’’ (ascending and descending de- 
grees; cf. Vieta, Isagoge, Chaps. I and III; also Descartes, Regulae, 
Ad.-Tann., X, 457, 2-3, and above, Note 292). Then he says that it 
should be emphasized that: “ Universam Artem Algebrae sive Ana- 
lytices hoc uno quasi fundamento niti: Atque si haec, quae de Gradi- 
bus (in quacunque ratione Ascendentibus et Descendentibus) 
diximus, satis intelligantur; magnam exinde affulgere lucem ad 
Potestates(quas vocant) Algebricasintelligendas, et rite tractandas. Nam 
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revera, quod nobis nunc est gradus (sive Ascendens, sive Descendens) 
primus, secundus, tertius, etc. illud est Algebristis Latus, Quadratus, Cu- 
bus, etc., vel potestas prima, secunda, tertia, etc....’’ (The universal art of 
¢¢ 99 c¢ ° 33 ° ° ° 

algebra”’ or “‘analytic’’ rests on this as on a foundation; and if these 
things which we have said about degrees, ascending or descending in 
whatever order, are well understood, a great light flashes forth for 
the understanding and for the correct handling of so-called 
6¢ ° 33 ¢¢ 39 ¢6¢ 39 

algebraic powers.’ For what we now know asa “‘first,”’ “second, 
¢¢ ° 93 ° e ° 

third’’ degree, etc., whether ascending or descending, that is the 
very thing the algebraists call a “side,” “square,” “cube,” etc., or a 
“first,” “second,” “third” “power,” etc.) On the expression 
~ potestas,” cf. Note 256. In the generalized sense in which Wallis 
uses it, it stems from Oughtred (cf. Tropfke, Geschichte der 
Elementarmathematik, 113, 161). 


Cf. Note 255. Wallis, incidentally, gives as examples: 2 hundreds= 
20 tens, and 2 thousands=20 hundreds (cf. Pp. 131 and 143). 


The words bracketed by Wallis in the text above and omitted by me 
¢¢ ° ° 39 

are: vel saltem ad unitatem vere rationem habeant ” (or at least are 

really in a ratio with the unit). They invalidate the meaning of the 

main sentence and show directly the ambiguity which the expres- 

sion “numeri proprie dicti’’ (numbers properly so called) has in 

Wallis, see Pp. 220 ff. 


Inexplicitly, this is the case already in Harriot and Oughtred on the 
one hand and in Stevin and Descartes on the other. 


Chap. XXIII treats Euclid II in the same way. 


Chap. XXV, p. 134: “... comparatorum, alterum Antecedens dici 
solet, alterum Consequens ... Puta si A ad B comparatur; A dicitur 
Anticedens, B Consequens... (of compared numbers, one is 
usually called the “antecedent,” the other the “ consequent’; think 
of A as compared to B; A is called the antecedent, B the consequent). 
This terminology goes back to Leonardo of Pisa. (Cf. Tropfke, 
Geschichte der Elementarmathematik, III?, 18). 


On the term “exponens’’ cf. Note 306, toward end. 


“Dimension” is here understood exactly as in Descartes (Regulae, 
X, 447-449), except that Descartes does not stress the dimension- 
lessness of the numeri themselves as emphatically as Wallis does. The 
reason for this is that for Descartes the “figures” with which the 
mathesis universalis operates are exactly as symbolic as the “numbers "> 
(cf. Pp. 203-206). In Wallis, on the other hand, as in Vieta, the 
traditional conception of geometric structures is preserved, as it is, 
incidentally, also later. The peculiar place which geometry holds 
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within symbolic mathematics was of essential significance for the 
development of mathematical physics. 


Corresponding to the Greek term zapafod7 (parabola, that which 
falls alongside); cf., e.g., Zeuthen, Die Mathematik im Altertum und 
Mittelalter, p. 38. Such applicationes “nonnisi xataxpnorinds 
Divisiones vocantur ’’ (are not called divisions except by a misuse of 
language). Note that Vieta, who refuses to recognize the law of 
homogeneity as valid precisely in the case of division, also uses the 
term © adplicare’’ (to apply) for “dividing” (cf. P. 171 and Note 252, 
furthermore Isagoge, Chap. IV, Precept IV, Appendix, P. 335 and 
P. 334, Note 39). 


The third case: division of a magnitude (of determinate dimensions) 
by a (dimensionless) numerus “‘non tam divisio est... quam multi- 
plicatio (nempe quantitas A non tam dividitur per 2, quam multi- 
plicatur per 4) quippe non quaeritur, quoties numerus 2 contineatur 
in magnitudine A (quod absurdum esset) sed datae quantitati A, alia 
in data ratione quaeritur; quod Multiplicationis est, potius quam 
Divisionis opus; quippe quae in Multiplicatione Ratio datur, in 
Divisione quaeritur’’ (is not so much division as multiplication, for 
clearly the quantity A is not so much divided by 2 as multiplied by 
4; since what is sought is, of course, not how many times the 
“number” 2 is contained in the “magnitude” A — which is 
absurd — but rather for a given quantity A, another in a given ratio 
is sought; and this is the business of “multiplication” rather than 
“division, for the ratio given in multiplication is the very one 
sought in division—pp. 135-136). 

The immediate continuation of this passage is: “ totumque Euclidis 
Elementum quintum Arithmeticum esse, utut speciatim de 
Magnitudinibus efferantur propositiones, quae interim non minus 
recte de Quantitatibus simpliciter quibusvis efferi possent, quo sensu 
apud Euclidem peyé6y intelligenda sunt” (and the whole fifth book 
of Euclid is arithmetic, however specifically, as if concerned with 
[geometric] magnitudes, propositions may be presented, proposi- 
tions which could meanwhile be carried out just as correctly for any 
quantities desired in general, and this is the sense in which the word 
“ magnitudes’? must be understood in Euclid). 


Appendix 


INTRODUCTION TO THE 
ANALYTICAL ART 


by Francois Viete (Vieta) 


'» 





To the Illustrious Princess Mélusine, 
Catherine of Parthenay, 
Most Pious Mother of the Lords of Rohan, 
I, Francois Viete of Fontenay, 
Pledge Honor and Obedience.' 


O Princess Mélusine,2 most pious mother of the lords of Rohan, 
the Bretons extol the noble family and ancient ancestry of the 
house of Rohan, which I do not think could be matched on the 
whole earth by any other more ancient and illustrious on 

account of more legitimate possessions or more authentic 
monuments. They will acknowledge your children as the original 
stock and as the descendants of the royal blood of Conan, as 
those who by God's will escaped the yoke of the invader 
Nominhoé; and they will be confident that this noble race will 
last as long as they, while going about the quarries, woods, and 
ponds of your domain of Salles, see engraved in marbles, oaks, 


and scales of fish the insignia of the golden rhomboids which it 


1 This translation is based primarily on the text of the Isagoge as 
republished with annotations in the Francisci Vietae Opera Mathematica, 
ed, F. van Schooten (Leyden, 1646) pp. 1-12, and as much as possible of 
its style has been preserved. The original edition was also consulted; its 
full title is: F. Vietae, In Artem Analyticem |sic!] Isagoge, Seorsim excussa ab 
opere restitutae Mathematicae Analyseos, seu, Algebra Nova(Introduction to the 
Analytical Art, excerpted as a separate piece from the opus of the restored 
Mathematical Analysis, or The New Algebra|Tours, 1591]; cf. Pp. 151 and 
aye 

The passages in small italics are the editor’s annotations printed in the 
1646 edition. The passages in square brackets, as well as the footnotes, 
have been added by the translator. This translation was made in 1955 at 
St. John’s College in Annapolis — J. Winfree Smith. | 

2 Catherine of Parthenay (1554-1631) was an ardent Huguenot. After 
her first husband was killed in the Massacre of St. Bartholomew, she 
married René of Rohan in Brittany and had by him five children, the 
eldest of whom, Henri of Rohan, became the famous leader of the 
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wears.3 For by their own religious lore (cabald), the Bretons 
will testify that as it was granted of His sole favor by God most 
great and most good to the prayers of St. Mériadec, a former 
prince of the family, so also now it is granted to me, who 


Huguenots. Vieta had supervised her education and remained her friend 
and adviser all his life. 

Catherine herself was descended from the family of Lusignan, whose 
ancestral seat was the chateau of Lusignan, fifteen miles from Poitiers. 
The legendary ancestress of the family was a fairy named Mélusine. The 
name was originally Mére des Lusignans, then became Mére Lusigne, 
afterwards Merlusine, and finally Mélusine. Mélusine had the remarkable 
ability to turn the lower part of her body into a serpent every Saturday. 
When she married Raymond, it was on the condition that he would never 
see her on Saturday. He broke the agreement, whereupon she turned 
completely into a serpent, escaped by the window, and disappeared, only 
to reappear on the occasion of the death of the lords of Lusignan, when 
she would utter strange cries of grief. Mélusine was a beneficent fairy 
and, according to the legend, built the chateau of Lusignan and many 
others for her husband. 

A Hugh of Lusignan went on the crusade of 1100-1101. Another 
member of the family, Hugh the Brown, went as a pilgrim to the 
Holy Land in 1164. In the last quarter of the twelfth century his son 
Guy became king of Jerusalem and ruler of Cyprus, where his brother’s 
descendants reigned as kings until 1475. In the middle of the fourteenth 
century, some of the Lusignans of Cyprus went off and made themselves 
rulers of Armenia, where they held sway from 1342 to 1375. A branch of 
the family continued in Poitou during the thirteenth century and ruled La 
Marche until 1303. Hugh of La Marche, whose betrothed wife, Isabel of 
Angouléme, was seized by King John of England and made his queen, 
was a nephew of Guy of Lusignan. After John’s death Hugh married her 
and had by her a number of sons who were, therefore, half-brothers of 
Henry II of England. 

The family of René of Rohan owned extensive domains in Brittany, 
including those of Porhoét and Léon. They were descended from the 
ancient kings of Brittany the first of whom was Conan Mériadec 
(409). Judicaél, Eudon, and Erech, whom Vieta mentions, were all kings 
of Brittany. St. Mériadec, a descendant of Conan, lived in the seventh 
century and was bishop of Vannes. 

3 A reference to the coat of arms of the Rohan family. 
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marvel at few things, to marvel time and again at the strange 
warblings of birds and other remarkable things around the 
sanctuary, which long ago was his, constructed in the midst of 
woeds and pleasant groves. I, of Fontenay in Poitou, a regular 
inhabitant of the banks of the Vendée, cherish the name (nomen) 
and the majesty (numen) of Mélusine and her descendants of the 
castle constructed long ago by the divine Mélusine, of whom by 
Raymond you are the blessed progeny. And I also add a prophecy 
(omen). However, I do not for this purpose oppose to the 
Judicaéls, the Eudons, and the Erechs of the house of Rohan your 
Guys, Godfreds, Hughs, and Bruns; nor to their Breton kings, 
princes in Léon, counts in Porhoét, do I oppose your kings of 
Cyprus, your princes of Antioch and Armenia, your counts of 
Angouléme and La Marche nor to their Isabel, daughter of the 
Scot, nor to Isabel of Navarre, do I oppose your Isabel, mother 
of English kings and of your ancestors of Lusignan. But rather I 
piously recall and judge that it happened auspiciously and as if by 
decree of destiny that the goddess Mélusine in gratitude for the 
help received from René of Rohan, since he had strenuously 
defended her castle of Lusignan when it was besieged at the 
instigation of the Guises, forthwith bestowed on him you, her 
own and Raymond's offspring and heir, and the rule of the 
family of Rohan. Raymond himself, to be sure, was descended 
from the family of Rohan, and now the offspring of Raymond 
and Mélusine were returned to that source from which they first 
began; thus it will hardly perish, for this circle is a true and truly 
physical symbol of perpetuity. But even less will your virtues 
perish in this cyclical restitution of the beginning. And just as our 
ancestors, in their own idiom, which was then being adopted, 
called your ancestress © Fairy Mélusine’’ because of her venerable 
appearance and her rare and remarkable gifts of mind, so posterity 
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will invoke you as heavenly goddess (Siav Gedwv) and-will address 
you as queen (zérviav), as trustworthy ruler (xeSvyv), and with 
a more worthy epithet, if any occurs.4 And may the fruits of our 
nightly labor be pleasing to her, so that she may credit them 
where they are owed, to you and to your most dear sister 
Francoise of Rohan, duchess of Nimes.and of Loudinois. For the 
benefits which you and she bestowed on me in most unhappy 
times are infinite. How can I adequately commemorate that you 
delivered me from brigand’s chains and from the jaws of death 
and that, in a word, you helped me with your solicitude and 
generosity as often as my needs and misfortunes prompted you? 
I owe my life, or if there is anything dearer to me than life, 
entirely to you; and now, O divine Mélusine, I owe to you 
especially the whole study of Mathematics, to which I have been 
spurred on both by your love for it and by the very great skill you 
have in that art, nay more, the comprehensive knowledge in all 
sciences (Encyclopaedia) which can never be sufficiently admired 
in one of your sex who is of so royal and noble a race. O 
princess most to be revered, those things which are new are wont 
in the beginning to be set forth rudely and formlessly and must 
then be polished and perfected in succeeding centuries. Behold, 
the art which I present is new, but in truth so old, so spoiled and 
defiled by the barbarians, that I considered it necessary, in order 
to introduce an entirely new form into it, to think out and publish 
a new vocabulary, having gotten rid of all its pseudo-technical 
terms (pseudo-categorematis) lest it should retain its filth and 
continue to stink in the old way, but since till now ears have 
been little accustomed to it, it will be hardly avoidable that 


4 These are all Homeric epithets, applied in Homer to gods and heroes. 
Cf, Iliad XVII, 388; XIX, 6; Odyssey V, 215; XII, 291; XX, 11; XIV, 
170. 
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many will be offended and frightened away at the very threshold. 
And yet underneath the Algebra or Almucabala which they 
lauded and called “the great art, all Mathematicians recognized 
that incomparable gold lay hidden, though they used to find very 
little. There were those who vowed hecatombs and made 
sacrifices to the Muses and Apollo if any one would solve some 
one problem or other of the order of such problems as we solve 
freely by the score, since our art is the surest finder of all things 
mathematical. Now that the thing has come to pass, will they 
be bound by their vows? However, it would be right for me 
not now to commend my own wares, but in all moderation yours 
and those which have been acquired and renewed through your 
beneficence, to bear witness to my desire that whatever glory is 
due on accout of the felicity of your rule should not be snatched 
away. For it is not the same in mathematics as in other studies, 
that everyone's opinion is free and free his judgment. Here things 
are done by rule and effort, and neither the persuasions of 
rhetoricians nor the pleadings of lawyers are of use. The metal 
which I bring forth yields the kind of gold which they wanted 
for so long a time. Either that gold is alchemical and faked or it 
is genuine and true. If it is alchemical, it will surely vanish into 
smoke, or certainly by the royal touchstone. If on the contrary it 
is genuine, as it surely is (for I am not one who fights against 
nature [ dvovopcyxos ]), I yet do not accuse of deceit those who, 
with every expectation of seeing their work rewarded, enticed 
others into digging that gold out of mines hitherto inaccessible and 
barred by the watchful custody of flame-spouting dragons and 


5 According to legend, Pythagoras sacrificed an ox upon the discovery 
of the famous Pythagorean theorem. Vieta introduces Theorem III of 
Chapter IX of his Ad Problema Adriani Romani Responsum with the words 
“Moved by the beauty of this discovery, O divine Mélusine, I have 
sacrificed to you a hundred sheep in place of one Pythagorean ox.” 
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other poisonous and deadly serpents, but I fairly ask and expect 
that they should at least not refuse the support of their authority 
(which I esteem) against the ignorance or impudence of men who 
calumniate and detract from another's praise. Therefore, my 
princess, hold your own work dear and bless it with your 
blessedness, having referred everything to the supreme ruler of 
rulers whom you most religiously reverence in soul and in truth 
(ev py Kol adnbeia), with the praise and glory of all praises. 
From the marshes of the Isles de Mont of your most dear sister, 
in the second year of our most Christian and august King 
Henry IV, most zealous and most just punisher of the enemies 
of the state and the murderers of Christ (ypvoroxrévwv). 


Chapter I 


On the definition and division of analysis and those 
things which are of use to zetetics 


In mathematics there is a certain way of seeking the truth, 
a way which Plato is said first to have discovered,® and 
which was called “analysis” by Theon and was defined by 
him as “taking the thing sought as granted and proceeding 
by means of what follows to a truth that is uncontested ”’; so, 
on the other hand, “synthesis” is “taking the thing that is 
granted and proceeding by means of what follows to the 
conclusion and comprehension of the thing sought.”7 And 
although the ancients set forth a twofold analysis,’ the 
zetetic ({yrnrux) and the poristic (zopiorixy), to which 
Theon’s definition particularly refers, it is nevertheless 
fitting that there be established also a third kind, which may 
be called rhetic or exegetic (pnrixn 7 eénynriny), so that there 


6 See Note 218. 
7 See Note 217. 
8 See P. 155. 
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is a zetetic art by which is found the equation or proportion 
between the magnitude that is being sought and thosc that 
are given, a poristic art by which from the equation or 
proportion the truth of the theorem set up is investigated, 
and an exegetic art by which from the equation set up or the 
proportion there is produced the magnitude itself which is 
being sought. And thus, the whole threefold analytical art, 
claiming for itself this office, may be defined as the science of 
right finding in mathematics. Now what truly pertains to 
the zetetic art is established by the art of logic through 
syllogisms and enthymemes, the foundations of which are 
those very stipulations (symbola)? by which equations and 
proportions are arrived at, which stipulations must be 
derived from common notions as well as. from theorems 
that are demonstrated by the power of analysis itself. In the 
zetetic art, however, the form of proceeding is peculiar to 
the art itself, inasmuch as the zetetic art does not employ its 
logic on numbers — which was the tediousness of the ancient 
analysts — but uses its logic through a logistic which in a 
new way has to do with species.!° This logistic is much 


9 See Note 226. 

10 See P, 165. Although Diophantus seems the most likely source for 
Vieta’s use of the word “species,” the Reverend John Wallis in his A 
Treatise of Algebra (London, 1685), p. 66, advances another theory: “ The 
name of Specious Arithmetick is given to it (I presume) with respect to a 
sense wherein the civilians use the word Species; for whereas it is usual with 
our Common Lawyers to put Cases in the name of John-an-Oaks and 
John-a-Stiles or John-a-Down, and the like (by which names they mean 
any person indefinitely who may be so concern’d) and of later times (for 
brevity sake) of J.O. andJ.S. or J.D. (or yet more shortly) of A, B, C, ete. 
In like manner, the Civilians make use of the Names of Titus, Sem- 
pronius, Caius, and Mevius or the like, to represent indefinitely, any per- 
son in such circumstances. And cases so propounded they call Species. 
Now with respect hereunto, Vieta (accustomed to the language of the 
Civil Law) did give, I suppose, the Name of Species to the letters A, B, C, 
etc., made use of by him to represent indefinitely any Number or 
Quantity, so circumstanced as the occasion required. And accordingly, 
the accommodation of Arithmetical Operations to Numbers or other 
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more successful and powerful than the numerical one for 
comparing magnitudes!! with one another in equations, 
once the law of homogeneity has been established; and hence 
there has been set up for that purpose a series or ladder, 
hallowed by custom, of magnitudes ascending or descending 
by their own nature from genus to genus, by which ladder 
the degrees and gencra of magnitudes in equations may be 
designated and distinguished. 


Chapter II 


On the stipulations (symbola) governing equations 
and. proportions 


The Analytical Art assumes as manifest the better known 


stipulations governing equations and proportions which are 
to be found in the Elements, such as are :'2 


1. The whole is equal to its parts. 


2. Things which are equal to the same thing are equal to 
cach other. 


3. If equals are added to equals, the sums are equal. 


4. If equals are subtracted from equals, the remainders are 
equal. 


5. If equals are multiplied by equals, the products are 
equal. 


Quantities thus designed by Symbols or Species, was called Arithmetica 
Speciosa or Specious Arithmetick; the word Species signifying what we 
otherwise call Notes, Marks, Symbols, or Characters, made use of for the 
compendious expressing or designation of Numbers or other Quan- 
tities.” 

Wallis’ theory derives credence from the fact that Victa was a jurist. 
It may be, of course, that the word “species’’ as used by Victa is meant to 
contain something of the meaning of the Diophantine eide and also 
something of the juridical meaning. (Cf. Note 275, P. 281.) 

11 See Pp. 156 and 157. 

12 See Note 226. 
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6. If equals are divided by equals, the results are equal. 

7. If any magnitudes are proportional directly, they are 
proportional inversely and alternately |i.e., if a:b::¢:d, then 
b:a::d:c and a:c::b:d]. 

8. Iflike proportionals are added to like proportionals, the 
sums are proportional [i.e., if a:b::c:d, then a+c:b+ d::a:6]. 

9. If like proportionals are subtracted from like propor- 
tionals, the remainders are proportional [ie., if a:b::¢:d, 
then a—c:b—d::a:b}. 

10. If proportionals are multiplied by proportionals, the 
products are proportional [i.e., if a:b::c:dand e:f::g:h, then 
ae: bf::cg-:dh]. 


For when proportionals are multiplied by proportionals, the same 
ratios are being compounded. Now it was commonly received by the 
ancient geometers that ratios which are compounded of the same ratios 
are the same with each other, as is seen everywhere in Apollonius, 
Pappus, and the other geometers. But the compounding of ratios is 
effected by the multiplication of the antecedents and the consequents, 
respectively, as is clear from those things that Euclid shows in the 
twenty-third proposition of the sixth book and the fifth proposition of 
the eighth book of the Elements. 


11. If proportionals are divided by proportionals, the 
results are proportional [i.e., if a:b::c:d and e:f::g:h, then 


aje:b/f::c/g:d/h}. 


_ For when proportionals are divided by propertionals from the same 
ratios other same ratios are separated, and just as by multiplication 
ratios are compounded together, so by division one ratio is separated 
from another; for division undoes what multiplication, as shown, does. 


12. The equation or ratio is not changed by a common 
multiplier or divisor [i.e., ma:mb::a:b and a/m:b/m::a:0]. 

13. Products under the several segments are equal to the 
product under the whole [i.e., ab+ ac= a(b+ c)]. 

14. Products obtained by a succession of magnitudes, or 
quotients obtained by a succession of divisors, are equal, no 
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matter in what order the multiplication or division is done 
li.e., a.b=b.a and (a/b)/c=(a/c)/b]. 

But the paramount stipulation governing equations and 
proportions and the one that is all-important in analysis is: 

15. If there be three or four magnitudes and the result of 
the multiplication of the extreme terms is equal to the result 
of the multiplication of the mean by itself or to the product 
of the means, then those magnitudes are proportional |i.e., if 
ab=cd, then a:c::d:b; or if ab=c*, then a:c::c:b]. And 
conversely. 

16. If there be three or four magnitudes, and as the first 1s 
to the second, so that second, or else some third, is to another, 
the product of the extreme terms will be equal to the product 
of the means [i.e., if a:b::c:d, then ad= bc; and if a:b::b:c, 
tite neat oe 

And so, a proportion can be called the composition 
(constitutio) of an equation, an equation the resolution 
(resolutio) of a proportion. 


Chapter III 
Concerning the law of homogeneity and the degrees 
and genera of the magnitudes that are compared’: 
(comparatarum) 


The supreme and everlasting law of equations or pro- 
portions, which is called the law of homogeneity because it 
is conceived with respect to homogeneous magnitudes, is 
this: 

1. Only homogeneous magnitudes are to be compared 
(comparari) with one another. 


13 Comparison (comparatio) means, on the one hand, adding and 
subtracting magnitudes to form algebraic expressions and, on the other, 
equating magnitudes or expressions with one another. Cf. Descartes, 
Rules for the Direction of the Mind, eds. Haldane and Ross (Dover, 1955), 
p. 55, Rule XIV. 
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For, as Adrastus!* said, it is impossible to know how 
heterogeneous magnitudes may be conjoined. 

And so, if a magnitude is added to a magnitude, it is 
homogeneous with it. 

Ifa magnitude is multiplied by a magnitude, the product 
is heterogeneous in relation to both. 

If a magnitude is divided by a magnitude, it is hetero- 
geneous in relation to it. 

Not to have considered these things was the cause of the 
darkness and blindness of the ancient analysts. 

2. Magnitudes which by their own nature ascend and 
descend proportionally from genus to genus may be called 
“ladder-rungs. 5 

3. The first of the ladder magnitudes is “side” (latus) or 
Mioot (raainx) 

The second is “‘square” (quadratum). 

The third is “cube”’ (cubus). 

The fourth is “squared-square’’ (quadrato-quadratum). 

The fifth is “squared-cube’’ (quadrato-cubus). 

The sixth is ““cubed-cube”’ (cubo-cubus). 

The seventh is “squared-squared-cube”’ (quadrato-quad- 

rato-cubus). 

The eighth is “squared-cubed-cube” (quadrato-cubo- 

cubus). 

The ninth is “ cubed-cubed-cube” (cubo-cubo-cubus). 

And those remaining may be denominated from these by 
this series and method. 

4. The genera of the compared (comparatarum) magni- 
tudes, so that they may be equated in an orderly way to the 
ladder magnitudes, are:!6 


14 See P. 173 and Notes 253, 254. 

15 See Note 248. 

16 The equated magnitudes would be not simply known magnitudes 
which we nowadays would designate by such letters as a, b, or c and 
which by the law of homogeneity would have to be understood as 
“lengths” or “planes” or “solids” according as they are equated with x 
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The first, “‘length’’ (longitudo) or “breadth”’ (latitudo), 

The second, “plane” (planum), 

The third, “solid” (solidum), 

The fourth, “plane-plane”’ (plano-planum), 

The fifth, “plane-solid”’ (plano-solidum), 

The sixth, “‘solid-solid”’ (solido-solidum), 

The seventh, “plane-plane-solid”’ (plano-plano-solidum), 

The eighth, “ plane-solid-solid” (plano-solido-solidum), 

The ninth, “‘solid-solid-solid” (solido-solido-solidum). 

And the remaining ones may be denominated from these 
by this series and method. 

5. Of ladder magnitudes, the higher degree in relation to 
the “‘side”’ (latus), as the lowest and that to which the com- 
pared magnitude corresponds, is called the “power” 
(potestas). The other, lower, ladder magnitudes are called 
degrees “on the way (parodici) to the power’ [translated 
simply by “lower ’’]. 

6. The power is pure when it is free from “conjoined” 
magnitudes. If the power is joined with a magnitude which 
is the product of a lower rung and a coefficient, it is a 
“conjoined’’ power [x5 is a pure power; x5+ax4 is a 
“conjoined” power]. 


99 ¢¢ 


Pure powers are: “square, “cube,” “ squared-square, 
cube,” cubed-cube,”’ etc. 

Conjoined powers are: 

At the second rung: a“ square’’ together with a“ plane’ which is the 
product of a“ side’ and a“ length” or “breadth” [x?+ ax]; 

At the third rung: 

(i) a “cube” together with a “‘solid” which is the product of a 
‘square’ and a” length” or “ breadth”’ {[x3+ ax?], 

(ii) a“ cube”’ together with a“ solid” which is the product of a“ side” 


squared- 


or x? or x3, but also, as appears in the sequel, products of known and 
unknown magnitudes. Thus, ax? would be a product of a “length” and a 
“square.” It would itself be a “solid” and might be equated with x3. See 
Note 249 and P. 172. 
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and a“ plane’ [x3+ bx, where b is understood as a “plane” magni- 
tude], 

(iii) a “cube” together with a “solid” which may be either the 
product of a“ square” anda“ length” or “breadth” or the product of a 
“side” and a “plane” [x3+ cc, where c is understood as a “solid”’ 
magnitude; c can equal mx? or dx, where dis a“ plane” magnitude}; 

At the fourth rung: 

(i) a“ squared-square’’ together with a“ plane-plane”’ which is the 
product of a“ cube” and a “length” or “ breadth” [x4+ ax3], 

(ii) a“ squared-square’’ together with a“ plane-plane” which is the 
product of a“ square’ anda“ plane” |[x*++ bx?, where b is a“ plane’’}, 

(iii) a “ squared-square’ together with a“ plane-plane” which is the 
product of a side” and a “ solid” [x++ cx, where c is a solid’’], 

(iv) a “ squared-square’’ together with a “ plane-plane’’ which is 
either the product of a “cube” and a“ length” or “ breadth” or the 
product of a“ square’ and a “plane” [x++ cc, where c is a “ plane- 
plane’; c can be equal to mx3, or to dx, where d is a “ plane’’], 

(v) a “ squared-square’’ together with a “ plane-plane’’ which is 
either the product of a ‘cube’ and a “length” or “breadth” or the 
product of a“ side” anda“ solid” [x4+-c, where c is a“ plane-plane’’; 
c can equal mx3 or dx where d is a “ solid’), 

(vi) a “‘squared-square’’ together with a “ plane-plane” which is 
either the product of a“ square’ anda“ plane” or of a“ side” and a 
“ solid” [x44 c, where c is a“ plane-plane”’; c can equal mx? where 
m isa’ plane’ or dx, where d is a“ solid’’], 

(vit) a “ squared-square’ together with a “ plane-plane’ which is 
either the product of a“ cube’ and a“ length”’ or “ breadth,” or of a 
“ square’ anda‘ plane,” or of a“ side’ and a“ solid” [x++c, where c 
is a ““plane-plane”’; c can equal mx3 or dx?, where d is a“ plane,” or 
ex, where e is a “ solid’). 

In the same order the conjoined powers at the remaining rungs of the 
ladder may be found. But if we want to know how many genera of 
conjoined powers are at each rung, let there be taken a number less by 
unity than that term which is produced by geometric progression from 
unity in the double ratio [1:2::2:4::4:8, etc.] and which has the same 
ordinal position as the power under consideration. Thus, if one wants to 
know how many conjoined powers are at the rung of the “ squared- 
square,” i.e., at the fourth rung, the fourth term of the geometric pro- 
gression, namely 8, must be taken, from which, when unit has been 
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taken away, 7 remains. And so, there are at the fourth rung as many 
conjoined powers as we have just enumerated. By this procedure it will 
be found that at the rung of the “squared-cube,” i.e., the fifth rung, 


there are fifteen genera of conjoined powers. 


7. Coefficient!? magnitudes which multiply ladder magni- 
tudes that are lower in relation to a certain power and thus 
produce a homogeneous magnitude to be added to that 
power shall be called “subrungs.”’ 
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The “ subrungs”’ are “lengths” or “ breadths,” “ plane,’ “solid,” 
“ plane-plane,’ etc. Thus, if there be a “ squared-square’’ to which 
there is joined a © plane-plane”’ which is the product of a“ side’’ and a 
“ solid,” the “ solid” magnitude will be the “ sub-rung”’ ; and in relation 
to the “ squared-square’’ the “ side”’ will be a lower ladder magnitude. 
[In the expression x4+ cx it is apparent that x‘ is a“ squared-square’ ; 
cx is a © plane-plane,” being the product of the “side” x and the 
“solid” c; c, then, is the subrung, and x is in relation to x* a lower 
ladder magnitude.| Or if there be a“ squared-square’’ together with a 
“ plane-plane,” which is either the product of a“ square” anda“ plane” 
or the product of a ‘side’ and a“ solid,” the “ plane”’ and the “solid” 
will be “ subrung”’ magnitudes; and in relation to the “ squared-square 
the “square” and the “side” will be lower ladder magnitudes. [Thus 
we may have x++ cx as above or x++cx?, where cx? is a “ plane- 
plane” and c is understood as a“ plane.” Then the “plane”’ c is the 
“subrung,’ and the “square” x2 is a lower ladder magnitude in 
relation to x*.] 


Chapter IV 
On the precepts of the reckoning by species 


The numeral reckoning (logistice numerosa) operates 
with numbers; the reckoning by species (logistice speciosa) 
operates with species or forms of things,!8 as, for example, 
with the letters of the alphabet. 


17 See Note 262. 
18 See Pp. 166 and 171. 
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Diophantus has handled the numerical reckoning in the thirteen 
books of the Arithmetic, of which only the first six are extant, but 
which are now available in Greek and Latin and elucidated by the very 
learned commentaries!9 of a most illustrious man, Claude Bachet {de 
Meziriac]. But Vieta has produced the reckoning by species in the five 
books of the Zetetics, which he has arranged chiefly from selected 
problems of Diophantus, some of which he solves by a method peculiar 
to himself. Wherefore, if you wish to discern profitably the distinction 
between the two kinds of reckoning, you must consult Diophantus and 
Vieta together, and the zetetics of the latter must by viewed along with 
the arithmetical problems of the former; it is in order that I may lighten 
for you the labor of this task that I shall briefly note the zetetics which 
have been taken from the problems of Diophantus (see P. 330). 


There are four canonical precepts for reckoning by species 
(logistices speciosae). 


Precept I 
To add a magnitude to a magnitude 


Let there be two magnitudes A and B. It is required to add the 
one to the other. 

But, since heterogeneous magnitudes cannot be conjoined, 
those which are proposed to be added to one another are two 
homogeneous magnitudes. That one of them is greater or less 
than the other does not imply that they are of different genera. 
Therefore, they may be fittingly added?° by means of the sign for 
coupling or addition; and, put together, they will be A “ plus”’ B, 
if they are simple “lengths” or “breadths.”’ 

But if they stand higher on the aforesaid ladder or if they share 
a genus with those that stand higher, they will be designated by 
the appropriate denominations, as, for instance, we may say, A 
square ‘plus’ B plane” or “A cube ‘plus’ B solid,” and similarly 
in other cases. 

The analysts, however, are accustomed to indicate the per- 
formance of addition by the symbol +.?!, 


19 See Pp. 176-178. 
20 See Pp. 176 ff. 
21 See Note 153. 
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Diophantus Vieta 
Book of the Book of 
Arithmetic Problem22 the Zetetics Problem23 
I I I I 
4 2 
2 3 
7 4. 
9 5 
5 y 
6 8 
II 8,9 IV I 
IO ae. 
II 6 
ines 7 
13 8 
14 9 
V 8 II 
Il 7,8 V I 
9 3 
10 4 
II 5 
[2 7 
13 8 
Vv 9 9 
IV 34 13 


22 This problem (Tannery, p. 16) is reproduced here as an example. For 
Diophantus’ signs see Pp. 141-147. 

To divide a given number into two numbers with a given difference. 

So, let the given number be p [one hundred], and let the difference be 
Mz (forty units). 

To find the numbers. 

Let the less be taken as s@ [one unknown]. Then the greater will be 
s&Mp [one unknown and forty units]. Then both together become sfMiz 
[two unknowns and forty units]. But they have been given as Mp [one 
hundred units. ] 

Mp [one hundred units], then, are equal to s8Mz [two unknowns and 
forty units]. 
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Precept II 
To subtract a magnitude from a magnitude 


Let there be two magnitudes A and B, and let the former be 
greater than the latter. It is required to subtract the less from the 
greater. 

Since, then, a magnitude is to be subtracted from a magnitude, 
but heterogeneous magnitudes cannot be conjoined, those which 
are proposed are two homogeneous magnitudes. That one of 
them is greater and the other less does not imply that they are of 
different genera. Therefore, subtraction may be fittingly effected 
by means of the sign of the disjoining or removal?4 of the less 


24 “Removal” here translates a juridical term “ multa’’ which means a 
fine, and is preserved in the English word “ mulct.”’ 


And, taking like things from like: I take Mg [forty units] from the A 
[one hundred] and likewise @ [forty] from the B [two] numbers and & 
[forty] units. The s8 [two unknowns] are left equal to M¢ [sixty units], 
Then, each s [unknown] becomes MA [thirty units]. 

As to the actual numbers required: the less will be MX [thirty units] 
and the greater Mo [seventy units], and the proof is clear. 

23 This problem (Opera Mathematica, p. 42) is reproduced here as an 
example. 

Given the difference of two “‘sides”’ and their sum, to find the “sides.” 

Let the difference B of the two “sides’”’ be given, and also let their sum 
D be given. 

It is required to find the “ sides.” 

Let the less “‘side’’ be A; then the greater will be A+B. Therefore, the 
sum of the “sides” will be A2+B. But the same sum is given as D. 
Wherefore, A2+B is equal to D. And, by antithesis, A2 will be equal to 
D —B, and if they are all halved, A will be equal to D4 —B3. 

Or, let the greater “side” be E. Then the less will be E—B. Therefore, 
the sum of the “sides’’ will be E2 —B. But the same sum is given as D. 
Therefore, E2 —B will be equal to D, and by antithesis, E2 will be equal 
to D+B, and if they are all halved, E will be equal to D4+ BS. 

Therefore, with the difference of two “‘sides” given and their sum, the 
“ sides’’ are found. 

For, indeed, half the sum of the “‘ sides” minus half their difference is equal to 
the less “‘ side,” and half their sum plus half their difference is equal to the greater. 

Which very thing the zetesis shows. 

Let B be 40 and D 100. Then A becomes 30 and E becomes 70. 
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from the greater; and disjoined, they will be A “minus”’ B, if 
they are simple “lengths” or “ breadths.”’ 

But if they stand higher on the aforesaid ladder or if they share 
a genus with those that stand higher, they will be designated by 
the appropriate denominations, as, for exanfple, we may say “A 
square ‘minus’ B plane” or “A cube ‘minus’ B solid,” and 
similarly in the other cases. 

Nor will it be done differently if the magnitude which is sub- 
tracted is itself conjoined with some magnitude, since the whole 
and the parts are not to be judged by separate laws; thus, if “B 
‘plus’ D” is to be subtracted from A, the remainder will be “A 
‘minus’ B, ‘minus’ D,” the magnitudes B and D having been 
subtracted one by one. 

But if D is already subtracted from B and “B ‘minus’ D” is to 
be subtracted from A, the result will be “A ‘minus’ B ‘plus’ D,”’ 
because in the subtraction of the whole magnitude B that which is 
subtracted exceeds by the magnitude D what was to have been 
subtracted. Therefore, it must be made up by the addition of that 
magnitude D. 

The analysts, however, are accustomed to indicate the per- 
formance of the removal by means of the symbol —. And this is 
“defect” (Actes) in Diophantus, as the performance of addition 
is presence’ (érapEts ). 

But when it is not said which magnitude 1s greater or less, and 
yet the subtraction must be made, the sign of the difference is: =, 
i.e., when the less is undetermined; as, if “A square’ and “B 
plane’ are the proposed magnitudes, the difference will be: “A 
square=B plane,” or “B plane=A square.’ 


Precept II] 
To multiply a magnitude by a magnitude 


Let there be two magnitudes A and B. It is required to multiply 
the one by the other. 
Since, then, a magnitude is to be multiplied by a magnitude, 


25 ‘The introduction of negative quantities makes it unnecessary for us 
to distinguish the two minus signs. The second of these signs, which is 
now used to signify equality, was so used as early as 1557 by Robert 
Recorde in his The Whetstone of Witte. Vieta has no symbol for equality. 


VIETA S ANALYTIC ART 333 


they will by their multiplication produce a magnitude hetero- 
geneous in relation to each of them; and therefore, their product 
will rightly be designated by the word “in” or “sub,” as, for 
example, “A in B,” by which it will be signified that the one has 
been multiplied by the other; or as others say, that a magnitude is 
produced “under” A and B, and that simply, if A and B are simple 
“lengths” or “breadths.’’2¢ 

But if they stand higher on the ladder or if they share in genus 
with magnitudes that stand higher, it is agreed to add the names 
themselves of the ladder magnitudes or of those that share in their 
genus, as, for example, “A square in B” or “A square in B plane”’ 
or ‘A square in B solid,” and similarly in the other cases. 

If, however, the magnitudes to be multiplied, or one of them, 
be of two or more names, nothing different happens in the 
operation.?7 Since the whole is equal to its parts, therefore also 
the products under the segments of some magnitude are equal to 
the product under the whole. And when the positive name?8 
(nomen adfirmatum) of a magnitude is multiplied by a name also 
positive of another magnitude, the product will be positive, and 
when it is multiplied by a negative name (nomen negatum), the 
product will be negative. 

From which precept it also follows that by the multiplication 
of negative names by each other a positive product is produced, 
as when “A=B” is multiplied by ““D=G” [giving DA— DB— 
GA+ GB], since the product of the positive A and the negative G 
is negative, which means that too much is removed or taken 
away, inasmuch as A is, inaccurately, brought forward (producta) 
as a magnitude to be multiplied [as a whole, i.e., in the factor 
(— AG)], and since, similarly, the product of the negative B and 
the positive D is negative, which again means that too much is 
removed, inasmuch as D is, inaccurately, brought forward as a 
magnitude to be multiplied [i.e., in (— DB). Therefore, by way 
of compensation, when the negative B is multiplied by the nega- 
tive G, the product is positive. 


2OR Scere ail 

27 That is, a(utv)+a(x+y)=au+avtax+ay; or alx+y+z)=. 
ax + ay+ az (cf. Euclid Il, 1). 

28 The “names,” i.e., the signs themselves, are multiplied together as if 
they were particular numbers. 
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The denominations of products made by magnitudes 
ascending proportionally from genus to genus are related to 
one another in precisely the following way: 


A “side” multiplied by itself produces a “square.” 

A “side” multiplied by a “square” produces” a “cube.” 

A “side” multiplied by a “cube” produces a “squared- 
square. 

A “side” multiplied by a “squared-square’’ produces a 
“ squared-cube. ” 

And interchangeably, i.e., a “square” multiplied by a 
“side”’ produces a “cube,” a “cube” multiplied by a 
“side” produces a ““squared-square, ’ etc. 


Again, 

A “square” multiplied by itself produces a “squared- 
square.” 

A ‘square’ multiplied by a “cube” produces a “ squared- 
cube. 


A “square” multiplied by a “squared-square’ produces a 
“ cubed-cube.”’ 

And interchangeably. 

Again, 

A “cube” multiplied by itself produces a “ cubed-cube.”’ 

A “cube” multiplied by a “squared-square’’ produces a 
‘ squared-squared-cube. ” 

A “cube” multiplied by a “squared-cube”’ produces a 
~ squared-cubed-cube. ” 

A “cube multiplied by a “cubed-cube” produces a 
~ cubed-cubed-cube. ” 

And interchangeably, and so on in that order. 

In like manner, among the homogeneous magnitudes, 

A “breadth” multiplied by a “length” produces a 
“plane.” 

A “breadth” multiplied by a “ plane”’ produces a “solid.” 

A “breadth” multiplied by a “solid”’ produces a “ plane- 


plane.” 
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A “breadth” multiplied by a “plane-plane”’ produces a 
“ plane-solid.” 

A “breadth” multiplied by a “plane-solid” produces a 
~ solid-solid.”” 

And interchangeably. 

A “plane” multiplied by a “plane” produces a “ plane- 
plane.” 

A “plane” multiplied by a “solid” produces a “plane- 
solid.”’ 

A “plane” multiplied by a “plane-plane” produces a 
~ solid-solid.”’ 

And interchangeably. 

A “solid” multiplied by a “solid” produces a “solid- 
solid.” 

A “solid’’ multiplied by a “plane-plane” produces a 
~ plane-plane-solid.”’ 

A “solid” multiplied by a “plane-solid” produces a 
~ plane-solid-solid.”’ 

A “solid” multiplied by a “solid-solid” produces a 
“ solid-solid-solid.”’ 


And interchangeably, and so on in that order. 


Precept IV 
To divide a magnitude by a magnitude 


Let there be two magnitudes A and B. It is required to divide 
the one by the other. 

‘Since, then, a magnitude is to be divided by a magnitude, 
namely higher ones by lower ones, i.e., magnitudes of one kind 
by magnitudes of another kind, the proposed magnitudes are 
different in kind. Let A, if you will, bea “length” and B “plane.” 
And then let a horizontal line appropriately stand between the 
higher magnitude B which is being divided and the lower A by 
which the division is made. 

But the magnitudes themselves, i.e. the resultant quotients, will 
be denominated in accordance with their own rungs at which 
they are fixed or to which they have been reduced in the ladder of 
proportional or homogeneous magnitudes, as, for example: 
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(B plane)/A, by which symbol the “length” which results from 
the division of “B plane” by “A length” may be signified. 

And if B is given as a cube” and A asa ‘plane,’ the result will 
be (B cube)/A, by which symbol the “length” which results from 
the division of ““B cube”’ by “A plane”’ may be signified. 

And if Bisassumed to be a“ cube” and A a “length,” the result 
will be (B cube)/A, by which symbol the “plane” which arises 
from the division of ““B cube” by A may be signified, and so on in 
that order, in infinitum. 

Nor will anything different be observed among binomial or 
polynomial magnitudes. 


The denominations of the magnitudes that arise irom 
dividing by magnitudes that ascend proportionally by 
degrees from genus to genus are related to one another in 
precisely the following way: 


A “square” divided by a “‘side”’ gives a “‘side.” 

A “cube” divided by a “‘side”’ gives a “square.” 

A “squared-square’’ divided by a “side”’ gives a “‘cube.”’ 

A “squared-cube’’ divided by a “side”’ gives a “squared- 

+» 
square. 

A “cubed-cube”’ divided by a “side” gives a “‘squared- 
cube.” 

And interchangeably, i.e., a “ cube’ divided by a “square” 
gives a ‘side, a “squared-square’ divided by a 
“cube” gives a “side,” etc. 

Again, 

A “‘squared-square’ divided by a “‘square’’ gives a 
6 r 

square. 
A “‘squared-cube”’ divided by a “square” gives a “cube.” 
A “cubed-cube”’ divided by a “square” gives a “squared- 
3 
square. 

And interchangeably. 

Again, 

A “cubed-cube” divided by a “cube” gives a “squared- 
square’ [sic!]. 
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A “squared-cubed-cube” divided by a “cube” gives a 
“ squared-cube. ” 

A “cubed-cubed-cube” divided by a “cube” gives a 
“ cubed-cube.” 

And interchangeably, and so on in that order. 

In like manner, among the homogeneous magnitudes, 

A “plane” divided by a “breadth” gives a “length.” 

A “solid” divided by a “breadth” gives a “plane.”’ 

A “ plane-plane”’ divided by a “breadth” gives a “solid.” 

A “plane-solid” divided by a “breadth” gives a “ plane- 
plane.” 

A “solid-solid” divided by a “breadth” gives a “ plane- 
solid.” 

And interchangeably. 

A “plane-plane”’ divided by a “plane”’ gives a “plane.” 

A “plane-solid” divided by a “plane” gives a “solid.” 

A “solid-solid”’ divided by a “‘plane”’ gives a “‘plane-plane.’” 

And interchangeably. 

A “solid-solid” divided by a “solid” gives a “solid.” 

A “plane-plane-solid’”’ divided by a “solid” gives a 
“ plane-plane. ” 

A “plane-solid-solid’”’ divided by a “solid” gives a 
“ plane-solid.” 

A “solid-solid-solid” divided by a “‘solid” gives a 
“ solid-solid.” 


And interchangeably, and so on in that order. 


Moreover, if the magnitude that is being divided be the sum, 
difference, product, or quotient of other magnitudes, nothing 
prevents the aforesaid precepts from applying to the division, it 
being noted that, when the magnitude that is being divided, 
whatever may be its rung, is the product of some magnitude and a 
magnitude that is the same as the divisor, nothing either in genus 
or value is added to or taken away from the factor that is not the 
same as the divisor and that also arises from the division, since 
what multiplication does division undoes: for example, (Bin A)/B 
is A, and (B in A plane)/B is “A plane.” 
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And thus, in the case of additions, let it be required.to add Z to 
A plane/B, The sum will be 
(A plane) + (Z in B) 


m 


B 
fie., a2/b+ z=(a2+ zb)/b]. 


Or let it be required to add (Z square)/G to (A plane)/B. The 
sum will be 


(Gin A plane)+(B in Z square) 
BinG 


In the case of subtractions, let it be required to subtract Z from 
(A plane)/B. The remainder will be 


(A plane)—(Z in B) 
aa 


Or, let it be required to subtract (Z square)/G from (A plane)/B 
The remainder will be 


(A plane in G)—(Z square in B) 
BinG 

In the case of multiplications, let it be required to multiply 
(A plane)/B by B. The result will be A plane. 

Or let it be required to multiply (A plane)/B by Z. The result 
will be (A plane in Z)/B. 

Or, finally, let it be required to multiply (A plane)/B by 
(Z square)/G. The result will be [(A plane)/(B in G)] in Z 
square. 

In the case of division, let it be required to divide (A cube)/B by 
D. Each magnitude having been multiplied by B, the result will 
be (A cube)/(B in D) [i-e., (a3/b)/d= (a3b/b)/bd= a3/bd]. 

Or let it be required to divide B in G by (A plane)/D. Each 
magnitude having been multiplied by D, the result will be 
(Bin Gin D)/A plane. 

Or, finally, let it be required to divide (B cube)/Z by (A cube)/ 
(D plane). The result will be (B cube in D plane)/(Z in A cube). 
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Chapter V 
Concerning the laws of zetetics 


The way to do zetetics is, in general, encompassed in the 
following laws: 

1. Ifitisa “length”’ that is being sought, but the equation 
or proportion is hidden under the wrappings?9 of what is 
given in the problem, let the unknown which is being sought 
be a “‘side.”’ 

2. Ifitisa~ plane’ that is being sought, but the equation or 
proportion is hidden under the wrappings of what is given 
in the problem, let the unknown which is being sought be a 
“square. 

3. Ifitisa “solid” that is being sought, but the equation 
or proportion is hidden under the wrappings of what is 
given in the problem, let the unknown which is being sought 
Ded ‘cube: 

Accordingly, that magnitude which is being sought will 
by its own nature ascend or descend through the several 
rungs of the magnitudes that are compared or equated with 
It. 

4. Let the magnitudes that are given, as well as those that 
are being sought, be assimilated and compared (in accord- 
ance with the condition dictated by the problem) by adding, 
subtracting, multiplying, and dividing, the constant law of 
homogeneity being everywhere observed. 

Accordingly, itis clear that finally something will be found 
which is equal to the magnitude that is being sought or to 
the power to which it ascends and that that will consist either 
entirely of given magnitudes or partly of given magnitudes 


29 In solving a problem by algebra the equation may not emerge 
immediately from the given conditions. It may take some reflection 
before one sees the equation that satisfies the conditions. This is what 
Vieta means when he speaks of the equation as “hidden under the wrap- 
pings of what is given in the problem”’ (cf. Descartes, Geometry, [Dover, 


1954], pp. 6-8). 
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and partly of the unknown which is being sought or of 
magnitudes lower than it on the ladder.3° 

5. In order that this work may be assisted by some art, let 
the given magnitudes be distinguished from the undeter- 
mined unknowns by a constant, everlasting and very clear 
symbol, as, for intance, by designating the unknown 
magnitude by means of the letter A or some other vowel E, 
I, O, U, or Y, and the given magnitudes by means of the 
letters B, G, and D or the other consonants.3! 

6. Products composed entirely of given magnitudes may 
be added to one another, or subtracted from one another, 
according to the sign of their conjunction, and may merge 
into one product, which shall be the homogeneous element 
of the equation, i.e., the element under a given measure; and 
it shall constitute one side of the equation.3? 

7. Inlike manner, products composed of given magnitudes 
and of the same lower ladder magnitude may be added one 


30 In the equation x?= ab, x? is the magnitude which is being sought; 
ab is equal to it, and is a product entirely of given magnitudes. In the 
equation x3= ax?, x3 is the unknown which is being sought; ax? is equal 
to it and is a product partly of the given magnitude a and partly of a 
magnitude lower than x3 on the ladder, namely x?. 

31 This, of course, differs from the convention of present-day algebra, 
according to which the letters at the end of the alphabet (x, y, z, ...) are 
used to represent unknowns and the letters at the beginning (a, b, c, . . .) 
represent knowns. Thomas Harriot in his Artis analyticae praxis (1631) 
followed Vieta in using vowels for unknowns and consonants for known 
quantities, except that he substituted small letters for Vieta’s capitals. 
Descartes in his Geometry (1637) introduced the system we use; cf. Note 
275. 

32 In Vieta’s symbols, “Bin C” and “D in F” would be products 
composed entirely of given magnitudes, which products may be added 
to or subtracted from one another by means of the plus sign or the minus 
sign. When so added or subtracted, they become “‘B in C+D in F” or 
‘“B in C—D in F.” If we were then to form the equation “A square is 
equal to Bin C+D in F,” “B in C+D in F” would be homogeneous 
with “A square.” Since “B in C”’ and “D in F” belong to the rank of 
“planes,” the unit measure is given as a “plane” unit. In modern nota- 
tion this would be x?=ab+ cd. 
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to another, or subtracted one from another, according to the 
sign of their conjunction, and may merge into one product 
which shall be the element homogeneous in conjunction, or 
the element under the rung of the lower ladder magnitude.33 

8. Elements which are homogeneous under the rungs of 
lower ladder magnitudes shall accompany the power with 
which they are conjoined, and, along with that power, shall 
constitute one side of the equation. And thus, the element 
that is homogeneous under a given measure will be equated 
to a power designated in its own genus or order; simply, if 
that power is free from all conjunction with other magni- 
tudes, but if magnitudes homogeneous in conjunction ac- 
company it, which magnitudes are indicated both by the 
symbol of the conjunction and by the rung of the lower 
ladder magnitudes, then the magnitude homogeneous under 
a given measure will be equated not only to it, but to it 
along with the magnitudes that are products of rungs and 
coefficient magnitudes.34 


33 For example, “A square in B” and “A square in C”’ would be 
products composed of the given magnitudes B and C and of the same 
lower ladder magnitude “A square.’ They may be conjoined by means 
of the plus sign or the minus sign, and then we get either “‘A square in 
B+ A square in C”’ or “A square in B—A square in C.”’ Each is a product 
under the lower ladder magnitude “A square,’ which is lower in relation 
to the rung of the product. “A square in B+ A square in C”’ or © A square 
in B—A square in C’”’ is called the element homogeneous in conjunction 
because it is regarded as something to be “ conjoined”’ with a pure power 
‘A cube” with which it is homogeneous. 

In modern notation this would be ax?+ bx? or ax?—bx2, either of 
which binomials would be the element homogeneous in conjunction 
because it would be considered as “conjoined” with x3 to make 
x34 ax2+ bx2, x34 ax? — bx, etc. 

34 “A square in G” and “A square in H”’ are elements homogeneous 
under the rung “A square.’ They accompany the power “A cube, ’ are 
conjoined with it by addition or subtraction, and with it constitute one 
side of the equation. ““B plane in C+ D solid” is an element homogeneous » 
under a given measure. It might be equated to “A cube” simply, in 
which case we would have the equation: “A cube 1s equal to B plane 
in C+D solid”; or “A cube” might be accompanied by “A square in 
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g. And, therefore, if the element that is homogeneous 
under a given measure happens to be mingled with the 
element that is homogeneous in conjunction, there shall be 
antithesis.35 } 

There is antithesis when positively or negatively conjoined 
magnitudes cross from one side of the equation to the other 
under the opposite signs of conjunction, by which operation 
the equation is not changed. But that must now be demon- 
strated. 


Proposition | 
An equation is not changed by antithesis 


Let it be given that “A square minus’ D plane”’ is equal to “G 
square ‘minus’ B in A.” 

I say that ““A square ‘plus’ Bin A”’ is equal to “ G square ‘plus’ 
D plane” and that by this transposition under opposite signs of 
conjunction the equation is not changed. For since “A square 
‘minus’ D plane”’ is equal to “G square ‘minus’ B in A,”’ let 
there be added to both sides “ D plane ‘plus’ B in A.”’ Therefore, 
from the common notion, “A square ‘minus’ D plane ‘plus’ D 
plane ‘plus’ Bin A” is equal to “ Gsquare ‘minus’ Bin A‘ plus’ D 
plane ‘plus’ Bin A.”’ Now the negative conjunction on the same 
side of an equation cancels the positive. On the one side, the con- 
junction of “D plane” vanishes; on the other, the conjunction of 


G—A square in H,”’ a magnitude homogeneous in conjunction, in which 
case we might have this equation: “A cube+A square in G— A square in 
H is equal to B plane in C+ D solid.” 

In modern notation the last equation would be «3+ ax? — bx?=cd+e, 
where c is understood as a “‘plane,” dasa “length,” and e as a “solid.” 

35 “ Antithesis’’ means the transposition of terms from one side of the 
equation to the other, with accompanying change of sign. Thus we might 
have the equation: “A cube+ A square in G—A square in H—B plane in 
C+ F plane in K is equal to D solid.” By antithesis we could infer the 
equation: “A cube+A square in G—A square in His equal to B plane in 
C—F plane in K+ D solid.” 

In modern notation, from x3+ ax? — bx? —cd+ef=g we get by anti- 
thesis «3+ ax? — bx*=cd—ef+g. We understand c and e as “planes” and 
gasa solid.” 
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“Bin A,” and there will remain: “A square ‘plus’ B in A’’ is 
equal to “ G square ‘plus’ D plane.’’3¢ 

10. And if it happens that all the magnitudes have as a 
factor a certain rung, and therefore that the homogeneous 
elément determined by the over-all measure does not 
immediately appear, there shall be a hypobibasm.37 

Hypobibasm is the like lowering of the power and of the 
lower ladder magnitudes, the order of the ladder being 
observed, until the homogeneous element determined by the 
lower rung coincides with the over-all homogeneity accord- 
ing to which the magnitudes that remain are equated, by 
which operation the equation is not changed. But that must 
now be demonstrated. 

The operation of hypobibasm differs from parabolism only in this, 
that in the case of hypobibasm each side of the equation is divided by an 
unknown quantity, but in the case of parabolism each side is divided by 
a known quantity, as is clear from the examples presented by the author. 


Proposition II 
An equation is not changed by hypobibasm 


Let it be given that “A cube ‘plus’ Bin A square’ is equal to “ Z 
plane in A.” 

I say that, by hypobibasm, “A square ‘plus’ Bin A” is equal to 
ent eas 

For that means to have divided all the “solids” by a common 
divisor, by which it is certain that the equation is not changed.3® 

11. And if it happens that the higher rung to which the 


unknown magnitude ascends does not subsist by itself but is 


36 In modern notation, we are given that x2 —d= y?— bx. We want to 
show that x?-+ bx= y?+ d. We add to both sides d+ bx and get x? —-d+d+ 
bx= y? — bx+d+ bx or x?+ bx= y?+d. Here d, of course, is understood 
as “‘d plane.” 

37 “Hypobibasm” means dividing both sides of the equation by the 
unknown, It comes from the verb smofiBdélw, “to lower.” Division 

~ lowers’’ a magnitude from a higher rung to a lower rung. 

38 In modern notation: If x3+ bx2= cx, x2+ bx=c. Here cis thought of 
as a “plane”’ so that cx is a solid; then it may be said that all the “solids” 
are divided by the common divisor x. 
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multiplied by some given magnitude, parabolism39 may be 
effected. 

There is parabolism whenever the homogeneous magni- 
tudes of which an equation is composed are divided by a 
given magnitude which in the equation appears as multiplied 
by the higher rung of the unknown magnitude, so that that 
rung assumes the name of the power, and in that power the 
final equation remains. But this must now be demonstrated. 


Proposition III 
An equation is not changed by parabolism 

Let it be given that “Bin A square ‘plus’ D plane in A”’ is equal 
to Z solid.” 

I say that by parabolism “A square ‘plus’ [(D plane)/B] in A” 
is equal to “Z solid’’/B. For that means to have divided all the 
“solids” by the common divisor B, by which it is certain that the 
equation is not changed.4° 


12. And then the equation shall be thought to be ex- 
pressed clearly and shall be called “well ordered”: it must be 
capable of being referred to a proportion, the following 
condition (cautio) especially being satisfied: the product of 
the extremes must correspond to the power together with 
the conjoined homogeneous elements; the product of the 
means must correspond to the homogeneous element under 
the given measure.*! 

13. Whence also an ordered proportion may be defined as 
a series of three or four magnitudes, so expressed in terms 
either simple or conjoined that all are given except that 


39“ Parabolism’’ means dividing both sides of the equation by a 
known quantity. It comes from the verb mapaBdAdw, “to apply,’ i.e., to 
divide, as when an area of a units is applied to a length of 6 units, the 
breadth of the figure will give the the quotient a/b. See Note 346. 

40 In modern notation: If bx?+cx=d, x?+cx/b=d/b where c 1s 
thought of as a “plane” and d as a “solid.” 

41 Thus, if we have the equation “A square +B in A is equal to C in 
D+C in E,” then it follows that A is to C as ““D+E” is to “A+B.” 
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which is being sought, or else the power and the lower 
ladder magnitudes.42 

14. Finally, when the equation has been thus ordered, or 
the proportion thus ordered, let it be considered that zetetics 
has performed its function.*3 

Diophantus in those books which concern arithmetic 
employed zetetics most subtly of all. But he presented it as if 
established by means of numbers and not also by species 
(which, nevertheless, he used), in order that his subtlety and 
skill might be the more admired; inasmuch as those things 
that seem more subtle and more hidden to him who uses the 
reckoning by numbers (logistice numerosa) are quitc 
common and immediately obvious to him who uses the 
reckoning by species (logistice speciosa).*4 


Chapter VI 


Concerning the investigation of theorems by means 
of the poristic art 


When the zetesis has been completed, the analyst turns 
from hypothesis to thesis and presents theorems of his own 
finding, theorems that obey the regulations of the art and are 
subject to the laws ‘kard& mavros, Kab’ atts, KaOdrov 
mpatov, 45 which theorems, although they have from the 


42 That is, an ordered proportion would be one of the type given in the 
preceding note or one of the type x?+ ax:b::c:d+.x, which yields the 
equation x3+ dx?-+ adx+ax?=bc. This law and the preceding indicate 
that an ordered proportion is one that yields an equation in one unknown. 

43 Cf. Ch. I and P. 170. 

44 Cf. Pp. 165, 170, and Notes 244, 245. 

45 Cf. Note 235. These rules, as applied to the propositions of © poris- 
tic’’ (such, for example, as “A cube is equal to B plane in C’’) would seem 
to mean: (1) that the predicate must be “true of every instance’’ to which 
the subject is understood to refer, (2) that it must be predicated “‘essenti- 
ally” of the subject, which would be the same as the law of homogeneity, 
and (3) that the predicate must be completely convertible with the 
subject, as is the case when the predicate is ‘“commensurately universal” 
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zetesis their demonstration and firmness, are subjected to the 
law of synthesis, which is considered a more logical way of 
demonstrating; and whenever there is occasion, they are 
proved through it, yet by the great miracle of the art of 
finding. And for this reason, the steps of the analysis are re- 
traced, which retracing is itself also analytical; and yet not in 
virtue of the reckoning by species (logistice speciosa), which 
has already performed its assigned duty. But if something 
unfamiliar has been hit upon and is proposed for proof, or if 
something has been presented by chance the truth of which 
must be weighed and investigated, then the way of poristic 
has first to be tried, from which it is easy to return to the 
synthesis; examples of this have been offered by Theon in the 
Elements, by Apollonius of Perga in the Conics and also by 
Archimedes himself in various books.* 


Chapter VII 
Concerning the function of the rhetic art 


When the equation of the magnitude which is being 
sought has been set in order, the rhetic or exegetic (py71K1) 7 
é€nyntixy) art, which is to be considered as the remaining 
part of the analytical art and as one which pertains principally 
to the application of the art (since the two others are con- 
cerned more with general patterns than with precepts, as one 
must by right concede to the logicians), performs its function 
both in regard to numbers if the problem concerns a 
magnitude that is to be expressed by number, and in regard 
to lengths, surfaces, and solids if it is necessary to show the 
magnitude itself. And, in the latter case, the analyst appears 
as a geometer by actually carrying out the work in imitation 
of the like analytical solution; in the former case, he appears 


with the subject. Regarding the last rule, we may remark that if one is to 
form the “synthesis” from the “analysis” by reversing or retracing the 
steps, each statement must be completely convertible. 

46 See P. 166 and Notes 233, 275. 
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as a logistician by resolving whatever powers have been 
presented numerically, whether simple powers or conjoined. 
Whether it be in arithmetic or geometry, he produces some 
specimens of his own [analytic] art according to the condi- 
tions of the equation that has been found or of the propor- 
tion that has been derived in an orderly way from it. 

In fact, not every geometrical solution is a neat one, for 
particular problems have their own elegances. But that 
solution is preferred to others which does not derive the 
synthetic operation from the equation, but derives the 
equation from the synthesis, while the synthesis proves itself. 
Thus the- skillful geometer, though a learned analyst, con- 
ceals this fact and presents and explicates his problem as a 
synthetic one, as if thinking merely about the demonstration 
that is to be accomplished; then, by way of helping the 
logisticians, he constructs and proves a theorem having to do 
with a proposition or an equation perceived in that synthetic 
problem.#7 


Chapter VIII 
The symbolism in equations and and the epilogue 
to the art 


1. In analysis the name equation is understood simply as 
referring to an equality properly set in order by means of the 
zetesis. 

.2. And so, an equation is the coupling (comparatio) of an 
unknown magnitude with a known. 

3. The unknown magnitude is a root or power. 

4. Again, a power is either simple or conjoined. 

5. Conjunction exists either through subtraction or 
addition. 

6. When an element homogeneous in conjunction is 
subtracted from a power, the subtraction is direct.4® 


47 See Pp. 166-168 and Note 234. 
48 For example, ““A cube—A square in G—A square in H,” or in 
modern notation, x3 —(gx?+ hx?). 
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7. When, on the contrary, the power is subtracted from 
the element homogeneous in conjunction, the subtraction is 
inverse.49 

8. The measuring subrung is the measure itself of the rung 
of the element homogeneous in conjunction.5° 

9. But it is necessary to designate the rank of the power, 
the rank of the lower rungs, and also the quality or sign of 
the conjunction. Also the coefficient subrung magnitudes 
must be given. 

to. The first lower ladder magnitude is the root which is 
being sought. The last is that which is lower than the power 
by one rung of the ladder. This is customarily understood by 
the name “‘epanaphora.’’5! 


6 


Thus “‘square’’ is the epanaphora of “cube,” “ cube’ of © squared- 
square, ~ squared-square’’ of © squared-cube, and so on in the same 
series in infinitum. 


11. A lower ladder magnitude is the reciprocal of a lower 
ladder magnitude when a power is produced through the 
multiplication of one by the other. Thus, the coefficient 
magnitude is the reciprocal of that rung which it sustains. 


As, for example, if there should be a“ side” which is a lower ladder 
magnitude in relation to the “cube,” the reciprocal rung will be the 
“square. But a plane’ multiplied by a“ side” will be a reciprocal 
magnitude in relation to the “side,” since the “ solid” is produced from 
the “side” multiplied by the “plane,” the “solid” being itself a 


magnitude of the same rung as the “cube.” 


49 For example, “A square in G+A square in H—A cube,” or in 
modern notation ( gx?+ hx?) — x3, 

50 This would seem to mean that in the case of “A cube+ A square in 
G+A square in H,” where “A square in G+A square in H”’ is the ele- 
ment homogeneous in conjunction, it is “A square’’ which, while being 
the subrung of “A cube,’ measures the whole element “A square in 
G+ square in H.” 

51 In modern notation, x? is the “ epanaphora”’ of x3, x3 of x4, x4 of x5, 
etc. The word “epanaphora’’ is from émavadépw, “to carry up to, refer 


99 


to. 
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12. After the root the lower ladder magnitudes progressing 
by “length” are the same ones that are designated on the 
ladder. 

13. After the root the lower ladder magnitudes progress- 
ing by “plane” are: 


Sauare * Plane.” 
~ Squared-square ” ~ Square of the plane.” 
‘ Cubed-cube”’ ~ Cube of the plane.’ 


And so on successively in that order. 
14. After the root the lower ladder magnitudes progress- 


ing by “solid” are: 


“Cube” * Solid.” 
‘“ Cubed-cube’”’ ~ Square of the solid.” 
‘ Cubed-cubed-cube”’ “Cube of the solid.” 


~ Square, © Squared-square,  “ Squared-cubed cube, ” 
and those magnitudes which are produced from these con- 
tinuously in this order are simple middle powers; the rest are 
manifold. 


Thus, the simple middle powers can also be defined in such a way 
that they will be those the exponents of which progress in the geometrical 
subduplicate ratio. So powers of the second degree, of the fourth, of the 
eighth, of the sixteenth, will be simple middle powers. The remaining 


powers, standing in the intermediate degrees, are manifold.5? 


16. A known magnitude with which the others are 
equated i is the homogeneous element of the equation. 


As, for example, if “A cube+-A in B square is equal to B in Z 
plane,” ““B in Z plane” will be the homogeneous element of the 
equation. 


52 If, of the series of ladder magnitudes we consider x, x?, x3, x4, x5, 
x6, x7, x8, x9, x10, xT, x12, x13, x14 x15, x16 |, and then the exponents of 
the powers x?, x4, x8, x16... ., we see that the exponents are in geometri- 
cal progression: 2:4::4:8::8:16. They may be said to progress in the 
subduplicate ratio in that 2:4 is the subduplicate of 2:8, 4:8 is the sub- 
duplicate of 4:16, etc. 
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“A cube” will be the power to which the unknown magnitude which 
is being sought ascends by its own nature 

“A in B square” will be the element homogeneous in conjunction. 

“A” is the lower ladder magnitude. 

“B square” is a subrung magnitude or “ parabola.’ 53 


17. In the case of numbers, the homogeneous elements of 
equations are units.54 

18. When a “root” that is being sought is, while remain- 
ing on its own base, equated to a given homogeneous 
magnitude, the equation is simple absolutely.ss 

19. When the power of a “root” that is being sought, 
being free from all conjunction, is equated to a given 
homogeneous magnitude, the equation is simple ladder- 
wise.5® 

20. If the power of a ‘root’ that is being sought is joined 
with magnitudes at the designated rung accompanied by 
their given coefficients and if it is equated to a given magni- 
tude, the equation is polynomial in proportion to the 
multitude and variety of the conjunction.57 

21. A power can be involved in as many conjunctions as 
there are ladder magnitudes lower in relation to that power. 

Thus, a “square can be conjoined with a magnitude at 
the rung of the ‘side’; a “cube” with magnitudes at the 
rungs of the “side’’ and the “square ’’; a “squared-square > 

$3 “Parabola” here means the result of application or the quotient 
resulting from division by the unknown. 

54 In the equation “A cube is equal to B plane in C,”’ the homogeneous 
clement of the equation is “B plane in C” and its unit is a “solid” unit. 
We could not have “A cube is equal to B plane,’ for the unit of “B plane” 
isa plane” unit. It is different with equations involving numbers rather 
than species. In the equation “A is equal to 9.” “A” becomes a number, 


and the units of all numbers are the same in kind as long as the numbers 
are pure numbers. 

$5 “A is equal to B,” or x=a in modern notation. 

s6 “A cube is equal to B solid,” or x3=a in modern notation, a being 
understood as a “solid.” 

s7 “A cube+B in A square —C plane in A is equal to D solid”’ or, in 

. a 2 ° 6¢ 99 ¢ é¢ : 99 

modern notation, x3+ ax? — bx=c, where bis a “plane” and cis a “solid. 
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with magnitudes at the rungs of the “side,” the “square,” 
and the “cube’’; a “squared-cube”’ with magnitudes at the 
rungs of the “side,” the “square,” the “cube,” and the 
“ squared-square ’; and so on in that series in infinitum. 

22. Proportions are distinguished from one another and 
receive their nomenclature from the kinds of equations into 
which they are resolved. 

23. With a view to exegetic in arithmetic the trained 
analyst is taught: 


To add a number to a number. 

To subtract a number from a number. 
To multiply a number by a number. 
To divide a number by a number. 


The analytical art, furthermore, yields the resolution of all 
possible powers whether they be pure or (a thing of which 
both ancients and moderns have been ignorant) conjoined 
with other magnitudes.5® 

24. With a view to exegetic in geometry the analytical 
art selects and enumerates more regular procedures by which 
equations of “‘sides’’ and “squares’’ may be completely 
interpreted.59 

25. With a view to “cube’’ and “squared-square,’ in 
order that the deficiency of geometry may be supplied as if 
by geometry, the analytical art postulates that 


'58 This is the program of Vieta’s work De Numerosa Potestatum Purarum, 
atque Adfectarum ad Exegesin Resolutione Tractatus, (Opera Mathematica, p. 
163, cf. Note 210). The “numerical resolution of powers” means the 
solution of equations that have numerical solutions, such as the equation 
x?== 2916 (Problem I, p. 165, of the first section of the De Numerosa, 
which section has to do with pure powers), or x?-++ 7x= 60,750 (Problem 
I, p. 174, of the second section, which has to do with conjoined powers). 

59 This is the program of Vieta’s Effectionum Geometricarum Canonica 
Recensio (Opera Mathematica, pp. 229 ff.), at the beginning of which he 
says, ‘The geometrical procedure by which all equations which do not 
exceed the measure of squares may be rightly interpreted I enumerate as 
follows... .” 
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A straight line can be drawn from any point across any two lines 
in such a way that the intercept between these two lines will be 
equal to a given distance, any possible intercept having been 
predefined. | 

This being granted (it is, indeed, a postulate not difficult 
to fulfil), analysis skilfully solves the more famous problems 
which have hitherto been called irrational: the mesographi- 
cum, the problem of the division of an angle into three equal 
parts, the finding of the side of the heptagon, and as many 
others as fall into the formulas of equations in which “ cubes”’ 
are equated to “‘solids,’ “squared-squares’’ to “‘plane- 
planes,” whether simply or with some conjunction. 

26. Since all magnitudes are lines, surfaces, or solids, what 
great use could be made in human affairs of proportions 
involving triplicate or even quadruplicate ratios, if not 
perhaps in divisions of angles, so that we might obtain the 
angles from the sides of the figures or the sides from the 
angles? 

27. Therefore, analysis, whether with a view to arithmetic 
or to geometry, discloses the mystery, known hitherto by 
no one, of the division of angles, and it teaches how: 

When the ratio of the angles is given, to find the ratio of the 
sides. 

To make an angle to be in the same ratio to an angle that a 
number is to a number. 

28. It does not equate a straight line to a curve, because an 


60 This is the program of Vieta’s Supplementum Geometriae (Opera 
Mathematica, pp. 240 ff.), which begins with a restatement of the postu- 
late about the intercept and which contains Vieta’s solutions of the three 
problems here mentioned. Propositions V-VII of the Supplementum 
Geometriae contain the solution of the problem of the mesographicum; 
this was the problem of finding two mean proportionals to two given 
straight lines, and its solution immediately yields the solution of the 
problem of doubling the cube. Proposition IX contains the solution of 
the problem of the trisection of an angle. Proposition XXIV contains the 
solution of the problem of finding the side of the regular heptagon which 


is to be inscribed in a given circle. 
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angle is something in between a straight line and a plane fig- 
ure. Thus, the law of homogeneity seems to oppose it. 

29. Finally, the analytical art, having at last been put 
into the threefold form of zetetic, poristic, and exegetic, 


appropriates to itself by right the proud problem of 


problems, which is: 


TO LEAVE NO PROBLEM UNSOLVED.®! 


61 The capital letters are Vieta’s; see P. 185. 
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